Homework Solution #1
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3q)

Initial displacement ¢(x) = 0.01sin(27zx)
Initial velocity y(x)=0

BCs: u(0,£)=0, u(L,t)=0

ICs: u(x,0)=p(x), u,(x,0)=y(x)=0

L=0.5m

Separation of variables

et u(x)= X()T(). ro_x a:{

X"-aX =0
T"—c*al =0’

cT X

let a=—k*<0= X"+k’X =0= X, = Acos(k,x)+ Bsin(k,x),

By BCs: u(0,¢)= X(0)7(¢)=0,u(L,t)= X(L)T(t)=0= 4=0, X, = Bsin(k,x)

T"+o’T =0=T, = Ccos(w,t)+ Dsin(w,t), o, = A

So u,(x,t)= X,T, = Bsin(k,x)C cos(w,t)+ Dsin(w, )]
u(x,0)= X (x)r(0) = Bsin(k,x ] C cos 0 + Dsin 0] = ¢(x)
By ICs: { (x,0)= X(x)7'(0) = Bsin(k,x - Csin0+ Dcos0]=0

= C=1,D=0=T =cos(wt)=cos(2ct) & X =0.01sin(2zx),n=1

u(x,t)= XT = 0.01sin(27x)cos(27ct ), 100kg - m -5~ —100—
0.0lkg-m~
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3b)
AT 100kg -m-s72/0.01kg -m™
n=l=v, = [p_100kg-m-s” [00kkg-m 00
2L 2x0.5m
3c)

In (3b), v'=+2v, =141Hz.

Soin (3a), u(x,t)= 0.015in(2\/57vc)cos(2\/§7rct)

5 2
3d) u,=c’u_, c’ _ T 100Nt _107gm/s” g2
o 10g/m 10g/m

Two BCs: u(0,¢)=0, u(L,t)=0

Two ICs: u(x,0)=@(x), u,(x,0)=0, F(x)=0.08x-0.16x>

d 25%4(2-3)4 u(x,t)= i[An -cos(w,t)+ B, -sin(w t)]sin(k, x)

n=1
w, =—:-, k :T, n=1,2,3..., L=0.5m
A d 254(2-4)7 7
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A = %j; H(x)-sin(k, x)dx

_ 2.t . N L » . NT
_Z[Jo 0.08x - sin(——x)dbx + [ 0.16x ‘sin(—=x)d]

—xcos(2nrx) N sin(2nzx)

— 40.08 - ( |Z'5)

—x* cos(2nmx) . 2xsin(2nzx)  2cos(2nmx)

2nxw 4n’r?

~0.16-(

2

2 _2 3 3
2nxw dn 8n'rw

AT

B =0

n

A, B, x5 (2:3)%F g

0.32 i cos[200(2n —1)7¢]

u(x,t)=— 2 1) sin[2(2n —1)7x]

Matlab Code:

clear all;
clc;
t=linspace(1e-2,1.5e-2,6); %o &p vy gp Ticfdk
n=1:100; % b TERLEE S BHESF
L=0.5; % &+ E
x=linspace(0,L,101);
phi= 0.16.*x.*(0.5-x); %IC iberiE it % kB
uxt=zeros(length(t), length(x));
for beta= 1:length(t);

for afa= 1:length(x);

uxt(beta,afa)= (0.32/piN3).*

sum(  ( cos(200.%(2.*n-1).*pi.*t(beta))./((2.*n-1).A3) ).*( sin(2.*(2.*n-1).*p
i.*x(afa))) )

end
end
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% figure; plot(x, phi, x, uxt, '0'); xlabel('length(m)'); title('u(x.1) at
t=0');legend(['phi(x)'].['u(x,0)1);

for beta= 1:length(t);
plot(x, uxt(beta,:));
hold on;
end
xlabel('length(m)'); title('u(x.1)');

T L ' ' —— t=0.01
- h t=0.011
0.008F e —— Y —— 0012
_ ™~ N — t=0.013
/
0.006

-0.002[

-0.004

-0.006

-0.008|

L L L L L L L L
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

w, =2zv,=200(2n-1)7
= v, =100(2n-1) (Hz) n=12,3...

4)
Question:
utl‘ = cz”xx
u(0,6)=0 & u(x,0)= f(x)
u (0,1)=0 u,(x,00=0

Let u(x,t) = X()T(t), substitute itinto u, =c’u_,
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TH X"

:>CZ—T=7:—p2(const.)
stepl. X"+p’X =0& X(0)=0& X'(L)=0 (review ODE)
= X,(x)=sinpx & |p, =%,n =0,1,2,3......

step2. T"+c*p’T =0 (review ODE)
=T, =c,cos(cp,t)+c,sin(cp,t)

So, |u(x,t)= i[An cos(cp,t) + B, sin(cp, ) ]sin( p,x)

n=0

Substituting ICs into u(x,¢)
u(x.0) =Y 4, sin(p,x) = £(x)

n=0

L
= |4, =%I f(x)sin(p,x)dx| (review Fourier)
0

u,(x,0) = Y cp,[- 4,sin(cp,t) + B, cos(cp, 1) Jsin p,x

n=0

u,(x,0)= Zcpan sin(p,x)=0=|B, =0

n=0

5)
From D’Alembert method, we know the general solution is

X+ct

u(x,t) = %[ f(x+ct)+ f(x—cn)]+ i [g(@)dr

x—ct

{1,—13x31 :
Where f(x)=0 & g(x)= =H(x+1)-H(x-1), [His Step

0,otherwise

Func.]

SO u(x,t)= %X]C[H(z%l)—H(r—l)]dr

x—ct

x—ct<rt<-1=0
T=-1=0
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—1<r<1:>2i[r+1](you have to match u(z =-1)=0)
C

1
r=1=-

c

1
l<t<x+ct=—
c

xX+ct

So, u(x,t)= {%[r HJHE+1) - Hr-1)]+ ZH(r - 1)}
C C

x—ct

=2i[x+ct+1][H(x+ct+1)—H(x+ct—1)]+ X (xret—1)
C C
—ZL[x—ct+l][H(x—ct+l)—H(x—ct—l)]— x_CtH(x—ct—l)
C
1
—t=0
—t=05
0.8 —t=1
—t=5
0.6}
0.4}
0.2}
10 5 0 5 10
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