EE 201 Ordinary Differential Equations

Chapter 6
Series Solutions

Power series method (6.1)
Legendre’s polynomials (6.3.2)
Frobenius method (6.2)

Bessel functions (6.3.1)
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[ Power series method
® Definition and convergence
® Operations

® Application to solving ODEs
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What is a power series?

m An infinite series of the form:

> Co(x=a)" = ¢, +¢(x—a)+Cy(x —a) +---
n=0

where a and {c } are center and coefficients of the
series, respectively.

B Note: All terms are in non-negative integral powers
of (x-a).

m If 3 =0, we got a Maclaurin series in powers of x:

y D X" =Cy+C X+ CpXE e
ltrafas -
p}foton:cs L\ab n=1




Examples 4

B Geometric series:

© 1
ZTX =Ty if x| <1.

m Cosine and sine functions:

= X X
COS X = + —
Z::; (2n)I 21 4l

00 __1\n 3 5
Sinx:Z ( 1) X2n+1:)(—x _|_X — e
S (2n +1)! 3 B
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Convergence of power series

B The Nth partial sum and the corresponding
remainder of a power series S(x) are defines as:

S, ()= 3¢, (x=a)", Ry ()=S() Sy ()= Yc,(x-a)"

n=N +1

B Series is convergent at x = x, if for any € > 0, there is
an N (depending on €) such that [R, (x,)| < & forall n >

N. S, -n(Xy) lies within
A
o N\
— & > < E —
I >
S(xy)
U trafast -
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Radius of convergence R

m “R” is defined by: limy_, Sy(x) = S(x) for all [x-a| < R.

absolute
divergence convergence divergence

<

B X
a—-R a a+ R

L series may—
converge or diverge
at endpoints

B “R” can be evaluated by

_1C . _
R = (lim=)™*, or (limg/c )™
N—o0 Cn Nn—o0

ulttafast .
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Example: 1/(1-x) :

B Geometric series:

ix” :ﬁ, ={a=0, c, =1}

n=0

C1C kg
= R = (lim=2)) ™ = (lim
N—00 Cn N—o0

N
Nt=1
1

= It is convergent for all [x-0| < 1, i.e.-1<x< 1.
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Example: e* :

m [t's known that

1

n+1

n!
(n+1)!

— R = (lim|~") ™ = (lim

N—00 C N—0o0

) =o

) = (lim

N—0o0

= It is convergent for all |x-0| < oo, i.e. -00 < X < 0,

ultrafast .
i SN
Photonics Lab




Differentiation, addition

m Termwise differentiation:
Let a =0, y(x) = ¢y + C X + C,x%2 + X3 + x4 + ..;
= y'(X) = ¢y + 20,x + 3Cx2 + 4c,x3 + .
= y"(x) = 2¢, + 6Cc,x + 12¢,%x% + ...

B Termwise addition:

F(0 =Y a,(x-a)", 900 = X b,(xa)',

= f(x)+9(x) =Y (a, +b,)(x-a)"
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Multiplication

B Termwise multiplication:

F(x)=Yax", g(x)=>bx",
n=0 n=0

o0

-----------------------------------------------------------

-----------------------------------------------------------

n=0 n+1 combinations

=ayb, + (a,b, +ab,)x+(a,b, +ab, +a,b,)x* +---

ultrafast .
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Shifting the summation index

m Example 1 of Sec. 6.1:

---------

f(x) =) n(n-1)c,x"* =2c,+6c,x +12¢,x* + -,
n=2

----------

Isolated x°term

g(X) = ZCan+1 = Cy X + C1X2 + c2x3 SR
n=0

B letn—2=kandn+1=kforthe f(x) and g(x) series:

U lerafast \\\:>
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How to solve ODEs by power series?..

m Consider a 2nd-order linear nonhomogeneous ODE:

y" + p(x)y" + a(x)y = g(x)
m Step 1: Represent p(x), g(x), g(x) by power series.
This step can be omitted if p, g, g are polynomials.

m Step 2: Assume the solution is also a power series:

Y(X) =D ¢, X" =Cy+CX+C, X"+,
n=0

m Step 3: Substitute y, y', y" into the ODE, collect like
powers of x, {c,} can be solved by equating the

Uieee -COETficients of each power of x on both sides of ”=’

hotonics k=ab




Example:y'—y =0

B Step 2:y(x) = cy+ C X + X% + ...
= y'(x) =c; + 2¢,x + 3¢3x% + ...
m Step 3:y' —y =(c;-Co) + (2¢,-¢4)x + (3¢5-C,)x? + ... = 0;
=>C;-¢,=0,¢c,=c¢y;
= 2¢,-¢,=0,¢,=¢,/2 =¢,/(2!);
= 3¢;-¢,=0, c3=¢,/3 =¢,/(3!); ...
= ¢, = ¢/(n!);

: .. C
m The series solution is: Y

U ltrafast
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Example:y"+y=0

m Step 2:y(x) =cy+Ccx+ X2+ .., = y'(X) = ¢y + 20,x +
3¢X% + ... ¥ (X) = 2¢, + 6Cyx + 12¢,%? + ...;

m Step 3:y" +y = (2c,+¢y) + (6C5+C )X + (12¢,+C,)x% + ...
= 0;
= 2¢, + ¢4 =0, ¢, = -Co/2 = -¢,/(2!);
= 6c;+¢, =0, ¢c;=-¢,/6 =-c,/(3!);
= 12¢,+ ¢, =0, ¢, =-c,/12 = +c,/(4!); ...
m The series solution is:

2 4 3 3)
X X X X
U y(X) :1_ R +@X_ T )
ltrafast 2_ 4_ 3. 5. ‘i;mﬁg
it s
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Existence of power series solutions .

m A real function f(x) is analytic at x = a if it can be
represented by a power series in powers of (x-a):

(0= 26, (x=a)" = &+ (x—a) + ¢, (x—a)’ +---

B A 2nd-order linear nonhomogeneous ODE:

y" +p(x)y' +alx)y = g(x)
has power series solutions around x = a if p(x), q(x),
g(x) are analytic at x = a.

U lerafast
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Example 2

m Consider (x2-2x+5)y" +xy'—y =0,
= p(x) = x/(x*-2x+5), q(x) = -1/(x*-2x+5), g(x) = 0.

m p(x) and g(x) are analytic except for x2-2x+5 = 0, = x
=1 +j2 are two singular points.

B We can find two power series solutions centered at
a =0, each is convergent at least for |x| < V5.

Im
A . .
L Singular points
Centera=0
\ —/R =45
o » Re

ulttafast -
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Example 4 (1)

m ODE: (x2+1)y" +xy'—=y =0,
= p(x) =x/(x* + 1), q(x) = -1/(x*> + 1), g(x) = 0.
m x2+1=0,= x=d%jare two singular points.

m We can find two power series solutions centered at
a =0, each is convergent at least for |x| < 1.

Im

Centera=0 R=1

\ 4

' » Re
{ Singular points

U ltrafast
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Example 4 (2)

m Step 2: Assume Y(X) =) ¢, X",
n=0
= y'(X) =Y nc,x"*, y"(x) =Y n(n-1)c,x" 7,
n=1 n=2

m Step 3: (x2+1)y" + xy' —y

--------------------------------------------------------

= (x +1)Zn(n 1)c x" + xincnxn = icnx“
.................................................... n=1 n=0
] Zn(n ...... 1)CX+ Zn(nl)cx ....... + i o _i o
s n=1 :n=0

------------------------------------------------------------------------------

Start|ng from XZ .......................................
let k = n; 2 + 63X + 2y ); Cx+ 250 ) Cotex+2 ()

ulttafast - let k= n-2; let k = n, let k = n,
Photonicslab p—
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(2C, — C,) +6CX + i[(k +1)(k —1)c, +(k+2)(k +1)c, ., ]x* =0

Example 4 (3)

= 2¢,—¢,=0, ¢, =¢,/2;

= 6¢c3=0,¢c5=0;

= (k1) (k-1)c, + (k1) (k+2)cy,, = O;

m For
m For

m For

U ltrafast
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Crir = -[(k-1)/(k+2)]c,; k=2, 3, ... recursive relation

K =2:¢,=-C, /4 =-c,/8.

K=3:¢;=-(2/5)c;=0. = So are ¢, Cg, ... = 0.

K=4: ¢, =-c,/2 =cy/16.




Example 4 (4)

1.5

1

0.5

Region of
convergence

-1.5%
Ucrafast -
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3 Legendre polynomials

® Legendre Equation

® Linearly independent series -’\5‘_‘? ?
solutions - LSy

. Adrien-Marie

O Legendre p0|yn0mla|S Legendre

(1752-1833)
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Legendre’s equation

B Some important ODEs cannot be solved by methods
we’ve studied but series solutions.

mE.g (1-x)y"—2xy'+n(n+l)y =0, whereneRis a

given constant (usually an integer).

m1-x2=0,= x==1aretwo singular points. =
Maclaurin series solutions are convergent for [x| < 1.

Centera=0

N\
0—¢

Ucrafast -

Singular points
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Why Legendre’s equation?

m E.g. Find the electric potential V(r,9,0) satisfying
Laplace’s equation V2V = (0%/0x? + 0%/0y? + 0%/0z?)V
= 0 and boundary condition V(r,,9,0) = g(0).

m Solutionis 2. A R (r)x® _(0), where ®_(0) = P,_(x) (x =
cosO) satisfies the Legendre’s equation.

mB0<O<m=-1<x<1.

U lerafast
i SN
Photonics Lab

|
|
N ik
¢ -
azimuthal angle

Az
polar angle
v

9 2 P(r,0,9)

|

!
’r
/




Power series solution (1)

m Step 2: Assume Y(X)= > ¢, x",
m=0
= y'(x)=> me,x"", y'(x) = > m(m-1)c,x"?,
m=1 m=2

m Step 3: (1-x2)y" — 2xy' + n(n+1)y

------------------------------------------------------------

= (1 X )Zm(m Dc x" ZXch X" +n(n +1)Z.O:mem
................. (. m=0

----------------------------------------

*

------------------------------------
-------------------------------------------------------------------------------------

0 0 *
------------------------------------

2c2 +6Cx+ 2 _a(); starting from x?, Cx+Y ) ot Cx+ 2 ();
let k = m-2; let k =m; let k= m:; letk=m;

U lerafast
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Power series solution (2)

(n-k)(n+k+1)
= Cpyy = -C [(n-k)(n+k+1)/(k+2)(k+1)]; k=2, 3, ...

—> The recursive relation also applies to k =0, 1.
m k=0:c,=-cy[n(n+1)/2], same as from x° term;
m k=1:c; =-¢[(n+2)(n+1)/6]; same as from x* term;
m k=2:c,=-c,(n-2)(n+3)/12 = -c4(n-2)n(n+1)(n+3)/24;
m k=3:c.=-c/(n-3)(n-1)(n+2)(n+4)/120; ...

U ltrafast
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Power series solution (3)

m y(x) = cyy,(x) + ¢, y,(x), where

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

( _ in.(..fl.tl.).. 2, (n- 2).0.(.ﬂ.t.l).(”+3) .
[ i
E () - X_"(n 1)(n + 2); U 3){(n—1)(n+ 2){n+4) o
’ 3 5! ’

are linearly independent (even & odd) solutions.

U lerafast
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If “n” is a non-negative integer ...

B Recursive relation

----------------

Cp,, = — il C,, k=0,1,2,--°
(k+2)(k+1)

implies thatc.,, =0 (soarec, 4, C.e --) if “N”isa

nonnegative integer.
mEg Ifn=2,c,=-cy[n(n+1)/2] =-3c,, c, = -c,(n-2)
(n+3)/12=0,¢c,=cg=... =0,
= y,(x) =1 -3x?, a 2nd-order polynomial.
m Note:y,(x) =x—(2/3)x3—(1/5)x> —... remains an
Uierese -iNfiNite series.
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Legendre polynomials (1)

m If n € even, properly choosing ¢, by

,1-3---(n-1)
2.4...n

makes c,y,(x) (a particular solution) the nth-order

Co = (-1) "

, exceptthatc, =11f n=0.

Legendre polynomial, denoted by P, (x).
m If n € odd, c,y,(x) =P, (x) is obtained by choosing

c, = (1) V2 1-3-n . except that ¢, =1if n=1.
2.4..-(n—1)

m Note: {P (x)} are a set of orthogonal functions
U o fose LSectlon 11.4 of the text).

hotonics Le




Legendre polynomials (2)

| Eg Po(X):l Pl(X):X
P,(X) = %(?)x2 ~1) P,(x) = %(SX3 —3X)

1
P,(X) = %(35x4 -30x°+3) R = 5(63x5 ~70x* +15x)

10

Po(X)

P(x)

a3

P,(x)

ag

ulttafast N -1
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Plot of P_(cos0)

0=0 P (cosO) 90 Py(cosb) =0 Py(cosb)
4

O=m/2 O=m/2 = O=m/2

ulttafast :
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3 Frobenius method
® Standard procedures
® E.g. Cauchy-Euler equation

® Linearly independent solutions in 3 cases

U ltrafast
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Overview

B A 2nd-order linear homogeneous ODE:

y" +p(x)y' +alx)y=0
with p(x) = a(x)/x, g(x) = b(x)/x? at least has a series
(but not power series) solution
y4(x) = x"(2c.x"), r € Cin general,
if a(x), b(x) are analytic (differentiable) at x = 0.

m A 2nd linearly independent solution y,(x) can be
found by reduction of order assuming y, = u(x)y,
(Section 4.2 of the text).

U ltrafast
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Series solution (1)

m Step 1: Expand a(x), b(x) in power series:

a(x) = 203, X", b(x) = 2, b, x".

B Step 2: Assume Y(X) @iCnX” =iCnX””,
n=0 n=0

=y (X)=> (r+n)c, X" =x"">"(r+n)c,x"
not 1 n=0

= x"[rc, + (r +1)c,x+---

o0

= y"(x)=> (r+n)(r+n-1)c x""?
(h=0) not 2
Uitrafast - — Xr_z [r(r _1)CO + (r +1) rC]_X T .]’
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Series solution (2)

m Step 3: Substitute y, v/, y" into the ODE:
x2y" + xa(x)y' + b(x)y =0

= )({X”di(r +n)(r+n —1)Cnxn}—> XTr(r-1)cg + (r+1)re,x + ...

n=0

' X(iamxmj{x”fi(r + n)cnx”} = (agtapck. X regH(red)e x|
m=0 n=0

= x"{(rayc,) + [ra;cot(r+1)agc,Ix
+ ...}

i i — (by+b x+...)x"(c +C X+...
_I_(Zobmxmj(xrzocnxnj ( 0 1X )X (CO C1X )

= x"{(bycy) + (byc,tb co)x + ...}

U ltrafast
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Series solution (3)

m x'{ [r(r-1) + ray + bylcy + [(r+1)rc, + ra,c, + (r+1)agc, +
boc, + bicolx + [Ix2 + ...} = 0.

m Step 4: x™0 coefficient is oc r(r-1) + ray + by = r? + (a,-
1)r + b, = 0 (indicial equation), = r ={r,, r,}.

m Step 5: x™*! coefficient is (r+1)rc, + ra,c, + (r+1)ayc, +
boc, + bicy =[r? + (ag+1)r + (ay+b,y)lc, + (a;r+b;)c, =0,

a,r+hb .
r2+(a,+Dr+(a, +b,)

= C, =—

m x"*" coefficient gives a recursive relation c, = (?)c, , =
Ut <L2]Co, from which y, (x) = x"2c x" is determined.

hotonics k=ab




Example: Potential btw. spheres (1)

m Potential distribution V(r,¢,0) between two
concentric conducting spheres satisfies:

® PDE: V2V = (0?%/0x2 + 02/0y? + 02/0z2)V = 0, =
e ODE: V"(r) + (2/r)V'(r) = 0 if no dependence on ¢, 0.
® BCs: V(r,=4) = 110, V(r,=8) = 0.

U ltrafast
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Example: Potential btw. spheres (2)

m Change of notations: V(r) — y(x)

e ODE:y"+ (2/x)y'=0, = xy" +2y'=0,

e BCs:y(4) =110, y(8) =0.

m Step 2: Assume y(x) = X2 _,C.X" =2 _C X", =y =
> o(ntr)e XMLy =3 (n+r-1)(n+r)c xM2,

m Step 3: Substitute y", y' into the ODE: x[>_ _4(n+r-1)
(n+r)c x"2] + 2[2 _o(n+r)c x"1] = 0,

= X" 2 ol(n+r-1)(n+r)+2(n+r)]c x"} = O,

= (n+r)(n+r+l)c,=0,n=0,1, 2, ...

U ltrafast o
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Example: Potential btw. spheres (3)

m (n+r)(n+r+l)c, =0:

m Step 4: By For n =0, we got the indicial equation
r(r+1) = 0 (if ¢, # 0), = r =10, -1}.

m Step 5: Forr =0, (n+r)(n+r+1)c, = n(n+1)c, =0,
—>{c,=0}forn=1, 2, ...; because n(n+1) = 0.
= y,(x) = x°c4 = ¢4 (constant).

m Forr=-1, (n+r)(n+r+1)C = (n-1)nC =0,

— {C,=0}forn=2, 3, ... because (n-1)n = 0.

- wv-1 —
ulttafast \:E yz(X) =X (CO + C1X) - CO/X + Cl'
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Example: Potential btw. spheres (4)

B y(x) = Ay,(x) + By,(x) = Acy + B(C,/x + C;) = a + b/x.
m Two BCsy(4) =110, y(8) =0 gives {a =-110, b = 880}.
m y(x)=-110 + 880/x, = V(r) =-110 + 880/r.

120

U ltrafast
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Example 3: Case 1 (1)

m ODE: 2xy" + (1+x)y' + 1y = 0.
m Step 2: Assume y(X) = X2, _oC X" = 2 _oC X",
= y'(x) = 2 o(n+r)c x"L
= y"(x) = 2, o(n+r)(n+r-1)c x"+2;
m Step 3: Substitute y", y', y into 2xy" + (1+x)y' + 1y = O:
(2 -02(n+r)(n+r-1)c xM 1] + [2 _o(n+r)c x4+
> oln+r)e xm ] + (X o X"") = 0;
= X{ [2r(r-1)coxt + 2. _2(n+r)(n+r-1)c, x™1] + [rcox?

t anl(n+r)cnx”'1 + ano(n+r)cnx”] + (Zn=0Can) }=0;
I;pjgrafas.t h\ﬁ HEGNE
otonics a




Example 3: Case 1 (2)

Step 4: x"* term: 2r(r-1)c, + rcy = (2r2 —r)cy = 0,

—> the indicial equation gives r ={r,, r,} = {/%, O}.

m Case 1: When “r” has two distinct real roots whose
difference r,-r, =% is not an integer, = the two
series solutions y,(x), y,(x) are linearly independent:

® vy, (x)=x"2 _,Cc X"

® V5 (x) = X2 C XM,

m General solution y(x) = Ay,(x) + By,(x), where the

two coefficients {A, B} are determined by ICs or

u ltrafast . MOnOH
P tesheab GO
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Example 3: Case 1 (3)

B Step 5: By shifting the summation index:
[2n-12(n+r)(n+r-1)e x™ 3] + 22, (n+r)c x"t +
2n-oln+r)c x"] + (2,-oc ") = 0;
= 2 o2(k+r+1)(k+r)c,,  XK] + [, _o(k+r+1)c,, XK +
2olkHr) e XN] + (250 X6) = 0;

m X term: (k1) (2k+2r+1)c,,, + (kr¥1)c, = O;

B Recursive relation:

C,., = — 1 C,, k=0,1,2,
2k +2r +1

U lerafast
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Example 3: Case 1 (4)

1
Forr = r1=1/2;ck+1:—2(k+1) ¢, k=012,

® k=0:¢c,=-c,/2;

o k=1:c,=-c,/4=¢,/8;

® k=2:¢c;=-¢,/6=-c,/48; ...
® ¢, =cy(-1)"/(2"n!).

1 1
m Y, (X) =5‘/O'(X]/2 — XYy = xY2 —) Not a power series!

2 8
mR= (I|m C..1/C, \) (lim = )™ =0, convergent
rHoo 2(n+1)

U for x > 0 (x¥/2 term forbids x < 0).
tta as
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Example 3: Case 1 (5)

Forr=r,=0: Ckﬂ:_LCk, k=0,12,---

2k +1
e k=0:C; =-C,;
e k=1:C,=-C,/3=C,/3;
e k=2:C;=-C,/5=-C,/15; ...
o C =Cy-1)"/(1-3-5--).

1 1
O X) = 1—X—|——X2——X3—--- . Power series!
Y,(X) 52‘0( 2 T j
. . 1
m R=(limc ./cD*=(lim < — 0, convergent
(n_>oo n+1/ n‘) (n—)oo 2n+1) g

U forall x € R.
ltrafast w
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Example 3: Case 1 (6)

ultrafast - I I 1 ]
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Examples 4-5: Case 2 (1)

m ODE: xy" + 1y =0.

m Step 2: Assume y(x) = X2 _,C.X" = 2 _oC X",
= y'(x) = 2 o(n+r)c x"L
= y"(x) = 2, o(n+r)(n+r-1)c x"+2;

m Step 3: Substitute y", yinto xy" + 1y = 0:
(2 —o(n+r)(n+r-1)c x" 1] + (2. _oc X") =0;

= X{ [r(r-1)coxt + 2. _;(n+r)(n+r-1)c x"1] +
(20 X") } = 0.

U ltrafast
.
Photonics Lab




Examples 4-5: Case 2 (2)

Step 4: x™! term: r(r-1)c, = 0, indicial equation gives r
= {rlr rz} = {1/ 0}

m Case 2: Two distinct real roots whose difference r,-r,
=1 is an integer.

m Step 5: By shifting the summation index:
[2 _((n+r)(n+r-1)c x" 1] + (2 _,c,X") = 0;
= [ o(ktr+1)(k+r)c,,  XK] + (2 oCX<) = O;
m x"*cterm: (k+r+1)(k+r)c,,, + c, = 0;

: 1
m Recursive: C, , =

~ .
et e (k+r+1)(k+r)

k — O o o o Sy
1 2 £ B Ny
17 Falma
@,.—'Q,; “b’ﬂ'i.@ 2
B S e o
ol d
D2 B
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Examples 4-5: Case 2 (3)

1
'_«+2xk+ncw

Forr=r;=1:. G, =
k=0: ¢y =-Co/2;
k=1:¢c,=-¢,/6 =c,/12;

K =2:¢y3=-C,/12 =-c,/144; ...

k=0,12,--

o0 X2 X3 X4
yl(X) = Xlnzz(;cnxn = CO(X — > + 19 — 144---]. Power series
Radius of convergence:
R = (lim(%2:2)* = (lim—— )i =
-l C > (N +2)(N+1)

= the power series is convergent for x € R.




Examples 4-5: Case 2 (4)

1
(k +1)k

Forr=r,=0:C,, =
if k=0 (why?)

C, would be troubled

m Recursive relation is from (k+r+1)(k+r)c,,, + ¢, = 0.

Forr=0, k=0, it becomes 1x0xc, + ¢, =0, = c,=0.
e k=1:¢c,=-c,/2;
® k=2:¢;=-c,/6 =c,/12;
® k=3:c,=-c3/12 =-c,/144; ...

m Y, (X)=x > ¢ x"=c, x—X2+X3— . .
2 12 144

B Wy, (x) oc y,(x), not linearly independent solutions!




Examples 4-5: Case 2 (5)

m To find a 2nd linearly independent solution, assume
Y»(X) = u(x)xy,(x) (reduction of order).

m |t turns out that in Case 2, the two linearly
independent solutions must be of the form:

y.(X) = %2 _,c X",

V,(x) = Cy,(x)xIn(x) + x> _,C x"; where C=0is
possible (in that case, y, = x"22, _,C x").

U lerafast
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Case 2 (6)

Examples 4-5:

By (x) =x—x3/2+x3/12 —x4/144 + ...
m oy, (x) =y (x)xIn(x) + (-1 - x/2 + x2/2 + ...)

2 I I 1 1
y (X) - T yz(X)
1F 1l P \\\/ o
0 // \ i
/, \\
‘ \
1"’/ \ -
\
2 F \\ E
\
3] y(x) = Ayy(x) + By,(x)
lrjltrafast _ )

il - B | | L 1
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Example: Case 3 (1)

ODE: x(x-1)y" + (3x-1)y' + 1y = 0.
m Step 2: Assume y(x) = X2 _,C.X" = 2 _oC X",

= y'(x) = 2 o(n+r)c x"L

= y"(x) = 2 _o(n+r)(n+r-1)c x"+2;
m Step 3: Substitutey, y', y" into the ODE:
[2 —o(n+r)(n+r-1)c X" =2 _o(n+r)(n+r-1)c x"*1] +
[2.-o3(n+r)c x™ =2 (n+r)c XM + (20 _4c, X") = 0;
= X{ [2po(n+r)(n+r-1)c x" = r(r-1)coxt = 2 4
(n+r)(n+r-1)c x™1] + [2 _o3(n+r)c x" — reoxt —

gﬁi anl(n-l_r)cnxn-l] + (Zn=OCan) } = O;




Example: Case 3 (2)

m Step 4: x"! term: -r(r-1)c, - rc, = -r’cy = 0, indicial

equation gives r = 0. = Case 3: Repeated real root.

m Step 5: By shifting the summation index:
(2 —o(n+r)(n+r-1)c. x" = 2. _, (n+r)(n+r-1)c x"1] +
[2-03(n+r)c x" = 2. _ (n+r)c x™ 1] + (2, oC . X")
= [2peo (k+r)(k+r-1)c x< =2, _o(k+r+1)(k+r)c,, X ] +
[2 03 (k+r)c Xk =2 _o(k+r+1)c,, X + (2, oC X") = 0;

m x*kterm: -(k+r+1)2c,,, + [(k+r)(k+r+2)+1]c, = 0;

m Recursive: C, ;

U ltrafast
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_(k+nk+r+2)+1

(k+r+1)°

c., k=0,12,---
k1 1 == '
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Fo /8RS .‘QK,'
i 5'&9*#. 42
Bd e 14




Example: Case 3 (3)

_k(k+2)+1

m Forr=0: G, = ¢, =¢, k=0,1,2,--

(k +1)°

=>{c,=¢c,=¢,=...}

= Y,(X) = coxoilx X" = co(1+ X+ X+ X° +...):

n=0

m Radius of convergence: R =(lim

N—o0

Cn +1
C

n

1
1-Xx

)t =(lim) ™" =1,

N—0

= the power series is convergent for |x| < 1.
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Example: Case 3 (4)

m For the lack of a distinct 2nd root, = find the 2nd
linearly independent solution by assuming y,(x) =
u(x)xy,(x) (reduction of order).

B The governing 1st-order ODE of u(x) gives u(x) =
In(x), = vy,(x) = In(x)/(1-x).

m |t turns out that in Case 3, the two linearly
independent solutions must be of the form:
y1(X) = X2 0Co X",

Y,(x) =y, (x)xIn(x) + x72 _oC x"

U ltrafast
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Example: Case 3 (5)

m y,(x) =1/(1-x)
B y,(x) =In(x)/(1-x)

U ltrafast
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o N B~ O

y(x) = Ay;(x) + By,(x)

--——-—-_-
s mm  Sp—

y1(x)
\




T Bessel functions

® Bessel’s equation

o {J,(x), Y,(x)}

® Properties

Friedrich Wilhelm

® Varieties: {l,(x), K,(x)}, {J41/,(x)} ~ Bessel

(1784-1846)
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Bessel’s equation

my" +xy' + (x2-v2)y =0, where v>0is a given

constant (usually an integer).

m x =0is asingular point. = no Maclaurin series

solution, Frobenius method is needed.

Im
A

Centera=0

N

(
\

AN

Singular point

U ltrafast
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Why Bessel’s equation?

m E.g. The z-component of e-field E (r,,z) = R(r)xD(¢)
xePz that can propagate in a cylindrical fiber
without distortion satisfies:

m O(P) =etiv?, v=0,1,..; such that D(p+2nmw) = D(d).

m In the core (r<a, n=n,), R(r) satisfies r’R" + rR" +

(12r2-v2)R = 0, where 2 = (n k,)? -2 is unknown.

A T
|_ Cladding
| A dl
Core " B

U lerafast
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Change of variable

m By change of variable R(r) = y(x/x):
= dR/dr = (dy/dx)x(dx/dr) = ky'(x),
= d2R/dr? = k(dy'/dx)x(dx/dr) = k2y"(x),

= r’R" + rR' + (k2r?-v2)R = 0 becomes (x/x)%k2y"(x) +
(x/K)Ky'(x) + (X2 - v3)y = x2y" + xy' + (x2 - v2)y=0...
Bessel’s equation.

, RO |
L

Cladding

|
@\ |

r=a
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Series solution (1)

m Step 2: Assume Y(X) = X ZC X" —Zc X"

n=0

= y'(x) = Z (r+n)c.x"*, y"(x) = Z (r+n)(r+n-1c x"",
n=0 n=0

m Step 3: x2y" + xy' + (x2 - Vv2)y
=X (r+n)(r+n-21c,x "+ x> (r+n)c,x""*
n=0 n=0

{Z[(r+n)(r+n 1)+ (r+n)-— v}:x +Zcx

-----------------------------------------------------------------------

st ! HeoaHE
PhotonicsLab. (r2-v2)c, + [(r+1)%-v2]ex + 2 ,( ); let k = n-2; et k= n; e




Series solution (2)

(r2=v?)c, +[(r +1)% =v?]c,x

— Xr< X r = 01
+ Y {[(r+k+2)* —=v?Ic,,, +C Ix"
k=0

. J

m Step 4: x™9 coefficient is (r2-v?)c, =0, = r? - v2 =0
(indicial equation), = r ={v, -v}.

m Step 5: x™! coefficient is [(r+1)? - v?]c,, forr=v, =
(2v+1)c, =0, = c, =0aslongas v #-7.

m Forr=v, x*" coefficient gives a recursive relation:
-1

Ck+2 — Ck’
T (k +2)(k +2v +2)
photonics Lab

k=0,12,---




Series solution (3)

® k=1:c,=-c,/[3(3+2v)] =0,so0arec; = ¢, = ... = 0.
® k=0:c,=-c,/[2%(1+V)];

® k=2:c,=-c,/[23(2+V)] = c,/[2%(2+V)]; ...

® ¢, =(-1)"c,/[22"nl(1+V)(2+V)---(n+V)],n =1, 2,3, ...

m By choosing c, = [2'T"(1+V)] %, where

['(n) =(n-1)!, if nisan integer;

= (CDY22 R (even)], ||
Uitrafast \\ =0,1,2,. /\H
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Bessel function of the 1st kind {J(x)}

m Forr=v and the choice of ¢, = [2'T(1+V)]?,

o n 2n+v
yl()() = J ()() — (_1) 5 Bessel function of the
Y =0 n!F(1+ V+ n) 2 1st kind of order v
m If vis not an integral multiple of 7%, ry-r, = v-(-v) = 2v
is not an integer, = Case 1 of Frobenius method, a
2nd linearly independent solution is obtained by:

Y,(X) = X‘Vni;cnx" =3, (0= i n!F((l_—lz/n+ n) G)

n=0

m General solution: y(x) = ¢,J,(x) + ¢,)_(x), convergent _

U rarast
pgot(f)nitcs]-alyer X E (O’w).




Bessel function of the 2nd kind {Y (x)} .

m If visan integer (as usual), sois r;-r, = 2v, = Case 2,
J_.(x) is linearly dependent on J_(x).

cos(vzr)Jd (X)—J_, (X) Besselfunction of the
: » 2nd kind of order v
sin(vr)

which is linearly independent of J (x) if v is not an

m Define Y, (X)

integer.
m By L'Hopital rule, lim,,_, Y (x) =Y (x) exists and is
linearly independent of J_(x) if v=m is an integer.

m General solution: y(x) = c,J,(x) + ¢,Y,(x), for arbitrary

Ui Y (INteger or non-integer) and x € (0,0).
Photonics Lab\




Plots of {J (x)}

1.0 ::'\ JO(X) u JO(O) = 11 Jn>o(0) =0.

\/ 11 () m J (x) is similar to cosine/sine
\ Y/ J,(x) with damped envelope.

” m ) (%) = (1) (x).

-0.5F 241 383 5.14 7.02 8.42

ultrafast -
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Plots of {Y (x)}

m Y (0) > -0 (unbounded at x = 0).

m Not applicable to describing e-field’s radial
distribution R(r) in the fiber core region (r < a).

ultrafast .
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Differential recurrence relation (1) .

mxJ (xX)=-xJ,,(x)+W (X) E.g.v=0,=J'5(x)=-J,(x).

m Proof:

B o (_1)n X 2n+v
JV(X)_nZ_(;‘n!F(1+v+n)(2j |

= 5 D@ +y) (Y
:XJV(X)—HZ(;n!F(1+V+n)(2j

--------------------------------------------------------------
*

*
---------------

S e
Pt %(n—l)!r(lwm) 2

*
-------------------------------------------




Differential recurrence relation (2)

m Having n = k+1, the 1st term becomes

o (_1)n X 2n+v-1
XZ;( 1)'F(1+V+n)( )

-------------------------------------------------------------
*

---------------------------------------------------------------

because

B 0 (_1)n X 2n+v
J"(X)_nz_(;n!l“(1+v+n)(2j |

o (_1)n X 2n+v+1
= J ., (X)= :
ulttafast . V+1( ) nZ: nll_w(2 TV + n) ( j

Photonicskeab




Example 4 (1)

B The displacement x(t) of a frictionless mass on an
aging spring is governed by ODE: x" + (ke ®t/m)x = 0.

m Note: The ODE reduces to x" + (k/m)x = x" + (®,)*x =

0 if oo = 0 (spring without aging).

m Change of variable: s =Ea)oe_5t
o

= dx/dt = (dx/ds)x(ds/dt) = -w,e*2x'(s),

o o o g T g E
—— =—@| ——e 2X'(s)+e 2 —x'(s) |=—| =X'(s) —=—X'(s)],
:>dt2 W, 5 ()-l— ()j| |:2 () i ():I

dt 2 dr
where dx'/dt = (dx'/ds)x(ds/dt) = -(as/2)x"(s).

U ltrafast
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Example 4 (2)

m x"(t) + (0y)%e*x(t) = x"(t) + (os/2)x(t)

s a s, a5 _
:7{Ex(s)+7x (S):|+(7) X(s) =0,

= X'/s+x"+x=0,
= s2X" + sx' + s°x = 0... Bessel’s equation with v = 0.

B General solution: x(s) = c,J,(s) + ¢,Y,(s), i.e.

_t _t
X(t) = ¢,J. (2w, ) +CY, (2 7Y, if 7=

S

U ltrafast
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m Weak aging:
e t=10T (T =2n/w,)

®c,=¢,=1

0.2 =

0.1F n/

A

-0.2

0

U ltrafast
S
Photonics Lab

m Strong aging:
o 1=2T(T=2n/m,)
®c,=¢,=1




Modified Bessel’s equation %

m The radial distribution R(r) of the e-field in the
cladding region (r > a, n = n,) satisfies

r’R" + rR' + (-a?r2-v2)R = 0, a? = 32 - (n,k,)?.
m By change of variables R(r) = y(x/a), it gives x2y" +
xy' + (-x2- v24)y = 0 ... modified Bessel’s equation.
m By another change of variable “t = ix” [i = \/(-1)]:
= dy/dx = (dy/dt)x(dt/dx) = iy'(t),
= d2y/dx? = i(dy'/dt)x(dt/dx) = -y"(t),

= (-it)2(-y") + (it)(iy') + [-(-it)? - v2]ly = t2y" + ty' + (12
dhoo  -y2)y =0 ... standard Bessel’s equation.




Modified Bessel functions {l , K.} .

However, the solutions {J,(t) =J,(ix), Y, (t)=Y,(ix)} € C.
B To get real-valued solutions, define:

e | (x)=(i)V),(ix) € R, modified Bessel function of the
1st kind,

o K (X)= d I‘V(?()_ L (%) , ... modified Bessel, 2nd kind
2 sin(vr)

m By L'Hopital rule, lim,_, K, (x) = K_(x) exists and is
linearly independent of | _(x) if v=mis an integer.

B General solution: y(x) = c,1,(x) + c,K (x), for arbitrary

Ui Y (INteger or non-integer) and x € (0,0).
Photonics Lab\




Plots of {l_(x), K_(x)}

KH(I)

— X
/]

(www.efunda.com)
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Spherical Bessel functions {J,.(x)} (1) .

m If v=7, Bessel functions of the 1st kind

o ( 1) X 2n+1/2
T2 (X) = nznll“(1+]/2+n)( j

can be simplified by I'(1+a) = al (o), I'(?%) = = \r:
o n=0:T(1+%) = %x['(%) = V1/2,
e n=1:T(1+3/2) = (3/2)xI"(3/2) = 3\r/22,
® n=2:T(1+5/2) = (5/2)x(5/2) = (5!1)V1/(252)), ...
o I'(1+%+n) = (2n+1)Nr/(227+1n1).

ultr fast
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Spherical Bessel functions {J,.(x)} (2)
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Summary

m How to solve ODEs by power series method and
Frobenius method, respectively?

B When is Frobenius method necessary?
B When are Legendre polynomials useful?

B \When are Bessel functions useful?
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