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Homework Solutions #2 
 
 
 
1) PDE: xxt uu 2α=  

BCs: ( ) 0,0 =tu , ( ) 0, =tLux  
IC: ( ) 00, Uxu =  
Separation of variables: 0" 2 =+ XkX , 022 =+ TkT α&  
Spatial ODE: ( ) ( )kxBkxAXXkX sincos0" 2 +=⇒=+ , 

( ) ( )[ ]kxBkxAkX cossin −−=′  
By BCs: ( ) ( ) 0000,0 =⇒=⇒= AXtu , 
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By Green’s function formula [eq.(3.17)],  
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by the integration formula: a
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3a) Let P=u-f(x) 

Ö Pt=Pxx+fxx(x) ⇒ fxx(x)=0 ⇒ f(x)=cx+n 
Ö BC: P(0,t)=1-f(0)=0, ⇒ f(0)=1, f(x)=cx+1, 

Ö Px(1,t)+hP(1,t)=1- fx(1)+h f(1) =0 ⇒  c=
h
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Ö IC: P(x,0)=1 – x – f(x) 

Let P=X(x)T(t) ⇒ X’’T=XT’ ⇒ 0 ,  0 '''
'''
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1. 由計算可知 0≥λ 無特徵值 
2. 2'' ||    0||0 βλλλ ==+=>< letXX  

)sin()cos( 21 xcxcX ββ +=  
(1) 00),0( 1 ==>= ctP  

(2) 
h

hccthPtPx
βββββ −==>=+=>=+ )tan(0)sin()cos(0),1(),1( 22  

                
                
                
                
                
                
                
                 

...)3,2,1( =nnα 為 tan(β)=-β/h 之解 => )sin(cn xαX nn =  
 )(exp0 2t-αkT TαT nn

' =⇒=+  

)(exp)(sin 2

1
t-αxαBXTP nn

n
n ⋅== ∑

∞

=

1+
1
1)(exp)(sin)( 2

1
x

h
ht-αxαBxfPu nn

n
n 







+
−

+⋅=+= ∑
∞

=

 

代入 IC 求 Bn => x)(αBxc- n
n

n sin)1(
1
∑
∞

=

=+  

α α α



 3Solved by Ultrafast Photoelectric Lab 
Edited by Sheng-Ju Ho 

⇒

n

n

2
n

n

n

n

1

0

2

1

0

4
)sin(2-

2
1

])sin(-)cos()[1(

sin

sin)1(

α
α

α
α

α
αc

x)dx(α

x)dx(αxc-
B

n

n

n

+
=

+
=

∫

∫
 

 
 
3b) 當 h=103則 αn 接近於 nπ (n=0, 1 , 2 , 3…) => 
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Type 1 BC: ut=uxx 令 u=p+f(x),且 p(0,t) = p(1,t) =0 (Type1) , => 

u(0,t)=1,u(1,t)=[2/(1+h)]可解得 1+
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h=103答案相似,所以在 h=103 的情況下近似於 Type 1 BC. 
 

 

當 h=10-3則 αn接近於 (2n+1)π/2 ( n=0, 1 , 2 , 3…) => 
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Type 2 BC: ut=uxx 令 u=p+f(x),且 px(0,t) = px(1,t) =0 (Type2) , => 
ux (0,t)=ux (1,t)= (1-h)/(1+h) 

可解得 1+)x
1
1 (])([exp)os( 2
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ππ , 與 h=10-3答案相似,所以

在 h=10-3的情況下近似於 Type 2 BC. 
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4b) Let )()()1(),(),(),(),( txBtAxtxUtxStxUtxu +−+=+=  
 Substituting into PDE, BCs and IC, we obtain 
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 Separating ),( txU  and )(),( tBtA : 
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4c) No. Because PDE of ),( txU  is nonhomogeneous. 
 
 
 
5) 此題為 nonhomogeneous PDE，因此要把因變數轉換掉，變成 homogeneous  

PDE 再來求解。 
Nonhomogeneous PDE: 2 , 0 t xxu c u H H= + >  

   BCs: (0, ) ( , ) 0  u t u tπ= =  
   ICs: ( , 0) ( ) u x f x=  
   L π=  

   把題目已給的 2
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2
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C
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   Homogeneous PDE: 2
t xxv c v=  

   BCs: (0, ) ( , ) 0  v t v tπ= =  
   (令 ( , ) ( , ) ( )  u x t v x t w x= + 代入 nonhomogeneous PDE，也可以求得  
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   利用分離變數法，得到公式 (3.4)，因此 
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   由 IC 可以求得 
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6) 令 ( , ) ( , ) ( )  u x t v x t w x= + 代入 

PDE: 2 2 x
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