EE 201 Ordinary Differential Equations

Chapter 14

Fourier Transforms

O Fourier integral (14.3)

O Fourier transforms (14.4)

O Fourier transform properties
O Applications
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3 Fourier integral
® Generalization of Fourier series

® Examples
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Fourier series

m A periodic function f(t) of period T can be expanded
by Fourier series:

f(t)——O i a, cos(nayt)+ b, sin(nayt)),
n=1

-

= —jT/Z [ f (1) x cos(nayt) Jdt,
T J-1/2
where -

p =2 j _TT//ZZ[f (t) x sin(nast) dt

\

NN,
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Non-periodic function

B A non-periodic function f(t) can be obtained by
increasing the period T to infinity (T — o0):

E0

B Inthelimitof T — oo,

2 (T2
8= j L, fodt=0,

| :f (t)dt

as long as f(t) is integrable: < o0,
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Cosine terms (1)

m By defining Ao = ®, = 27/T, ®, = n®, = nNA®, we can
rewrite the cosine terms of the Fourier series as:

0 0]

> a, cos(Nayt)
n=1

--------------------------------------------------------------------------------------

--------------------------------------------------------------------------------------

where G(a,) = [ [ () COS(a)nT)dT} cos(a 1),

— G(w) = U ”// f(r)cos(m)dr}cos(a)t)
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Cosine terms (2)

B The area under a continuous function G(m) is the
limit of the summation of rectangular areas:

Go) Gw) NG

im > G(w,)(Aw)

Aw—0 -

:IOOOG(a))da)

0 Ao 2A0 3Ao ke

-------------

O IimZa cos(nayt) = lim = ZG(a) )Aa)——j G(w)dw

T o> Aw—>0 72- ..............

-------------------------------------------------
------------------------------------------------------------------------
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Fourier coefficients

- Zan cos(na,t) —=22— L I Ooo A(w) x cos(wt)dw,
_ T

where A(w)=[ " f(r)xcos(wr)dr.

N Z_;bn cos(naw,t) —=22— 71[ j: B(w) xsin(wt)dw,

where B(w)= [ f(r)xsin(wz)dz.

m () %+Z a_cos(naygt)+ b, sin(nayt))]

T N j [A(w) x cos(at) + B(w) x sin(wt) .
7T
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Convergence

m If f(t) and f'(t) are piecewise continuous on every
finite interval, and f(t) is absolutely integrable on
te(-00, ), i.e. j:‘ f (t)‘dt < o0
—> Fourier integral converges to

1) f(t) at any point of continuity.

2) [f(t*)+f(t")]/2 (average) at a point of discontinuity.
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Example: Square pulse (1)

m Let f(t) = I1(t/W), I1(t) = {1, if |t| < 0.5; O, otherwise}

A

‘| £(0)
» [

-wi2 w2

m Since f(t) € even, = no sine terms, B(w) = 0;
o0 W /2
A(w) = j - f(r)xcos(wr)dr =2 j 1xcos(wr)dr

Sin(a)f)‘w/2 2sin(wW /2 W
2 0 _ sin(w /)ZWXSinC(?C{)),

@ @

. sind
Ui where sinc(6)="—.
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Sinc-function

m sinc(0) =sin(0)/0; =

1) sinc(nmt) = sin(nw)/(nm) = 0, except for n = 0.
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2) sinc(0) = limg_,4[sin'(0)/0'] = lim,y_,,[cos(0)/1] = 1.
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m Fourier cosine coefficient A(®) = Wxsinc(owW/2):

T w2 [\

1.5} (broad .

pulse) \
wW=1 i
(narrow pulse)

4

N 1 1 ] 1
0'::‘575 4 -3nm -2 -t O n 2n 3nm 4m 57
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m The Fourier integral of a square pulse f(t) = I1(t/W)

IS: o
f(t)= W j sinc(w @) x coS(awt)d w.
7T J0 2
m A higher angular frequency o corresponds to a
smaller amplitude [oc sinc(Wm/2)].

B Some frequency components ® = 2nt/W are missing.

B The main lobe width A of A(®) is defined as the
distance between the first two nulls ® = +2nt/W, =

A =4n/W o« W (broader pulse — narrower
ultrafast handW|dth)
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Example: eIt

m Letf(t)={et, ift<0; et ift>0]}. ot t

m Since f(t) € even, = B(w) =

A@) = : f (z) cos(wr)dr =2 0°°e—f cos(wzr)dz =21

eM [“esin(ar)dr
| — 0 4 Jo

Uierafast Nl - - Lorentzian
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Convergence of Fourier integral

m |n this example, the “partial integral” is

(0= [{{ao) xcosto o= | {Cfi(f)}
= f(t) =limF,(t). .
o~

() — /- F (1)

0.5F

Dinaiast o
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3 Fourier transforms
® Fourier transform pair

® Spectrum
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Rewrite the Fourier integral formula (1) .

m Substitute
Aw) = °‘; f(r)xcos(wr)dz, B(w) = | : f (£)xsin(wz)dr,

into f(t) = EU: A(w) x cos(wt)dw + _[: B(w) xsin(a)t)da)};

T

— (1) = %{ [ [ [ (r)cos(@r)c r} cos(et)de

[{] 7

even function of “®

Ulcrafast = % {r:o f () x cos|ew(z —t)]d T}da).
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Rewrite the Fourier integral formula (2) .,

B Introducing a zero equality:

v
-----------------------------------------------------

odd function of “®”

f(t) = % [ F(o)xe ™ do,

U trafast -

0 ot physics convention
photomcsLab L F (a)) — j—oo f (t) xXe dt

(1) x {@[a)(r —t)]+isin[w(r —t)]}d r}da)
- cosO + ixsind = ei®

f (r)x el dr}da)

f f(7)x e'“’d r}e_i“’tda).

Fourier transform in




Another convention

B |t's remains valid if we employ:

(0= 1 leosfole -)Pjsinfole -t)jor fo

cosO - jxsinO = e 9
1

—— °°U f(r)xe Wtdr]da)
/A

] @) xe i dr e do

f(t):ij“’ F () xe “do,

— 27 I Fourier transform

- . in EE convention
F(o)= [ fmyxedt
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Interpretations

m f(t) < F(w) are Fourier transform pair:

F(w)= foo f (t)e 1dt = F{f (t)}, ...Fourier transform (FT)

f(t)= %J‘i F(w)e'*dw=F *{F(®)}. ..Inverse FT

\

B F(w) = F{f(t)}: an integral transform of kernel
function e1®t (compared with estin the LT).

B F(w) is the coefficient (projection) of f(t) (vector) on
a complex sinusoidal function el®t (orthogonal axis).
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Example: Square function (1)

m Let f(t) = I1(t/W), I1(t) ={1, if [t| < 0.5; O, otherwise}

A

1| £(0)
» [

-wi2 w2

F(w)=[ f(t)e*dt= Y eIt

W/2
W2 . .
— Jot LA [ o
_ © W2 _ © © ‘6’:Wa)/2 _ —2]siné
—jo —jo — @ =206/W

Ucrafast .
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Spectrum (1)

B F(o) = Wxsinc(Ww/2) = Wxsinc(no/w,), if o, = 21/W.

® F(w=0) =W, = need Wxel®t =W (DC term) to
synthesize f(t).

m F(nw,) =0, = don’t need e"®t to synthesize f(t).

1

F(o)/W

O‘WW’ O)/Q)O
ultrafast S 1 1 1 1 ] 1 1 1
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Spectrum (2)

m F(1.43m,) =-0.217W =0.217W 4L, = need

0.217Wxeill-4300t47) to synthesize f(t).

B |[F(w)|, £F(») specify the magnitude and phase

(timing) of the constituent complex sinusoids

1

F(o)/W
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Convergence (1)

B Let the partial integral of f(t) be F,(t) szi_[z F(w)e'"do,
g
= f(t) = Lim F (t).

Fp(t)
1 T T T T T T T T // T
(b= 10 /\ | XY

L | /

< .

LL |
0 \//\\} \/AVA 0 - T

/o, t/W
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Convergence (2)

/o, t/W
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Convergence (3)

(b = 50)0) | |

F(o)/W

0{\\//\‘ \/\/\. I

V.V Z ]

1 L 1 1
5 4 3 -2 -1 0 1 2 3 4 5 -1 -0.5 0 0.5 1

/o, t/W
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m Let f(t) = exp(-at?), = full
width at half maximum
(FWHM) At = 2t, =
2(In2/a)V/2,

B F(o)=[ f()edt=] e xe "dt=] e "dt,

where a =a, b = jo in this example.

m -(at2 + bt) =-a[t + b/(2a)]2 + b2/(4a),
_ L b2 ......................
:>J eat btdt—e4aj e At Za)dt_e4a,J' eat dt

---------------------
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Example: Gaussian function (2)

00 2
| = j e~ ¥ dx,

= 1% = ( j Ze‘axz dx)x( j Z e“"‘yzdy) = I Z fooe‘a(xz+y2)dxdy

m exp[-a(x?+y?)] = exp(-ar?), a circularly symmetric
function on the xy-plane, = polar integral is easier:
e 2

—ar

2w po .2 © .2 /A
IZ:I (j e rdr)d¢:27zj re dr=2x 0 —
0 70 0 —-2a a
7T
=1 =]—.
a
Ucrafast -
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m Substitute a = o, b = jo into the above formula, the
FT of a Gaussian function remains Gaussian
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Spectral phase ZF(®) matters
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3 Fourier transform properties
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m Proof:

= F(w)

U lerafast
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f(t)eR, = F(-0) =F (o), :>{

F(w)=| f®edt=]" f(t)cos(at)- jsin(et)lt,

= F(-o) = JZ f (t)[cos(at) + jsin(et)]dt,

1. Reality

F(w)|is even,
/ZF(w)1s odd.

[ £*(t)cos(et)  jsin(at)] ot

[ f (t)[cos(et) + jsin(at)]dt = F(~e).




Example: Square function

1| £(0)
» [

-Wi2 - Wi2

F(w) =W xsinc(\%’m) R,

0.5t 1 =>F(-w)=F(w) =F (o).

O(W— W) '0) / (DO
U ltrafast
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F(w)/W




Fourier integral vs. Fourier transform?

B The corresponding synthesis formulae are:

1 | :[A(a)) cos(at) + B(w)sin(at)de,
fty=1"

------------

w#

m Forf(t) e R, [ F(o)e do=[ |F(o)e" e "dw

\¢ .

w IIIIIIIIIIII

--------------------------

= j_z F(a))‘x[cos(w—a)t)+ jsin(y — at)Jdew
— J'_Z\ :(a))\ X [cosz//cos(a)t) +3sIn wsin(a)t)]da) /

even even even odd odd

_ + LO j\F (a))\ X [sin  CoS(at) — coswsingg)t)]da) x

even odd even even O
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Fourier integral vs. F.T. (2)

= [ F(o)edo = [ |F(@)|x [cosy cos(at) +siny sin(at) do

--------------------------------------------------------------------------

= Zjoooi‘F (w)|cosy (w)ix cos(at) +|F (w)|siny (w)ixsin(at)dw

-----------------------------------------------------------------------

A(o) B(w)
=2| :[A(a)) x c0s(at) + B(@) x sin(at) [de

= f(t) = ijz F(w)e 'dw Inverse FT

1 . Fourier
=—1 |A cos(wt) + B sin(at) [d
. [ TA(@) x cos(at) + B(w) xsin(et) de
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2. Scaling

a a

f (at) © = F(ﬁj
m Proof:

Fif(at)}=[ " f(at)e dt;
Let at = 1, = dt = dt/a;

= F{f(at)}= JZ f(r)e o/ daT =~

ulttafast .
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Photonics Lab




Example: Square function

m [I(t/W) <> Wxsinc(oW/2) (i.e. a = 1/W):

2 |

1.5F

1)

7
W=1
4

wi2

-0. :
Ucrafast - -SSTC Am
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Example: Gaussian function

» 1, o

B Bigger o, = shorter At, steeper rising/falling edges
in the time domain, = need higher frequency
components to synthesize f(t), larger bandwidth Aw.

B “Time-bandwidth product” is independent of a:

ultrafast . At X Aa) 2,‘ /7 X 4'\/ In 8 In 2

Photonics Lab




3. Time delay

f(t—7) o F(w)xe 1"
m Proof:

Flf(t—1)}= j‘: f(t—7)e 1dt;

lett-t=1t, = dt =dt’;

-----------------------------------

*
-----------------------------------

m Shift in the time domain is equivalent to a linear

phase modulation in the frequency domain.

U ltrafast
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Physical meaning

m Shifting a complex sinusoid el®t by a time delay t
causes ei®(t1) j e, a frequency-dependent phase shift
O(m) = -oT.

m Different frequencies o have different periods T, =
a common delay t corresponds different phases ¢.

U lerafast
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4. Frequency shift

f(t)xe! & F(o—w,)

m Proof:

Fif (t)e"“)Ot}:J'

------------------------------------------------

Cf(t)e xeMdt= [ f(t)xe N dt;

* L 4
-----------------------------------------------

m Shift in the frequency domain is equivalent to a
linear phase modulation in the time domain.

m E.g. Let f(t) = e = cos(Qt)+jsin(QAt), = f(t)xeiot =
ell+olt frequency is shifted by an amount of .

U lerafast
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Example Slgnal transm|SS|on .

m Cellular phone signal s(t) is first modulated by a
“carrier” cos(w t) before transmitted over the air:

m f(t) = s(t)xcos(w t) = s(t)x[elot + eIot /2, = F(w) =
[S(w-® ) + S(®-m,)]/2.

s(t)

Data 0 0 | 0

Modulated signal

t£(t) A (A

nnnnn” A
LR

v
(Geocities.ws) a ﬂ “




5. Convolution

f(t)®g(t) & F(o) xG(w)

m Proof:

For-o<t<oo, f(t)*g(t) Ejz f(r)xg(t—7)dr,

F{f *g} :U_Z f(7)x g(t—f)dr}xemdt,

= _: f(7) J_C: g(t—17)x ej“’tdt}d 7, lett'=t—r,

_ jz f (1) j " g(t) x e‘j“’("”)dt}dr

-------------------------------------------------

ultr fast
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Physical meaning

mf(t)=g*h= f g(r)xh(t—7)dr means that f(t,) results
from g(t = t,) over a range determined by the width

of h(t).
h(t) p(;).l;(\-f) [ P(T-ftl)fh(fo-T)
./*U\ » T == 0 b » T 0 j}{\_ > T
g(t) |
/-([\./\‘ T Mﬂ:
Ucrafast .
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6. Comb function

Z5(t—nT)<—> Zé(a)—m-Aa)), Aa)=2_|_—ﬂ
comb.(t) comb,,(®)

T, L

B A non-rigorous proof:

Fio(t)}= _Z S(t)xe 1 *dt =e 10 =1,

>

F{o(t—nT)}=F{o(t)}xe ™M =g e,

2 o |, if o=mxAw,
ultft\{zg(t nT)} ZeJT :{

PhotonicsLgh | n=——oo — 0, otherwise




Example: Periodic pulse train .

m A periodic function f(t) of period T is formulated as:

f()= S ft-nT)= 3 f,(t) *5(t—nT) = ,(t) *comb, (t),

N=—00 N=—00

f(t)

U ltrafast
i SN
Photonics Lab




/. Parseval’s theorem

o ; 1 ro ,
[oIffdt =" F (@) do

m Proof:

—00

Clrofa-| roFon  zedT@e %)

OO 1 ®© * —jat 272' —®
=] f(t)x—[j F*(w)e™ da)}dt
o 27T L9

U ltrafast w
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Physical meaning

m If f(t) > e-field, |[f(t)]> > power, |[f(t)]2dt — energy,
which is equivalent to [|F(o)[2do.

m Just like power means energy per unit time, |F(®)|?
— power spectral density (power per unit
frequency).

IF(®,)|?: power density
4 around (®,, ®,+dw)

IF(®)[? /

ulttafast '
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8. Derivative

f'(t) o Jox F(w)
{f”(t) & (jo)’ xF (o) =-0° x F(o)

m Proof:

FLF) =] frt)xedt;

Letu'=f,v=el®t, = u =1 v' = (jo)eiot

ultrafast .
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Example: Simplifying ODEs

m ODE: x"(t) + (w,)?x(t) = g(t), where the resonance
frequency is o, = \V(k/m), g(t) is an arbitrary
function (not necessarily periodic).

ckx, Force:
m |—»
VWWWW mxglt)
X = 0 (www.chegg.com)

m F{ODE}: -0’X(w) + (0y)*X(®) = G(w) ... algebraic eq.

= X(®) = G(o)/[(®y)*-®?], input spectrum G(w) is

Uicno godified by a transfer function H(w) = [(wg)*-o?]™. 85
otonics kmab OS>




Comparison: p57, Ch4

m ODE: x"(t) + (w,)%x(t) = g(t) = (Fy/m)xsin(wt).

+«—F =-kx

AV =] Fsinan

| (www.chegg.com)

B Substituting x,(t) = Axcos(wt)+Bxsin(wt) into the
ODE, = A =0, B=(F,/m)/[(®y)*-®?] oc [(®y)?-®?] ™.
B X(t) = X +X, = Agcos(myt+¢)+B(m)sin(wt).

m F{ODE} = analyze x(t) frequency by frequency.
Ucrafast -
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Resonance: Spectral picture .

ultrafast i
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3 Applications of FT

® Noise rejection

U ltrafast
SN
Photonics Lab




Is there information carried?

-15 L I 1 1 1 L L I
-10 -8 -6 -4 -2 0 2 4 6 8 10
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Try Fourier transform
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/oom In

yu T T =T T T

60 - || =

50 |- -
40} -

30 | .
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“Cleaned” spectrum

yu T T T T T

60 - -

50— —

40 §

30+ .

20 -

ulttafast '
\\.
Photonics Lab




Inverse Fourier Transform

Filtered Signal vs. Original Signal
T L T T T

1.5 T T I I
Filtered Signal
Original Signal
| ﬁ ﬁ n [\ ﬂ _
0.5
0 - —_
-05F -
1 i b b v v U U 7
_15 | 1 1 1 | | | 1 |
-10 -8 -6 -4 -2 0 2 < 6 8 10
Ucrafast .
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Flow chart

signal noise

FH{}

-‘ Band-Pass Filter
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