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Homework Solutions #3

Let F {u(x,t)}=U(&1t)=U(z)

PDE: F {u,}=a’F {u, }=>U'(t)=-a’&U

IC: F {u(x0)) = F {p(x)} = F, ' | = U(0)= (&)= F, ™" |
Solving the ODE+IC: U(&;t)=d(£)-e 4"

= ulx,1)= F;, U1} = F, {@(5)}@171{64&[)5} #(x)® G(x,1)

s . _ ¢ 2 e
! e ‘'t df (Green’s formula)
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= e
20Nt 2a\/7r-t L°

2 - 42a tz -1
= ﬁ ‘e(L] {W) } (See problem 2 in HW2)
a’t+

PDE: @+x@2x
Oox ot
BC: w(xO)—l & IC: W(O,t):l

L,{a—w} [ e gy —L{w}=a—W
Ox 0 Ox Ox
0

L { 8?)} i {%—V:} _ 5L, {w}— w(x.0)] = xsL, {w}— x = xs W —x

Lixp==

s
_7x2

:>a—W+sz—x=£:>a—W+sz=x[l+lj, =W =Ce ? +L2+l.
S

ox S ox s s
1 1 1 1
By BC: Lt{w(O,t)}:—:W(O,s):C+—2+—:>C:——
S ST s S
= W(x,s):—izeigx +i2+l
s sT s

= w(x,t)=L'{W(x,s)} = —(t —%Zjutt —%2] +1+1

PDE: u, =a’u,,,
BC: u(0,t)=0(1)
IC: u(x,0)=0

{0<x<o, 0<t<oo}

Solved by Ultrafast Photoelectric Lab
Edited by Sheng-Ju Ho



2

Stepl: % PDE &« Laplace transform = sU(x,s)—u(x,0) = %

X
£, &,

Step2: jZ_F 3% ODE: U(x,s)=c/(s)e® +c,(s)e
Fla x>0 > Ux,s) 3 57 "LE > #c(s)=0
* L{u(0,0)} = L{6(1)} =1=U(0,5) = c,(s)

s,

=U(x,s)=e @

Step3: #& Inverse Laplace transform ¥ Feu(x,?)

x2

& v
—x X e
u(x,ty=L"4e « = —_—
2an t%

<Proof> F(s)= e

d_F——l eiX/E

ds —2\/§

2 2
CE_LAE 0 0
ds —2s ds 4s ds ds

2 # Inverse Laplace transform: 4 {%[tzf(t)]} +2{-tf ()} — f(t)=0

:>4t2%+(6t—1)f=0 (f2- F# ODE)

1

61-1 T4

- e 4t
C

= f(H)y=ce ' =

3
t2

3b) <MATLAB code>
x=linspace(0,15,1001);
t=[1 2 4];
afa=1;
uxt=zeros(length(t), length(x));
for tt=1:length(t)
uxt(tt,:)=x./(2.*afa. *sqrt(pi)).*( exp(-(x.”2)./(4.*(afa.”2).*t(tt)))./(t(tt)."1.5) );
end
figure; plot(x, uxt(1,:), ', x, uxt(2,:), 'g', x, uxt(3,:), 'b');
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4) PDE: u,=c’u_ {0<x<oo, 0<t<o0}
BC: u(0,7)=5(t)
ICs: u(x,0)=0, u,(x,0)=0
ou(x,0) 0*U(x,s)

Stepl: %t PDE #4 Laplace transform : s°U(x,s) — su(x,0) — o .
X

2
= s’U(x,s) = 8L)2c,s)
X

Step2: 2 ODE: U(x,s) =¢,(s)e* +¢,(s)e ©
Flax20 > U(x,s) 7 57 "VE > #e(s)=0
~ L{u(0,0)} = L{6()} =1=U(0,s) = ¢,(s)

=U(x,s)= e
Step3: # Inverse Laplace transform T ¥ - ehu(x,t)

uCe,H)=L{U(x,s)} = 5(r —%j .
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5a) Let u(x,y,t)=X(x)Y(»)T(¢), and substitute into PDE
We obtain

T X X"
— = —+—
T X Y

Let =— =—p? and — =—¢”. p and ¢ are constant.
Y 4 Y q -p q

So ?+a2(p2 +q2)=0

X"+p’X =0
=1 Y"+¢°Y =0
T+a*(p*+¢*)T=0

5b) According to the figure

BCs: X(0)=0, X(a)=0, Y(0)=0, M=0

<Part 1>

X"+p’X =0, X(0)=0, X(a)=0

= X =c¢, cos(px) + ¢, sin( px), substitute the BCs:

= |p :E, X, = sin{ﬁx} m=1,23---| (m starts with 1)
a a

<Part 2>

Y"+q¢’Y =0, Y(0)=0, —d};(b) =0

=Y = ¢, cos(qy)+c,sin(qy), substitute the BCs:

:q=M, Y =sin My, n=0123
2b 2b

<Part 3>
T'+a’(p*+q*)T =0
=T =c; exp[—ocz(p2 +q2 )t]

2n+1 ) )
= M substitute into T

= zenf-ae| (2] (25T )

5¢) According to (5b), We obtain the fundamental mode ( m=1 & n=0) is:

U n=10 (x’ Y, t) = Sil’l(ﬁ xj Sln(iyj CXP{— 0{27[2 {(lj + (Lj j|t}
a 2b a 2b

If t >0, |uy(x,y,t—>0)=0

By p:mTﬂ and ¢
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5d) According to (5¢)

u(x,y,t =0)=100= chmnsm[ }in[%ﬁ

=0 n=0

<1 00, sin( x)><100, sin[(z”’”)” y}>
—C = a L 2b i
. (Mﬂ' j . [(2n+1)7r }
sinf —x || -|lsin| ~———y
a 2b

where (f(x),g(x))= [ f(x)g(x)dx,and [f() = (f(x),/(x)).

(1 ooj sin(ma” x)dx] : (1 ooi sin[(Z”;bl)” y}dy]

Cmn - a b
jsinz(m xjdx : Isinz[(zn 7 y}dy
0 a 0 2b
1002-"[1—(—1)m]-(22”1) 0, if m = even
mm n+)rz
- a b S L0000 e odd
P 7m(2n+1)

So, we obtain

" t)_160000 i (mﬂxjsin[(2n+1)7z’ }
o e m(2n+1) a T

{ [ )2 (2n+1”}
-exp p—

fm {12 1
6) Wi = xm+kjm = a — ui = W, =Ccm _+b_2

P gERL a0 ¥ @%&;A/a’wzﬂszwwé@ =

et ;cf{ S

Ms

S

Fir A=a" FRRE L ELACB B EVFRVMBEL B E TEEP F -
#E R if‘i’}iﬁ&’ﬂiﬁ—f °

7a) d #%6.65CF {7 )L PDEf# 5
u (r,0,t) =[Ann coS(Wmnt)+ By SIN(@ ) S n(Aimnt’)cOS(mO)
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d f?]? A 0o1= 2.405 » 0(02:5.52 ’ 0!11:3.83 ’ 0(12:7.015

Yo _592950 5 Y _1.5925 » V12 229168
Voi Voi Voi
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