
PDE & Complex Variables                P6-1 

Edited by: Shang-Da Yang 

Lesson 06 2-D Wave Equations 

 

 Introduction 

When the spatial dimension of the problem is greater than one, we encounter: (i) more BCs; 

(ii) more complicated normal modes; (iii) non-Cartesian coordinates due to the geometry of 

the problem. This lesson investigates these issues by 2-D wave equations. 

 

 

Rectangular Membrane (EK 12.8) 

■ Problem: a rectangular membrane defined within {0<x<a, 0<y<b} with fixed rim and 

pre-specified initial displacement φ(x,y), and initial velocity γ(x,y). 

PDE: utt = c2 (uxx+ uyy), c2 = T/ρ 

Type1 BCs: u=0 on the rectangular boundary 

Two ICs: u(x,y,0)=φ(x,y), ut(x,y,0)=γ(x,y) 

 

<Comment> 

The number of required BCs is equal to the sum of derivative orders of all spatial variables. 

E.g. (i) uxx requires 2 BCs: u(0,t)=f(t), u(L,t)=g(t). (ii) uxxxx requires 4 BCs: u(0,t)=f(t), 

uxx(0,t)=g(t), u(L,t)=h(t), uxx(L,t)=k(t). (iii) uxx+ uyy requires 4 BCs: u(0,y,t)=f(t), u(a,y,t)=g(t), 

u(x,0,t)=h(t), u(x,b,t)=k(t). 

 

 

■ Solving 2-D wave equations by separation of variables 

1) Separation of variables: 

 Let u(x,y,t)=F(x,y)⋅T(t), substitute it into the PDE, ⇒ )(2 TFTFcTF yyxx +=&& ; divide by 
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c2FT, ⇒ 
F

FF
Tc

T yyxx +
=2

&&
= –λ2, such that (i) both sides must be constant to satisfy the 

equality for arbitrary x, y, t; (ii) trivial solution u(x,y,t)=0 does not occur. ⇒ 

(i) One ODE: 02 =+ TT ω&& , where ω ≡cλ; 

(ii) One PDE: Fxx+Fyy+λ2F = 0 (2-D Helmholtz equation). 

 

Apply separation of variable further: let F(x,y)=X(x)⋅Y(y), 
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2) Solving the normal modes by homogeneous BCs: 

To avoid trivial solution u(x,y,t)=0, homogeneous BCs of u(x,y,t) → BCs of X(x), Y(y): 

{u(0,y,t)=0, u(a,y,t)=0, u(x,0,t)=0, u(x,b,t)=0} → {X(0)=X(a)=0, Y(0)=Y(b)=0}; 

(i) 02 =+′′ XkX x  ⇒ X(x) = A⋅cos(kxx) +B⋅sin(kxx); 

by BCs:  X(0)=0 ⇒ A=0; X(a)=0 ⇒ kx= kx,m=
a

mπ , m=1,2, … ⇒ Xm(x)=sin(kx,mx); 

(ii) 02 =+′′ YkY y  ⇒ Y(y) = C⋅cos(kyy)+D⋅sin(kyy); 

by BCs:  Y(0)=0 ⇒ C=0; Y(b)=0 ⇒ ky= ky,n= b
nπ , n=1,2, … ⇒ Yn(y)=sin(ky,ny); 

Fmn(x,y)=Xm(x)⋅Yn(y)= sin(kx,mx)⋅sin(ky,ny). 

(iii) The other ODE becomes: 02 =+ TT mnω&& , ωmn=cλmn= 2
,

2
, nymx kkc + = 2

2

2

2

b
n

a
mc +π ; 

⇒ Tmn(t)=Amn⋅cos(ωmnt)+ Bmn⋅sin(ωmnt), 

⇒ the (m,n) normal mode is formulated as: umn(x,y,t)= Xm(x)⋅Yn(y)⋅Tmn(t), 

[ ] ( ) ( )ykxktBtAtyxu nymxmnmnmnmnmn ,, sinsin)sin()cos(),,( ⋅+= ωω     (6.1) 

 

<Comment> 

(a) umn(x,y,t) are eigenfunctions, kx,m, ky,n, ωmn are eigenvalues of the vibrating membrane. 
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Each mode vibrates with frequency νmn=
π

ω
2

mn  = 2

2

2

2

2 b
n

a
mc

+ , which is NOT integral 

times of the fundamental frequency ν11. ⇒ Drums sound differently with violins 

(Lesson 2). 

(b) (∗) Unlike 1-D vibrating string, different modes may have the same frequency 

(degenerate modes). As a result, the spatial distribution corresponding to some 

resonant frequency νmn may change with relative coefficients Amn, Bmn. 

E.g. If a=b=1 ⇒ F12(x,y)=sin(πx)sin(2πy) and F21(x,y)=sin(2πx)sin(πy) have identical 

resonant frequency: ν12=ν 21= 25c  but different spatial profiles (see below left). 

 
The superposition of these two degenerate modes still vibrates at frequency of 

25c : u=u12+u21= ( ) ( ) ),(sincos),(sincos 212121121212 yxFtBtAyxFtBtA ωωωω +++ , 

where ω ≡ 5πc . Assume B12= B21=0, r ≡A21/A12 ⇒ u ∝ (cosωt) ( )2112 rFF + . The 

nodal line (set of points where displacements are always zero) is the solution to: 

( )2112 rFF + =0, i.e. (sinπx·sinπy)(cosπy + r⋅cosπx) =0; 

⇒ 
( )



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>⋅−±=
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−

1for  ,)cos(cos

1for  ,)cos(cos
11

1

ryrx

rxry

ππ

ππ
 (see right figure ↑) 

3) Determining the exact solution by ICs: 

Since 2-D wave equation is linear and homogeneous, we can expand the exact solution 
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u(x,y,t) by a double series: 

u(x,y,t)= ∑∑
∞

=

∞

= 11

),,(
n

mn
m

tyxu       

= [ ] ( ) ( )∑∑
∞

=

∞

=

+
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,,
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sinsin)(sin)cos(
n

nymxmnmnmnmn
m

ykxktBtA ωω   (6.2) 

Substitute the IC into eq. (6.2): 

(i) u(x,y,0)= ( ) ( )ykxkA nymx
n

mn
m

,,
11

sinsin∑∑
∞

=

∞

=

=φ(x,y), by double Fourier sine series, ⇒ 

Amn = ( ) ( )∫∫ ⋅
a
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0 ,,

 

0 
sinsin),(4 φ    (6.3) 

(ii) ut(x,y,0)= ( ) ( )ykxkB nymx
n

mnmn
m

,,
11

sinsin∑∑
∞

=

∞

=

ω =γ(x,y), ⇒ 

Bmn = ( ) ( )∫∫ ⋅
a

nymx

b

mn

dxdyykxkyx
ab

 

0 ,,

 

0 
sinsin),(4 γ

ω
   (6.4) 

 

 

Laplacian in Polar Coordinates (EK 12.9) 

■ Concept 

In solving PDE problems, it is preferred to choose a coordinate system that can describe the 

physical boundaries in a simple way. E.g. Choose polar coordinates to solve circular 

membrane problem, where the boundary is easily described as: {r=constant}. 

 

 

■ ∇2 in polar coordinates 

∇2 operator can be transformed from Cartesian into polar coordinates using chain rule. We 

denote both u(x,y) and u(r,θ) as u for simplicity, though the function forms are different. 

By (i) 22 yxr += , ⇒ rx =
r
x

yx
x

=
+ 22

= cosθ ; rxx = 3

2

r
y =

r
θsin ; (ii) tanθ =

x
y , ⇒ 

(tanθ)x=(sec2θ )θx= 2x
y− , ⇒ θx = 22

2cos
r

y
x

y −
=

− θ =
r

θsin− ; θxx = 4

2
r
xy = 2

2sin
r

θ ; 



PDE & Complex Variables                P6-5 

Edited by: Shang-Da Yang 

ux=urrx+uθθx; 

uxx=(urrx)x+(uθθx)x=[(ur)xrx+ urrxx]+[(uθ)xθx+uθθxx] 

= [(urrrx+urθθx)rx+urrxx]+[(uθrrx+uθθθx)θx+uθθxx]= θθθθ u
r
xyu

r
yu

r
yu

r
xyu

r
x

rrrr 43
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32

2 22
+++− , 

Similarly, uyy = θθθθ u
r
xyu

r
yu

r
xu

r
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r
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rrrr 43

2

4

2

32

2 22
−−++ . ∇2u= uxx+uyy, ⇒ 

θθu
r

u
r

uu rrr 2
2 11

++=∇       (6.5) 

 

 

(∗) Circular Membrane (EK 12.9) 

■ Problem: consider a circular membrane of radius ρ with fixed rim and pre-specified initial 

displacement & velocity. 

PDE: 





 ++= θθu

r
u

r
ucu rrrtt 2

2 11 , {0<r<ρ, t>0} 

BC: u(r=ρ,θ,t)=0 

Two ICs: u(r,θ,0)=f(r), ut(r,θ,0)=g(r) (independent of θ ); 

 

 

■ Solving 2-D wave equation by separation of variables 

1) Separation of variables: 

Let u(r,θ ,t)=U(r,θ )⋅T(t) ⇒ TUcTU r )( 22
θ∇=&& ; divide by c2UT, ⇒ 

U
U

Tc
T r

2

2
θ∇

=
&&

= –λ2, 

such that (i) both sides must be constant to satisfy the equality for arbitrary r, θ, t; (ii) 

trivial solution u(r,θ ,t)=0 does not occur. ⇒ 

(i) one ODE: 02 =+ TT ω&& , ω ≡ cλ ; (ii) one PDE: 022 =+∇ UUr λθ . 

 

Apply separation of variable further: let U(r,θ )=R(r)⋅Θ(θ ), and 2
θr∇  is substituted by eq. 
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(6.5), ⇒ 011 2
2 =Θ+Θ ′′+Θ
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2) Solving the normal modes by periodic & homogeneous BCs: 

(i) 02 =Θ+Θ ′′ θk , ⇒ Θ(θ )= A⋅sin(kθ⋅θ )+B⋅cos(kθ⋅θ ) 

Transformation of the periodic BC: u(r,θ+2nπ,t)=u(r,θ,t) → Θ(θ+2nπ)=Θ(θ), 

⇒ kθ=m=0, 1, 2, …, Θm(θ )=A⋅sin(mθ )+B⋅cos(mθ )∝ cos(mθ +φ)→ cos(mθ ), if the 

position of θ =0 is properly defined. 

(ii) ODE about R(r) becomes: 0)( 222 =−+′+′′ RrRrRr 2mλ , which can be solved by 

the Frobenius (series) method (EK 5.4-6). 

⇒R(r)=C⋅Jm(λr)+ D⋅Ym(λr), where Jm(x), Ym(x) are Bessel functions of 1st, 2nd types. 

By the implicit BC: |u(0,θ,t)|<∞ → |R(0)|<∞, ⇒ D=0 [for Ym(0)→ –∞], R(r)=Jm(λr). 

By the homogeneous BC: u(ρ,θ,t)=0 → R(ρ)=0, ⇒ Jm(λρ)=0, λ=λmn=
ρ

α mn , where 

αmn is the n-th node of Jm(x), n=1, 2, …...⇒ Rmn(r)= Jm ( )rmnλ ; 

(iii) ODE about T(t) becomes: 02 =+ TT mnω&& , ωmn=cλmn =
ρ

α mnc
; 

⇒ Tmn(t)=Amn⋅cos(ωmnt)+ Bmn⋅sin(ωmnt), 

⇒ the (m,n) normal mode is formulated as: umn(r,θ,t)= Rmn(r)⋅ Θm(θ )⋅Tmn(t), 

[ ] ( ) )cos()sin()cos(),,( θλωωθ mrJtBtAtru mnmmnmnmnmnmn ⋅+=    (6.6) 
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<Comment> 

(a) Rmn(r) has n−1 concentric nodal circles in 0<r<ρ, which are determined by: 

λmnr = rmn

ρ
α

= nm ′α , n′ =1, 2, …, (n−1); ⇒ nr ′ = ρ
α
α








 ′

mn

nm <ρ. 

(b) umn(r,θ,t) are eigenfunctions, λmn ωmn are eigenvalues of the vibrating membrane. 

Each mode vibrates at frequency: 

νmn =
π

ω
2

mn =
πρ
α
2

mnc
       (6.7) 

The fundamental frequency ν01 =
πρ
α

2
01c

≈0.38
ρ
c , ⇒ The larger dimension (ρ), the 

lower frequency. 

(c) Since the nodes αmn of Jm(r) are irregularly spaced, ⇒ νmn are not integral times of ν01, 

the sound of a drum is different from that of a violin [eq. (2.2)]. 

3) Determining the exact solution by ICs: 

Expand the exact solution u(r,θ,t) by a double series: 

u(r,θ,t)= ∑∑
∞

=

∞

= 10

),,(
n

mn
m

tru θ  

= ( ) ( ) ( )∑∑
∞

=

∞

=

⋅+
10

cossincos
n

mnmmnmnmnmn
m

mrJtBtA θλωω    (6.8) 

Consider θ−independent vibrations ⇒ m=0, 

u(r,t)= ( ) ( )∑
∞

=

⋅+
1

000000 sincos
n

nnnnn rJtBtA λωω     (6.9) 

where the displacement peak always occurs at the circle center r=0. 

Substitute ICs into eq. (6.9): 

(i) u(r,0)= 






∑
∞

=

rJA n

n
n ρ

α 0
0

1
0 =f(r), by Fourier-Bessel series (EK 5.8), ⇒ 

 A0n = ∫ 
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1
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n
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     (6.10) 

(ii) ut(r,0)= 





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n
n ρ
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1

0 =g(r), ⇒ 
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B0n = ∫ 

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    (6.11) 

 


