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How to simulate CFT by DFT(or FFT)?

s Definitions

1) CFT:Fw) =g, f(t)e ™dt

N1 - i%4en
2) DFT:FIKl = g f[nj> N ,k={0,1,...,N-1}.
n=0
= Schematic
f(t ,
f[l/ Y /( ) F[0]
fn) 2L F[k]‘
f[}\"-l] F[I] F[ALI]
flo] dt I’ T
- I L ? ¢ ¢ % Lok
0 ARl Flk]
fit) l fitshift E{r.:n.-ﬁ, if Nodd
l CFT G [q] Ni2, IfN even
F(o)
T GIM=F0]
Flw) Sampling GM-1]
Flw) GptM] =F[N-1] | G[M+1]=F[1]
. w= p.dw
do=22/(N di) T T
do z T M : :'-1 q
M des w0 do N-M-Ddo © M 0 [EYARE

= Special cases

-1 ..

1) F(w=0) :(‘5; f (t)dt , by trapezoidal approximation, »8&3 f[n]9>dt;
en=0 a9

F[I<=0]=%il f[n]; P [F(w=0)= dbF[k=0].

n=0
(a) The absolute sampling times play no role.
(b) DC spectrum is always sampled.

2) Let spectra resolution dvv:%. F(w=dw) = (‘)¥¥ f(t)e ™*dt , by t=te+nxit and
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-1

N j o)
trapezoidal approximation, » g f[n]xe ™™ st = dtxe 140 x a f[nxe '™ I
n=0 n=0 [}
1 1% .
F[k= 1] flnp>e N ;b [F(w=dw) = dixe ™% 5[k=1]|.
n= 0

Now the absolute sampling times matter.

3) F(w=-dw) = (‘)¥¥ f(t)e'™*dt , by t=to+tnxt and trapezoidal approximation,

N1 1 Eie]
»Q f[n]e™ ™ it = de/™ a% flnpe N ;
n=0 n=0 g
L SR 2y :
Flk=N-1]=3 f[n] e ' M "= & f[ne' " b [F(w=-dw) = dbe™* F[k=N- 1]
n=0 n=0

= Conclusion
Since fftshift{ F[K]} =G[q], 9={0, 1, ..., M, ..., N- 1};

1(N-1)/2,if NT odd|

where G[g=M]=F[k=0], and M= e
iN/2,if NI even

b Fw=pxdw) = dt>e ”** xG[g=p+M]}

1) A multiplicative factor dt is required.

2) DFT isunaware of absolute time (but index O, 1, ...). It dways assumes an initial time
of t=0, which differs from the actual value t=ty. Consequently, a linear spectral phase
term € ™* jsused to compensate this fake delay.

Edited by: Shang-Da Yang



fin=0l= % & FIk]; P

k=0

N >dw

f(tZO): T >f[n:O] .

(a) The absolute sampling frequencies play no role.
(b) Zero-time is aways sampled.

2) Let tempora resolution dt=

2p _
g ft=d)

1 »
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How to simulate ICFT by IDFT(or IFFT)?
= Definitions
PR S i
1) ICFT:f(t) —5 0, F(w)e'" dw
1%t N
2) DFT:f[n] = ﬁa F[k]> N ,n={0,1,...,N-1}.
k=0
= Schematic
T o)
) /‘ p flo
PR 2EL, £
KN f1] fIN-1]
Flo] o I’ T
' ? it
[} [l oy w 1] 1 ! ! N-1 n
01 M1k f[n]
Flw) l fitshift E{r.zl).-ﬁ, ifNodd
l ICFT g[q] N2, if N even
f(f)
¢ g|M=r10]
f(t) Sampling g[M-1]
f(t) glp+M] = f[N- VEFTT=
4 = pdi fIN-1] | g[M+1]=f[1]
dr=2/(N do) T T
¢ 1
dt E 1 M :'-1 4
M di A0 a varnar M 0 [EYARE
Special cases
PN . N 1 a? o,
1) f(t=0) _ZQ*‘ F(w)dw , by trapezoidal approximation, » —¢a F[k]=dw;
€k=0 a

=25 O, Fw)e™"dw, by w=wy+k>dw and
P
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3)

N-1 ) 1 ik 6
trapezoidal approximation, »ié F[K] xe! oM™ ® sgy = d—W Toek a% Flk]>e N I
2P =0 k=0 ]
- 2ka . d jwodt
fn=1]=~ a Flke N b fi(t=dt) =W o A=)
k 0

Now the absolute sampling frequencies matter.

ft=-dt) = Zi N Fw)e ™"dw , by w=wp+kdw and trapezoidal approximation,
N-1 ' 1 )
> L & FK]oe 1ot gy = M s e a% FlkDe 'V Z;
2p =0 2p k=0 2
2 n-pk 1T ik
fln=N- 1]= a F[K] > = a F[k]>e N ;
k 0 k=0

b f(t=-dt) = NZSW xe "% [ n=N- 1],

Conclusion

Since fftshift{f[n]} =g[q], 9={0, 1, ..., M, ..., N- 1};

1)

2)

1(N-1)/2,if NT odd

where g[g=M]=f[n=0], and M=

i N/2,if NT even
N:dw .,
(t=pdt)= | = — """ glg=p+M]|
A multiplicative factor NZ)SW =$ isrequired.

IDFT is unaware of absolute frequency (but index 0, 1, ...). It dways assumes an initial
angular frequency of w=0, which differs from the actual value w=w,. Consequently, a

linear temporal phaseterm e!*** isused to compensate this fake frequency shift.
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