PDE & Complex Variables P12-1

Taylor Series (EK 15.4)

B Taylor theorem

Let f(z) is analytic in a domain D, and zoe D; = (1) f(z) can be represented by a power series:

2= Za (z—z,)" , where a,= S7z)_ ] —§ = _SE) (12.1)
C(z

Y —z,)"!

for every point z in the largest open disk |z—z¢|<R within D, and CcD is an arbitrary simple

closed path enclosing zo. (2) The remainder R,(z)=f(z)— Z a,(z—z,)"
m=0

PCE %V“§ G N (122)

7Zi C(Z!_ZO))HI(ZI_Z)

Proof: Since f{(z) is analytic in D, by Cauchy’s integral formula [eq. (10.9)]:
fz2)= j; S(Z) dz for every z lies within C(c D).
2z —
Choose a circle C*: |z*—zy|=r>|z—z|. Since the integrand @ is analytic in a doubly
z —z

connected domain bounded by C and C*, by Cauchy’s integral theorem 4 [eq. (10.8)]:

§ L ) g i

cCz' —z z—z

1 1 1 -
- = =P , where p= ,qZZ* &L » lgI<1.

2_20] (z" —z,) l-g¢g z —z,

z -z,

0 n+l
—1 qu = (l+q+q2+...+q")+ (—lq J;
—-q

m=0 -
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2 n
z—z z—z z—z z—z,)""!
=14+ =0 4 =0 + *( 0*) —.
z -z, \z —z, z -z, (z —2)(z —z)

= 28 - el e (LA v f e

Z —Z

:f(z)=iam(z—zo)m tR,(z), where am=%§ *%dz”‘ / (M)( /&) [eq. (10.11)], and
0 mc (z —z,

ICEEN G (e
S e e

dz" . (We still need to prove a,, exists, and |R,(z)|—0.)

(m)
Since analytic functions have derivatives of all orders, a,= f (0) exists for all m.
n+l * n+l %
|Rn(z)|—|z ol — ACHIE P |Z “ol §*|f*(z )iz . Since fiz) is analytic
2 C(z —z)z —z) 2" Clz —Z|
n+l
. zZ,
on C* and z#z = AC ) <M on C*. By ML-inequality, |R, (z)|< % M - 2mr=
z-2 2mr
s n+l
Mr %1 —0, as n—»o0. = Taylor series does converge to f{z).
r
<Comment>
1) Although we only need “fiz) is analytic on C*’ in proving § f (z
z —z

()
Z f n( O)( z,)", €q. (12.1) is true only if “f{z) is analytic within C*” such that

n=0

Cauchy’s integral formula § f (2 dz" =27i-f(z) is valid.

Z—Z

2) There are real functions that are differentiable for all orders but cannot be represented by

exp(—1/x?),if x# 0

, is differentiable at x=0, but a,=0 [f""(0)=0]
0,ifx=0

Taylor series. E.g. f(x)={
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for all n, = no Taylor series.

1

0.5

B Taylor series of basic functions

1

- Zz =l+z+z*+..., for |z|<I.

1) Geometric series:

f(n)(zo)

: ————==1. The distance from the center zp=0 to
n!

for zy=0, a,=

n+l 2

Proof: /"(z)= (1

the nearest singularity z=1 is 1, = ROC: {|z|<1}.

<Comment>

For points located on or outside unit circle (|z|=1), Zz” cannot represent
n=0 -z

(divergent). E.g. z= -1, = Z(—l)” is undetermined, while " !
n=0 -z

Z%. We have to find

some Taylor series with different center, whose ROC contains the point of interest. E.g.

O)‘I _l

=1, = a,= Sz) fz)= Z(z”) with ROC: {|z+1]<2}. f{-1)= Z

n+l 2 n+l .
n! 2 s 52 2
2

—1+z+7 +..., for all z. Proof: by eq. (12.1).

2) Exponential function: e Z

n=0 n'
ZZn ZZ 4 2n+1
3) Trigonometric functions: cos 7 = -1 =]1-— +Z ;sin z =
) Trig Z;( LTI ,;( D o
3 5
=z—%+§—. ..; for all z. Proof: by definitions of cos, sin, and 2).
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0 2n 2 4 0 2n+1

zZ zZ z z
4) Hyperbolic functions: cosh 7z = =]+ —+— +...; sinh 7 = =
) Hyp nzz(; (2n)! 20 4 nzz(; 2n+1)!

3 5
z+?+§+. ..; for all z. [Relation between cos() and cosh() becomes clear in series. ]

5) Logarithm: Ln(1+z) = Z( " — z z—% +Z?—...; Replacing z by —z, = —Ln(1-7)
n=1
o0 Z 2 Z3
Z——z+—+—+ ; for |z|<I.
o n 3
B How to obtain Taylor series
1) Evaluate nth-order derivatives [eq. (12.1)].
2) Rearrange f{(z) to use geometric series. E.g. ! - = ! > ZZ(—ZZ)” =...., for |z[<I.
1+z 1- (_Z ) n=0

3 5
z

3) Termwise integration: E.g. flz)=tan 'z, f'(z)=(1+z")"'=.., fiz)= z—?+%—...; for |z[<1.

2z249z+5 1 2

4) Partial fractions + binomial series. E.g. ——— = >+ , for zp=1,
z74+z"-8z-12 (z+2)" z-3
= 1 > ! , by the binomial series: ! = z - z" =
oM+z-13} 1-(z-1)2 (+2)" S\n

1—(?}2 J{ZJZZ—. .., =... Note the ROC is the overlapped ones of the two series: |z-1|<2.

Edited by: Shang-Da Yang



PDE & Complex Variables P12-5

Appendix 12A - Uniform Convergence (EK 15.5)

B Definition

Let S(Z)=Z f.. (z)=lims, (z), where S"(Z)EZ f..(z). We say s(z) is uniformly convergent in

m=0 m=0

a region G, if for every £>0, we can find an N (independent of z), s.t. |s(z) —s, (z)|<e, for all

n>N and all zeG.

E.g. Geometric series s(z)ZZZ'” is (1) uniformly convergent for G: |z|<r<l1, but (2) not

m=0

uniformly convergent for G: |z|<1.

n+l
< By letting N> Ined=r)
1-z ‘ |1—z| 1-r Inr

| 1 _l_Zn+1 .
1—

Proof: (1) }5(2)=s,(2) =|

(independent of z), |s(z)—s,(z)|<e for all n>N. (2) As z gets closer to 1, we need larger N

n+l
z
such that |s(z)—s,(z)| :L <g, for all n>N. Since |1—z| can be infinitely small, no fixed N.

1=

B Power series is uniformly convergent

Z a,(z—z,)" withradius of convergence R>0 is uniformly (and absolutely) convergent for
m=0

all |z—z|<r<R.

Proof: by Cauchy’s convergence principle (EK 15.1).

Edited by: Shang-Da Yang



PDE & Complex Variables P12-6

B Properties of uniformly convergent series
1) Continuity: if F(z)= Z f.,(z) 1is uniformly convergent in a region G, and each term f,,(z)
m=0

is continuous at z; € G, = F(z) is continuous at z;.

2

- x
E.g. fu(x)= 1)

1+x*,ifx#20 .
is continuous at x=0 for all m, but F(x)= 'x X is
0,if x=0

discontinuous at x=0, = The series is not uniformly convergent.

-1 0 1 =

2) Termwise integration: If F(Z):Z f.,(z) is uniformly convergent in a region G, and C is

m=0

some path in G. = J.C F(z)dz= ZJ.C f.,(2)dz . = Exchange the order of [and ¥ is valid.

m=0

E.g. u,(x)= mxe™™ S = (X) 11 (), Sp(x)= Zn: o (2)=u,(x), = F(x)= lllg s, (x)=0,

—m+l -m

1 1 e —e X 1
For G=[0,1], J‘OF(x)dx =0, jO fude = ———— , = Z‘TUO fm(x)dx) =
0 _ -l -1 =2 o
(e ¢ )+(Z ¢ )+""=%¢O,: Z f.,(z) is not uniformly convergent.
m=0

3) Termwise differentiation: If F(z)= Z f..(z) is convergent, f,(z) is continuous, and

m=0

z f(z) is uniformly convergent in a region G, = F ’(z)zz f(z). = Exchange the

m=0 m=0

order of (d/dz) and X is valid.
4) Absolutely convergent series are not necessarily uniformly convergent, while uniformly

convergent series are also not necessarily absolutely convergent.
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