Chapter 6
Inductance, Capacitance, and
Mutual Inductance

6.1 The inductor
6.2 The capacitor

6.3 Series-parallel combinations of
Inductance and capacitance

6.4 Mutual inductance
6.5 Closer look at mutual inductance



" A
Overview

m In addition to voltage sources, current sources,
resistors, here we will discuss the remaining 2
types of basic elements: inductors, capacitors.

m Inductors and capacitors cannot generate nor
dissipate but store energy.

m Their current-voltage (i-v) relations involve with
iIntegral and derivative of time, thus more
complicated than resistors.



Key points
. . . . di
m Why the i-v relation of an inductor is v = L—t’?
0
. . L. dv
m Why the i-v relation of a capacitoris | = C—t?
0

m Why the energies stored in an inductor and a
capacitor are:

W= % Li®, %Cvz, respectively?



Section 6.1

The Inductor

1.  Physics
2. I-vrelation and behaviors
3. Power and energy



" A
Fundamentals

m An inductor of inductance L i1s symbolized by a
solenoidal coil.

m Typical inductance L ranges from 10 uH to 10
mH.

m The I-v relation of an inductor (under the
passive sign convention) is:



"

Physics of self-inductance (1)

m Consider an N;-turn coil C; carrying current ;.
The resulting magnetic field B, () « N, 1, (Biot-
Savart law) will pass through C, itself, causing a

flux linkage 4,, where

A =Ny,

é = jsl B,(F)-ds = PN,
P, Is the permeance.

= = PNZI,




" A
Physics of self-inductance (2)

m The ratio of flux linkage to the driving current is
defined as the self inductance of the loop:

L == NiR,
1

which describes how easy a colil current can
Introduce magnetic flux over the coll itself.



" A
Examples

m Solenoidal & toroidal coills:

2 7 10 £5%

1st Band red JJ | |— Tolerance gold
2nd Band violet Multiplier frown

L =270 pH

m RG59/U coaxial cable:

L = 351 nH/m.



The 1-v relation

m Faraday’s law states that the electromotive
force v (emf, in units of volt) induced on a loop
equals the time derivative of the magnetic flux
linkage 4.

Ei/'t, :VEiLi = Lii.
dt dt dt

m Note: The emf of a loop Is a non-conservative
force that can drive current flowing along the
loop. In contrast, the current-driving force due
to electric charges is conservative.



" A
Behaviors of inductors

m DC-current: inductor behaves as a short circuit.

m Current cannot change instantaneously in an
Inductor, otherwise, infinite voltage will arise.

m Change of inductor current is the integral of
voltage during the same time interval.

i(t) = i(t,) +% LZV(r)dr.
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Inductive effect is everywhere!

m Nearly all electric circuits have currents flowing
through conducting wires. Since it’s difficult to
shield magnetic fields, inductive effect occurs
even we do not purposely add an inductor into

the circuit.
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Example 6.1: Inductor driven by a current pulse

i(t)

_|_
z(E) »3100 mH
0.736

0, t<0
~|10te™. t>0

The inductor voltage is: v (V)

di {O, t<0 g

e (1-5t), t>0

0.2
Inductor

voltage can Memory-less
jump! In steady

State.

0.2 0.



" A
Power & energy (1)

m Consider an inductor of inductance L. The
Instantaneous power Iin the inductor Is:

: . di
=VI=LI—.
P dt
m Assume there is no initial current (i.e. no initial
energy), = 1(t=0)=0, w(t=0)=0. We are
iInterested in the energy W when the current
Increases from zero to | with arbitrary i(t).
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" A
Power & energy (2)

p= i dw=Livdi,= [ dw=L[ idi
M ﬂ{! 0 0

-2'
w2l e weiLi?
2| 2 2

0

m How the current changes with time doesn't
matter. It’s the final current | determining the
final energy.

m Inductor stores magnetic energy when there Is
nonzero current.
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Example 6.3: Inductor driven by a current pulse

_|_

z(‘) 3100 mH

m t<0.2, = p>0, wT, charging.

m t>0.2, = p<0, w!, discharging.

m [n steady state (t—x), 1—0,
v—0, p—0, w—0 (no energy).

i (mA)
800 [
400
) | | |
0 o2 04 06 08 1.0
v(V) =
1.0
0.5 x‘
i l l l |
0 0 —64—06 08 1.0
0.5+ =
p (mW) ¢

200

100

0

w (
30

15

mJ)

0
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" A
Example 6.3: Inductor driven by a voltage pulse

O

m p>0,wT, always charging.

m [n steady state (t—x), 152 A,

100 mH

v—>0,p—>0,w—200 mJ
(sustained current and

constant energy).

v (V)

1.0

0.5

l | I l (s)

0

f
01 02 03 04 05 06

i (A)
20 . _
1(t)y=—| v(r)dz +1(0)
1.0 — L 0
L1111 1
0 01 02 03 04 05 06
p (mW)
600
300
| | | | | t(s)
0 01 02 03 04 05 06

w (mJ)

200

100

With memory in

- //steady State.
I | | | L+ (s)

0

I
01 02 03 04 05 06 16



Section 6.2

The Capacitor

1.  Physics
2. I~V relation and behaviors
3. Power and energy
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" A
Fundamentals

m A capacitor of capacitance C is symbolized by a
parallel-plate.

m Typical capacitance C ranges from 10 pF to 470

uk.
m The I-v relation of an capacitor (under the
passive sign convention) is:

C

| [
dvl o Iy o
dt + v —

4>

[ ]

l
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" A
Physics of capacitance (1)

m If we apply a voltage V,, between two isolated
conductors, charge £Q will be properly
distributed over the conducting surfaces such
that the resulting electric field E(F) satisfies:

[ E(F)-dr =V,

which is valid for any
iIntegral path linking
the two conducting
surfaces.
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" A
Physics of capacitance (2)

m If V), =aV,, = Q =aQ while the spatial
distribution of charge remains such that

- - , 1 - —
E'(F) = E(F), V., =j2aE(r).d| = aV,,.

m The ratio of the deposited charge to the bias
voltage is defined as the capacitance of the
conducting pair:

o0

V
describing how easy a bias voltage can deposit

charge on the conducting pair.
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"

Examples

m Ceramic disc & electrolytic:

2E —— Max. Voltage _[ Max. Operating Voltage Tolerance
1 04 - 104 » Capacttance Code Max. Valtage Code Percentage
; K —— Tolerance ; _[ tH 37 5 =01 pF
4 2A 100V c +0.25 pF
10x10 27T 150V D +0.5 pF
=100000 pF | | 2D 200V F +1%
=0.1uF | 2E 250V G 2%
_l |_ ) Ii 2J 630V s e
Symboal Symbal K :|:1IJE$
(Non-Polarized) (Polarized) M +20%
Z +80%, -20%

m RG59/U coaxial cable:

C =53 pF/m.



" A
The 1-v relation

m From the definition of capacitance:
Q d d d

C_V’ = ((t) =Cv(t), —q C—v, 1=C—V.

dt dt

m Note: Charge cannot flow through the
dielectric between the conductors. However, a
time-varying voltage causes a time-varying
electric field that can slightly displace the
dielectric bound charge. It is the time-varying
bound charge contributing to the
“displacement current”.
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Polarization charge

Copyright 2 Addison Wesley Longman, Inc.
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" A
Behaviors of capacitors

m DC-voltage: capacitor behaves as an open
circuit.

m Voltage cannot change instantaneously in an
capacitor, otherwise, infinite current will arise.

m Change of capacitor voltage is the integral of
current during the same time interval;

v(t) = v(t,) +é [id-.
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N
-
Capacitive effect is everywhere!

m A Metal-Oxide-Semiconductor (MOS) transistor
has three conducting terminals (Gate, Source,
Drain) separated by a dielectric layer with one
another. Capacitive effect occurs even we do
not purposely add a capacitor into the circuit.

Gate Gate
oxide terminal
Drain O ® Source
terminal terminal
Metal (info.tuwien.ac.at)

P Type P Type
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" A
Power & energy (1)

m Consider a capacitor of capacitance C. The
Instantaneous power Iin the capacitor Is:

p=VI= Cvﬂ.
dt
m Assume there is no initial voltage (i.e. no initial
energy), = v(t=0)=0, w(t=0)=0. We are
Interested in the energy W when the voltage
Increases from zero to V with arbitrary v(t).
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" A
Power & energy (2)

p:d_W:CVﬂ;:dW:CV’dV,:JWdW:CIVVdV’
d’t)' m 0 0
v 1 1
W =C— ==CV? je. w=-CV?
2 ) 2 2

m How the voltage increases with time doesn’t
matter. It’s the final voltage V determining the

final energy.
m Capacitor stores electric energy when there is
nonzero voltage.
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" A
Example 6.4: Capacitor driven by a voltage pulse

v (V)
4 [

N L
C | \ | |6 I(S)

0 1 2 3 4 5

_ ‘WA Capacitor current

f__}\ can jump!

| I |
t(s
k- 1 4 5 6 =)

m t<1, = p>0,wT, charging. s

0 i s 4 s 60
m t>1, = p<0,wi, discharging. ~F |~

m In steady state (t—»),i—>0,v | Memory-less in
—0,p—0,w—0 (no energy). steady state.

| |
”
0 1 2 3 ,(3)
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Section 6.3

Series-Parallel
Combinations

1.  Inductors in series-parallel
2. Capacitors in series-parallel
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Inductors In series

—
J J dt :
di
dt

i

— eqa,

= L, :Zn:Lj
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Inductors in parallel

P ® =..
v Ly li](fo) Lzl iiz(l‘o) L3i llé(fo) v i(to)l Leq
o ®
V=V, =V, =V, I=h+l,+lg, :Li tt v(z)dz +1,(t,),
j 0
31 . _ 3 1 t 3,
i :Z[L—LOV(T)dT+Ij(tO)j:[ZL—J(LV(T)dT)+{ZIj(’[O)}
=L\ L =1 & j=1

— 1 (J:)V(T)dr)ﬂ(to), —_ Ll = ri 1
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.

Capacitors in series

®
+
i N ;
C; 7~v1 (o) R ——
- i
_|_
1 + — (% Ceq 1~ (IO)
v C, =2 (o) _
O
_|_
C,, =~ n (o)
o
V=V, +V, +V,, 1 =1, =1, =1, 1 1

1 gt. 1 ot. — = _
VJ:ELO'dTJFVJ(tO)’ V:C—Loldr+v(to), C ZC-
J €q
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" J
Capacitors in parallel

/|

O ® 0
+
a = G G
. o o

V=V, =V, =V, i =i +i,+i,,
< dv . dv

=C,—, 1=C,,—,
! dt dt

+ @

[
)|
/|
@
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Section 6.4, 6.5

Mutual Inductance

1.  Physics
2. I~V relation and dot convention
3. Energy
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" A
Fundamentals

m Mutual inductance M is a circuit parameter
between two magnetically coupled coils.

YWV Mo
Vg i /fT\Ll Lz’rf?) §R2

m The value of M satisfies M =k,/L L, , where

0 <k <1 is the magnetic coupling coefficient.

m The emf induced in Coll 2 due to time-varying
current in Coil 1 is proportional to M (di, /dt)

35



The I-v relation (1)

m Colil 1 of N, turns is driven by a time-varying
current i, while Coll 2 of N, turns is open.

m The flux components linking (1) only Coil 1, (2)
both colls, and (3) total flux linking Coll 1 are:

¢11 — JSl I§1(F)'d§ — PllNl|11 ¢21 — ng I§1(F)'d§ — P21N1|1-
¢1 — ¢11 +¢21’ — P].Nlll = (P11 + P21)N1|1’ Pl — Pll + I321-

— O/MK\ “ ' ¢
" ;C‘Ui (: D "
]
1\(‘) V; ff)u\(‘%l)‘ff’u NZ(’T/D V)
T ! |
— IV 1 =
T'==p=———-
36




" J
The I-v relation (2)

m Faraday’s law states that the emf induced on
Coll 2 (when i2 remains constant) Is:
d d .

N P, N,I N,N,P,,—1, =M, —I
— Ny, = 2 (PNl ) = 21 dt 2 G

m One can show that the emf induced on Colil 1

(when I, remains constant) Is:
d d.

=M,, —1,.
L
m For nonmagnetic media (e.g. air, silicon,
plastic), P,,=Py,, = M,;=M;,=M=N;N,P,,.

v, = N,N,P, —
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" A
Mutual inductance in terms of self-inductance
m The two self inductances and their product are:
— N12P1’ I—2 — N22P2’
—1|—2 — N12N22|31P2 — N12N22(P11 + le)(Pzz + P12)

P P .
= (N1N2P21)2[§+1j[f©’ It P, =P,
21 21

1 P P M ?
Let F:(ﬁ—l_l](i_l_l]’ — L1L2 :F, M :k L1L2

21 21

m The coupling coefficient (1) k=0, If P,;oc ¢,,=0
(.e. no mutual flux), (2) k=1, if P;,=P,,=0 (I.e.
d11= $,,=0, ¢, = ¢,= ¢,1, O flux leakage). .



" J
Dot convention (1)

w M “‘{2;
— + @ | o4—a + —
+ ([l-ﬁ dl] L] dlz .': (ﬁl
v M —= Ll — L2 — .:.M Rz
o C-) dt dt L, dts  dt
A o~ 7
L ML (1)

m i, leaves the dot of L,, = the “+” polarity of Mi,(t)
IS referred the terminal of L; without a dot.

m The total voltage ac(;oss L, ISd



" J
Dot convention (2)

Ry

+ di
,Ug C) M - L‘]
o~ dt

m i, enters the dot of L,, = the “+” polarity of Mi,(t)
IS referred the terminal of L, with a dot.

m The total voltage across L, Is:

d. .
v, =L, —i,&GM s



" J
Example 6.6: Write a mesh current equation

o 4 H
A ——
y \ T,
--------- 50 S 20 @
O 4"AA% 4"A'A% @
o |/

lllllllllllllllllllllllllll

(4 H)%i;}r(ZOQ)(il L)+ (5Q)(i, —i,) (8 H)—(| ~i,)i=0

' 0
lllllllllllllllllllllllll

Self-inductance, Mutual-inductance,
passive sign convention I,—1, enters the dot of

16-H inductor
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" A
Example 6.6: Steady-state analysis

m In steady state (t— o), inductors are short, =
the 3 resistors are in parallel (R,,=3.75 Q).

mletv,=0. = (1) v;,=(16A)(3.75 Q2)=60 V. (2) I,,=
(60V)/(5Q2) =12A, = 1,=(16-12)=4 A (not zero!).
(3) 13,=(60V)/(20Q2) =3 A, = 1,,,=(12+3) =15 A.

=}

4 A
1 2 '
60 V hs . e 2’8\8 01
<
12 A 3A

16 A ’WT“Q
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Energy of mutual inductance (1)

m Assume I, I,=0 Initially. Fix 1,=0 while
Increasing i, from 0 to some constant |,. The
energy stored in L, becomes:

PR |
W, = Lljo ,di; :E L1|12-
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" J
Energy of mutual inductance (2)

m Now fix i,=1,, while increasing I, from 0 to |..
During this period, emf’'s will be induced In
loops 1 and 2 due to the time-varying i,. The
total power of the two inductors is:

i), oL O
p(t)zll-(M Ej‘“z(t) ( 2" 4t j

m An extra energy of W,,+W, Is stored Iin the pailr:

W, +W, = LM [ di, + L, [ i,di, = M1, +% LI2.
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" J
Energy of mutual inductance (3)

m The entire process contributes to a total energy

Wtot :%L1|12+M|1|2 +%L2|22

for the two-inductor system.

m W, . only depends on the final currents I, |,
[Independent of the time evolution of i(t), 15(t)].
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Key points
. . . . di
m Why the i-v relation of an inductor is v = L—t?
0
. . L dv
m Why the i-v relation of a capacitoris | = C—t?
0

m Why the energies stored in an inductor and a
capacitor are:

W= % Li?, %Cvz, respectively?
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