1))

2)

Homework Solutions #2

PDE: u, =a’u,,
BCs: u(0,¢)=0, u (L,t)=0
IC: u(x,0)=U,
Separation of variables: X"+k’X =0, T +a’k*T =0
Spatial ODE: X"+k>X =0 = X = Acos(kx)+ Bsin(kx),

= —k[A sin(kx) -B cos(kx)]
By BCs: u(0,t)=0= X(0)=0= 4=0,

i)
u,(Lt)=0=>X'(L)=0=k, = s =123

:> Xﬂ (x) = Bn Sin(kﬂx)
1

n——

(13 Jr
Temporal ODE: T+ 22T =0, A, =ak, = Tz =T ()= exp(— ﬁit)

= n-th normal mode is u,(x,z)= B, sin(knx)-exp(— Ait)

= u(x,1) ZM x,1) ZB sin(k exp( ﬂit)

o0

By IC: u(x,0)= ZBn sm

2U, (L

By Fourier sine series, = B, = 7 IO sin(k, x )dx

From eq.(3.15), u(x,t)= I: [A(k)- cos(kx)+ B(k)- sin(kx)]- e ™" dk
= u(x,0)= j: [A4(k)- cos(kx)+ B(k)- sin(kx)|dk = e (lJ , find A(k), B(k), by eq.(3.16).

By Green’s function formula [eq.(3.17)],

1 e {5 &2
u(x,t): 2a\/ﬁ.|._we .e 4ot df
a2t 2 7(£JZ P+l axyt
Let sz;\/x;a :u(x,t):%roe( t J -e_ZZdZZe\/L_ o()e_“L;ZLZ -e_4L2 tzdz,
o T v P
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h2

. . 00 _ 7Z- -z
by the integration formula: J. e ey = 1/—e “ =
&)
17 4%t 2 4a*t
u(x,t)= e’ . L’ L2 P4a’+1?) 4a (@a??)
o Jr Ve V4at+L2

3a) Let P=u-f(x)
= Pl:Pxx+f;cx(x) :>fxx(x):0 :>f(X):CX+I’l
= BC: P(0,t)=1-f0)=0, :>f(0)=1,f(x)=cx+1

= P(1,6)+hP(1,6)=1- fi(1)+h f{1) =0 = c— f( - (1 hj .
= IC: P(x,0)=1 —x — f(x)
Let P=XT()= X T=XT = =2 =4 =>T'"-2T =0 X'~ AX =0

. 4357w A>08 FiiE

2. A<0=>X+|A|X=01let |A]=p°
X =c, cos(fx)+c, sin(fx)
(1) P0,t)=0=>¢, =0

2) P.(LLt)+hP(1,t)=0=> fc, cos(f) + hc, sin(f) =0 => tan(f) = —%

100
80 -

60

I N I B

40

_60 |-

_80 |

-100 b

a,(n=123..) 5 tan(f)=-p/h 2_ j% => X,k =c sin(a,x)
T +oa,T=0 =T =kexp(-at)
P=XT =Y B,sin(a,x)-exp(-a,t)

n=l1

w= P /)= 3B, snta,0-expCain)

n=1

)
x+1
1+h

~ o IC £ B,=> -(1+c)x = ZB” sin (@, x)

n=l
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1 .
I—(l +c)xsin(a,x)dx  (1+ c)[cos(an) i sm(?n)]
:}B =0 - an n
.([sm (o, x)dx ) 4ar

3b) ¥ h=10" 8] a, 17> nw (n=0,1,2,3...) =>

1"

[ ] n 00
< —h 1-h (-1 _ 1- hj
(1+ h)i% 271 h on U Z:;B sin(nmx) - exp[-(nr) t]-l—( Toh x+1

Type 1 BC: u=u, 4 u=p+fix), =" p(0,t) = p(1,) =0 (Gpel) ,=>
w(0,0)=1,u(1,6)=[2/(1+h)]¥ j#1F yu ZB sin(nx) - exp[-(nr) t]+( 1+ij+l &

h 103 :.1‘( #E] Ul hl-r],[ h 10 FT”’FL LAY 1'??]1'5/\ Type 1 BC

¥ =107 0] a, 815 QntDw/2 (n=0,1,2,3...) =>

(=D"
3 z(1+1—h) (n+1)*7%/4 :2_(l+l—h) (-D!
" 1+h JA 1+h 2n+1)°7’
< . 2n+hrx . _(2n+1)7z 2 1-h
u_;anm[—z x] exp[(—2 )t]+(l+h)x+l
=3 8, costrm)-expl-(Z DTy g (e

n=1

Type 2 BC: u=u,, £ u=p+f(x),=" p:(0,t) =px(1,t) =0 (Lipe2) ,=>
s (0,6)=u, (1,6= (1-h)/(1+h)

v 2 u—ZAncos(nﬂx) exp[-(nz)’ t]+(—)x+1 2 h=10" % Z4p 2, £

n=1

& h=107 ehfiR T 1T 123t Type 2 BC.

4a) u(0,t) =S(0,¢) =|A(t) = g,(¢)

u, (L) = S,(1,f) = —A(t) + B()
hu(l,t) = hS(1,¢) = hB(t)

B =% (ti : fz (0)

}—A(t) +(1+m)B(t) = g,(?)

=
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4b) Let u(x,t)=U(x,t)+S(x,t)=U(x,t)+(1—x)A(¢t)+xB(¢)
Substituting into PDE, BCs and IC, we obtain

o°’U oU

=—+({1-x)A4'(t)+xB'(¢

RER (1=x)4'(2) +xB'(2)

U(0,0)+ A(1) = g,(1)

BCs: % +hU(1,0)— A(t)+(1+h)B(t) = g, (1)
X

IC : U(x,0) + (1— x) A(0) + xB(0) = ¢(x)

Separating U(x,¢) and A(t), B(t):

o°’U U
= 1-0)A' () +xB'(t
P at+( x)A'() +xB'(¢)
U(0,£)=0

A(t) = g,(2)
—A@) + 1+ 1)B(1) = g,(?)

BCs :30U(1,1)

+hU(,t)=0 &BCS:{

1Cs :U(x,0) = ¢(x) - (1-x)g,(0)

80+
1+ h

4c) No. Because PDE of U(x,?) is nonhomogeneous.

5) 4% 5 nonhomogeneous PDE » %]yt & f= %) ficf 34 > % = homogeneous

PDE £ % Fj% -

Nonhomogeneous PDE: u, =c’u_ +H, H >0

BCs: u(0, t)=u(x, t)=0

ICs: u(x, 0)= f(x)

L=rx
L x(x—7
P Behu=v-H( (2C2 )
Homogeneous PDE: v, =c’v_
BCs: v(0, t)=v(m, t)=0
(% u(x, t)=v(x, t)+w(x) & » nonhomogeneous PDE » = ¥ 12 ${8
x(x—1m)

Y )

) #* » nonhomogeneous PDE » # {¥

w(x)=—-H(

% o ApRRE > #5034 T
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v(x, 1) =) A, sin(k,x)exp(-2,’r)

=3 4, sin(nx) exp(—(nc)’1)

x(x—r)
2¢C?

x(x 77)

u=v—H( )= ZA sin(nx) exp(—(nc)*t)— H(

n=l1
d IC ¥ 11 F47

=—j fe+EE T

)sin(nx)dx

6) £ u(x, t)=v(x, t)+w(x) i »
PDE: v, —c’v_—c’w_ = Ne ™ = —c’w_= Ne ™
Cs: v(0, t)=v(L, t)=0
u(0, 1) =v(0, t)+w(0) = u(0, t) =w(0)
{u(L, H=v(L, t)+w(L)=>u(L, t)=w(L)
IC: v(x, 0)= f(x)—w(x)
:{ v(0, 0)= f(0) =w(0) = 0= f(0) = w(0)
V(L, 0)= f(L)=w(L)=0= f(L)=w(L)

d —c’w,_ =Ne ™ » ¥ &

w(x)=— e +ax+b

a’C?

f(0)=w(0)=- ]\é +b=b= f(0)+ N

f(L):w(L):—ZLCze_“L+aL+b

:azl{i —f(0)+ +f(L)}
a

N . 1 N
e —_— —_—
L a2C2

—f(0)+ +f(L)}€+f(0)+
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