EE 201 Ordinary Differential Equations

Chapter 11

Fouriler Series

O Orthogonal functions (11.1)
O Fourier series (11.2)

[ Fourier series of even & odd functions
(11.3)

Edited by Shang-Da Yang (15 # %)
National Tsing Hua University, Taiwan
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3 Orthogonal functions
® Inner product
® Orthogonal & orthonormal sets

® Orthogonal series expansion
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Vector algebra

B u-v = |ulx|v|xcosO = (the projection length of u on
the direction of v) times (length of v).

lu|xcos6

B Two vectors are “orthogonal” (perpendicular) with

each other if their “inner product” is zero:
Y

uv=_0
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Inner product of two functions

m The inner product of two complex-valued functions
f,(x), f,(x) on an interval x € [a,b] is defined by their
overlap integral:

(f,, £,) = [ [H,00x £2x)Jox

b
mIff,(x) eR = (f,f,)= ja[fl(x)x f,(x)dx.
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Example

m Letf, =x, f, =sin(x). = The inner product of f;, f,
(eR) on the interval x € [-&t, 7] is:

(f, f,)=] [xxsin(x)]dx = 2| 0’” [x x sin(x) Jdx.

B Integration by parts: {u=x,v' =sin(x)}, =>{u'=1,v=
-cos(x)}:

(., f,)= 2<([- xcos(X)[[ ]+ [ | O” cos(x)dx}}
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Plot: (x,sinx) = 27
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Orthogonal functions

m Two functions f,(x) and f,(x) are orthogonal on an
interval x €[a,b] if their inner product is zero:

b %k
(1, £,) = [ [,00x f; (0 ix=0.
m E.g. x and sin(x) are not orthogonal within xe[-r, 7],
for (x,sinx) = 2w # 0.

m E.g. x and cos(x) are orthogonal within xe[-r, ], for
(x,cosx) = 0. (why?)

m E.g. x and cos(x) are not orthogonal within xe[0, 7],
Ulageee LO (X,CO5X) = -2 # 0.
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Plot: (x,cosx) =0
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Norm of a function

m The length of a vector vis |v| = V(v-v).

m The norm (generalized length) of a complex-valued
function f(x) on an interval xe[a,b] is:

[# =T 1) =] TF 00 x ke = 0o ax
—\/LfZ(x)dx.

m E.g. The norm of function x on x € [-&t, 7] is:

3|
= [ = e [22
gltrafast - - 3 3
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Generalized included angle 0

B u-v = |u|x|v|xcosO, = the included
angle between vectors u and v is:

0 = cos[(u-v)/(|ulx|v])]. .

B The generalized included angle between f(x) and g(x)
is: 6 = cos[(f,g)/(||fl|xIlgl)].

m Eg {f=x, g=sin(x), x € [-n,x]},
= (f,g) = 2, [Ifll = 7\/27/3, llgll = V7,
= 0 = cos![(2m)/(nV(2/3))] = cos(V6/m) ~ 38.8°. s
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Orthogonal and orthonormal sets

m A set of real-valued functions {¢,(x), ¢,(x), ...} are
orthogonal on an interval x € [3,b] if:

(4.,0,) = j:[¢m(x) X ¢n(x)]dx =0, whenever m #n.

m An orthogonal set is orthonormal if ||, || = 1, for n =
012,..

B Orthonormal set is analogous to the two mutually
perpendicular unit vectors x and y in a 2D plane.
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Example 1: {cos(nx)}

B Are {cos(nx)} are orthogonal on xe[-r,]?
(cos(mx), cos(nx)) = _[ _ﬂ cos(mx) x cos(nx)dx

_ % j _7; {cos[(m + n)x] + cos[(m —n)x]}dx

r sin[(mzn)x] =0 .
1 | sin[(m+n)x]"  sinf(m - n)x]|”

2 m-+n m-n
:i{o—o ; O‘O}:o, if m=n,
2/Mm+n m-—n
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{cos[(n+0)x]}

B Are cos(1.1x) and cos(2.1x) orthogonal on xe[-r, ] ?

T/2
o [cos(3.2X) + cos(—x) Jdx

j _ﬂ c0S(1.1x) x cos(2.1x)dx = % j

N

1 rsin(3.2x)\fﬂ

= +sin(x)|”

AEY. O

:1< 2sIn(3.27) +(0-0)! = —sin(0.27x) 0
2| 32 3.2

B A non-integer detuning o will destroy the
orthogonality.
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B Are cos(x) and cos(2x+¢) orthogonal on x € [-&,1t]?

-------------------------

J: COS(X) x COS(2X + p)dx = %j_ﬂﬂ [cos(3x + @) +icos(—x — g)Jdx

(Sin(3x+¢)\iZ

U ltrafas! Q\rt
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+sin(x+¢)|"

:sin(37z + @) —sin(—37 + @) +J

3

3

nogonality is independent of phase shift ¢.

-------------------------

cos(x+¢)

~N

sin(z + ¢) +sin(—xz + ¢)]}

DL, [sinig)--sinp)f| -0




Example 2: |[cos(nx)||

|cos(nx)| = \/ j _7; cos®(nx)dx = \/% j _7; [1+ cos(2nx) Jdx

mIfn=0:

3 m
cos(nx)_\/; 5o . =Jr.

mfn=0:
|cos(0x)| = \/ j _7; cos?(0)dx = ~/27.

ultrafast .
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Normalize {cos(nx)}

m {cos(nx)/||cos(nx)||} = {1/N(2n), cos(x)/x,

cos(2x)/\/7t, ...} is an orthonormal set on xe[-&,m].

0.8 T
0.6k (n=2)
. "“I *
0.4\ r - = O)

0.2

0
-0.2
-0.4
-0.6
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Vector expansion

m A 2D vector can be expanded in terms of a set of
two orthogonal (orthonormal) vectors x and y:

y

Vol Y
| V=XX+ Yy
| :x

Xo

B VX = (XX + YY) X = X (xX) + yo(y-x) = x,|x[? + y,(0),
= Xg = (v-x)/[x|? = (v-x) if |x| = 1.

| V-y = (XOX + yoy)y — Xo(x.y) + yo(yy) — XO(O) + y0|y|2’
Ui = Yo = (VY)/|Y]? = (vy) if [y| = 1.
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Orthogonal series expansion

m A function f(x) on an interval xe[a,b] can be
expanded in terms of a complete set of infinitely

many orthogonal (orthonormal) functions {¢,(x),

d,(x), .}
LX) = 36ty (X) = Cof (X) + Coth (X)+ oy (X) +..

where the expansion coefficient c is obtained by:

(1.4 Hf(X) <4 (9Jx
) "¢ (x)lx

n

U ltrafast
iy SN
Photonicskeab




Complete set

m The only function that is orthogonal to each

member of {{,(x), ¢,(x), ...} is the zero function;

m j.e. for any function f(x), there must be some

nonzero expansion coefficient (c, # 0) unless f(x) = 0.

m E.g. {cos(nx)} is orthogonal but incomplete, for f(x) =
x gives {c, =0} foralln=0,1, 2, ..
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Fourier series expansion

B A periodic function f(t) of period T satisfies f(t+nxT)
= f(t).

\__/\

m A periodic function f(t) of period T can be expanded

S0

in terms of sinusoidal functions whose angular
frequencies are integral multiples of the
fundamental frequency o, = 27t/T:

Uicatest N f(t)= + Z [a cos(n Wy )"' b, Sm(n a)ot)]

hotonics Lab n=1




Are {cos(mm,t), cos(nw,t)} orthogonal? .,

m Orthogonality of periodic functions is determined
within one period: t € [-T/2,T/2]:

(cos(mayt), cos(nagt)) = j _TT//ZZ [cos(may,t) x cos(negt) Jdt

= % j _TT//ZZ {cos[(m + n)a,t]+ cos[(m — n)m,t]}dt

sin[(mxn)®,T/2] = sin[(mzxn)x] =0
1 | sinf(m+nyayt] ",  sin(m- naet]', |
2 (Mm+n)a, (m—-n)a,

.

—1{ 0-0 + 0-0 }:O, if m=n.

U trafast ‘\_ E (m -+ n)a)o (m o n)a)o
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Are {cos(mm,t), sin(nw,t)} orthogonal? .

(cos(Mmay,t),sin(na,t)) = _[ o [cos(may,t) xsin(nay,t) |dt

= j s {sin[(m + n)a,t] - sin[(m — n)aw,t]}dt

) cos[(m+n)ooOT/2] = cos[(m+n)7c] = (-1)mn

1 —cos[(m+n)a)0t]\ 0 cos[(m —n)ayt]* \

_1 T2 |
2 (M+n)e, (M—n)a,

_1) G DT

2 (M +n)e, (Mm—=n)a,

form=n or m=n.
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Fourier coefficients: a,

JT/Z f()dt = IT/Z{ + [a cos(na,t) + b, sm(na)ot)]}dt
=2 [T dt4 Y 8, [ costnaddt+b, [ sinnaytt|

sin(n a)ot)\zz/z cos(n a)ot)\

_T/2

_bn

2 n:]_ " n a)o n a)o

a1 i 00" M T
n=1

a ——— =2

N, N, 2

----------------
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Fourier coefficients: a_, b,

(f(t),cos(nayt) = _ijz[f (t) x cos(nayt) Jdt = (i—}smfaﬁ)

0
3
.
*a
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"y
L
--------------------------------------------
"y
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‘e

'0

o
o O
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:(f(t),cos(nwot)):an%, - j_m f (t) x cos(nat)|dt

m Similarly, b == j [ (t) xsin(nay,t)]dt.
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Example 1 (1)

m Expand a periodic function f(x) of period T = 21, =

0, =21/T = 1: D ¢z
=< j L FO0d=—= | ~ f(x)dx

V4
LS 1 o |, ()] =
\ == [ (r-x)dx==| 7" =| | ||=%-
| - 790 T 2 |, 2
—7T T X B |
2
anz?._T/z[f(x)xcos(na)ox) == f (7 — x) x cos(nx) dx

---------------------------------------------------------------------

----------------------------------------------------------------------

Ucrafast - O
Photonics Lab




Example 1 (2)

B Integration by parts: letu=x, v' = cos(nx), => u' =1,
v = sin(nx)/n.

x xsin(nx)|; _ lj " sin(nx)dx
nJo

| = joﬂ X x cos(nx)dx =

N

_9-0,1 - lcos(nx)[; ] (_1)2_1; :>an:—I :1_(2_1) .
N n n /A V4
2

bn=?._T/Z[f(x)xsm(na)ox)]dx——j [(r — x) xsin(nx) Jdx

:1[77 sm(nx)dx‘ j xxsm(nx)dx} =1.

TEL 20 200 n
Dlmafast [1-(-1)"]/n (-1)™in/n
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Partial sum

B The series of the first N sinusoidal pairs, counting up
to cos(Nw,t) and sin(Nw,t):

S (t)——+Z[a cos(na,t)+b. sin(na,t)}

n=1

m Fourier series is useful if I!IILTJO Sy (t) = f(t).
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Partial sum of Fourier series

B S, (X)=—+

T

N

n=1

|

n-zw

N

1_(2_ D" cos(nx)+ 1s;in(nx)}.

-T2
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Partial sums (1)

3n/2 T T T I T T

/2

_n/-247t 3t -2m -m 0 T 27 3n 47
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3n/2 T T T I T T

/2

_n/-247t 3t -2m -m 0 T 27 3n 47
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Convergence

m |f f(t) and f'(t) are piecewise continuous within te[-
T/2,T/2], = Fourier series expansion converges to

1) f(t) at any point of continuity.
2) [f(t*)+f(t)]/2 (average) at a point of discontinuity.

m In Example 1, S\ (0) — [f(0")+f(0*)]/2 = mt/2.

I/'I T T T T I'\I

; /2 S15(x)

ulttafast
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3 Fourier series of even and odd
functions
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Definitions

m f(x) is even if f(-x) = f(x), = symmetric with respect

to the vertical axis (x = 0). E.g. f(x) = x2.

m f(x) is odd if f(-x) = -f(x), = anti-symmetric with

respect to the vertical axis (x = 0). E.g. f(x) = x°.

f(=0),
[

D\

—X

U ltrafast
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Properties

(a) The product of two even functions 1s even.

(b) The product of two odd functions 1s even.

(¢) The product of an even function and an odd tfunction 1s odd.
(d) The sum (ditference) of two even functions 1s even.

(e) The sum (difference) of two odd functions 1s odd.

(f) Iffiseven,then [?,f(x)dx = 2[§[f(x) dx.

(g) Iffisodd, then /%, f(x)dx = 0.

m Proof of (b): Let F(x) = f(x)xg(x), where f, g are odd.

F(-x) = f(-x)xg(-x) = [-f(x)]x[-g(x)] = f(x)xg(x) = F(x), =
F(x) is even.

U lerafast
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Fourier series of even functions .

By Properties (c) and (g), = b, = 0.

m By properties (f) and (a),

S 2T 4 (712
%= I_T/Zf(t)dtz? j@ f (t)dt.

4 +7/2
Ultrafast ~ \ an — ?b [f (t) X COS(n a)ot)]dt
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Fourier series of odd functions -

m If f(t) is odd, = f(t) =;‘2é+i[w(nmﬁ+ b, sin(nat)]

odd even

2 (T2
= Proof: a,=— [ _T/Z[ f (t) x cos(neggt) i,

----------------------------------------

odd
By Properties (c) and (g), > a,=0,forn=0, 1, 2, ...

m By properties (b) and (f),
odd odd

---------------------------------------

b = ; g)/ T (©) xsin(nayt) it

------------------------------------

even
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Example 1: Sawtooth waveform .

m Expand an odd function f(t) of period T (o, = 21/T):

ma =0
172

L -bn:ij”z[txsin(nwot)]dt

o acym T{( 1)”1

T 2N, | N

-172

T T iz o 12 T ar

o0

= f(t) = IZ{(_ln)nﬂ sin(na)ot)}, where @, = 2T—7T

T n=1
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Verifications

00 . n+1
Given f(t)=IZ (=) sin(nayt) |, where a)ozz—ﬂ.
T n T

m Fort=0, = sin(hoyt) =0,

T/2: | ;f—z\_tT_.l ! f(0) = (T/TC)(ZO) = 0.
0/‘! /i fé /E | m Fort= T/2 (discontinuity),
Il/ | Il/ Il/ = sin(ho,t) = sin(nm) = 0,

f(T/2) = (T/m)(20) = 0

2T T -2 o0 12 T ar (averagevalue)-

-T2 F

m Fort=T/4, = sin(hw,t) =sin(nw/2) = {0, 1, -1}, f(T/4
Uteafue ~=(T/)(1 - 31+ 51-71+ ) > T/4.

Photonics Lab
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Partial sums (2)

172

-172

y T T 720 12 T 3T
P, Lo




Partial sums (3)

«<— 0.565T (Gibbs
- phenomenon)

12

-T2

u traras . I 1 |
P I~ 2T T 12 0 712 T 3T




Example 2: Square waveform .

m Expand an odd function f(t) of period T (o, = 21/T):

ma =0

«—} 7

4 ¢1/2 .
" b= [ uxsin(naogt) ot

(e}

_41-(-1)"_ 21-(=)

o . T no, 7z N
2T I —IT —]I"/Z 0 T;Z YI" I 2T O If n € even:
5 ~1 """ (1)n 2,if n € odd 5
: 'I: (t) — Z CTTITTTI NPT A Sln(n a)ot) ’ Where a)o — 50
Uit T n=1 n T e
trafast - _ ML)
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Verifications

Given f(t) _4 > Fsin(na)ot)},where w, _2m
7T neodd T
_ m Fort=m(T/2)
«—- 7

I rO-I 1 (discontinuities), =
: ' ': ': ': ': ': ': 1 sin(nwgt) = sin(mnm) =0,

PP fmT2)= @m0 = 0
T T . (average value).
2T T =12 o0 12 T 2T

B Fort=T/4, = sin(noyt) = sin(nr/2) = {1, -1}ifn
UItrafast Qdd’ f(T/4) — (4/7-5)(1 - 3-1 + 5-1 _ 7_1 ¥ ".) N 1. AN
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Partial sums

y y
4 N . ™
[+ 1k
0.5} 0.5
X X
—0.5 1 —0.5
—1L
o . /
-3 -2 -1 Il 2 3

e R
1
0.5¢

X

—0.5}

_1 L 4

S . . . . v

Wi -3 -2 -1 I 2 3
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Periodically driven mass-spring

m ODE: x"(t) + Q22x(t) = g(t), where the resonance

frequency is Q2 = \/(k/m), g(t) is an odd periodic

driving function of period T (fundamental frequency

= 27/T). K

VWWWW

x!=0

Force:
—>

mxg(t)

(www.chegg.com)

m In Ch4, particular solution x,(t) can be determined

only when g(t) is of a limited number of forms.
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Solving x (t) by Fourier series (1)

B Expand the driving functiog)n by Fourier sine series
with known {b_}: g(t)=> b, sin(nat).
n=1

m Expand x,(t) by anotheoro Fourier sine series with
unknown {B,}: X, (t) =) B, sin(nat).

= (nw,B, )xcos(nayt),

o0
n=1
o0

N
"= —(nw,)’ B, xsin(nayt),

n=1

U lerafast
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Solving x (t) by Fourier series (2)

m Substitute the series of X, x"IO into the ODE:

" 2
Xy + QX = g(t),
= i [— (nw,)’ + £22]Bn sin(Na,t) = ibn sin(na,t),
n=1 n=1

— [_ (ﬂa)o)2 +Q2] Bn — bn’

=B = b,

Q' —(nw)?

= x,(t) = > B, sin(ne,t). Fourier series solution

U ltrafast n=1
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Example: Sawtooth driving

m |f the mass-spring is driven by a sawtooth waveform:

er ..........
m/ g(t) = nz_; . Esm(ncoot),
| I S et
L/ |
of— —1 where o, _z
_ ;l/ ; T
-T2 F . n+1
gl (DT
T n[Q —(nw,) ]

T T iz o 12 T ar

U lerafast
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Solution plot

z-TBl n pl 1 ﬂ ” p Xp(t)ﬂ\ﬁ
T B, B 4 4 4 p
SR 1T
. O L] 11! Al 11!
-r l l ° 0 [ r ,// P ,/’ r //, p ,
:2: | u L!I ’// J &: ///“ u Ll} /// “ 4 ‘//-
-4F Ih 7l | u i u % | u /i’a U_
5 & Bs li | | ' s’
53 4 s 6 7 8 § 10 2T T <& o0 12 T 2

m x,(t) can be obtained when g(t) is of arbitrary form.
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What're inner product, norm, and orthogonality of
functions f(x)?

B What’s orthogonal series expansion of f(x)?

m What’s the Fourier series expansion of a periodic
function f(t) of period T?

® What happens to the Fourier series expansion of f(t)
at a discontinuity? What’s the Gibbs phenomenon?

m How to solve x,(t) by Fourier series method? What's
its primary advantage?

U ltrafast ™
S
Photonics Lab




	投影片編號 1
	11-1
	Vector algebra
	Inner product of two functions
	Example
	Plot: (x,sinx) = 2p
	Orthogonal functions
	Plot: (x,cosx) = 0
	Norm of a function
	Generalized included angle q
	Orthogonal and orthonormal sets
	Example 1: {cos(nx)}
	{cos[(n+d)x]} 
	{cos(nx+f)}
	Example 2: ||cos(nx)||
	Normalize {cos(nx)}
	Vector expansion
	Orthogonal series expansion
	Complete set
	11-2
	Fourier series expansion
	Are {cos(mw0t), cos(nw0t)} orthogonal?
	Are {cos(mw0t), sin(nw0t)} orthogonal?
	Fourier coefficients: a0
	Fourier coefficients: an, bn
	Example 1 (1)
	Example 1 (2)
	Partial sum
	Partial sum of Fourier series
	Partial sums (1)
	Partial sums (2)
	Convergence
	11-3
	Definitions
	Properties
	Fourier series of even functions
	Fourier series of odd functions
	Example 1: Sawtooth waveform
	Verifications
	Partial sums (1)
	Partial sums (2)
	Partial sums (3)
	Example 2: Square waveform
	Verifications
	Partial sums
	Periodically driven mass-spring
	Solving xp(t) by Fourier series (1)
	Solving xp(t) by Fourier series (2)
	Example: Sawtooth driving
	Solution plot
	Summary

