EE 201 Ordinary Differential Equations

Chapter 7

Laplace Transform (LT)

O Definition, LT of basic functions (7.1)
O Inverse LT (7.2.1)

O Operational properties (7.2-7.4)

O Dirac delta function (7.5)
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3 Definition, LT of basic functions
® Definition
® LT of basic functions

® Existence of LT
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A “relation” mapping input value(s) to output
value(s), just like a “machine” mapping raw
materials to products.

m E.g. f(x) =sin(x), mapping an input value x, to an
output value sin(x,).

m E.g. f(x,y) =x+vy, mapping a pair of input values
(Xo,Yo) to an output value x, +vy,.

m E.g. f(z) =2, mapping a complex number z, (a pair
of real numbers) to a complex number (z,)" (a pair
Uit ~Qf real numbers).
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What’s “transform”:

A “relation” mapping an input function to an output,
function.

m E.g. differentiation D{f(x)} = f'(x), mapping an input
function f(x) to an output function f'(x).

m E.g. partial differentiation D {f(x,y)} = of(x,y)/0x,
mapping a 2-variable function f(x,y) to another 2-
variable function of(x,y)/ox.

B |t’s linear if T{axf, (x) + bxf,(x)} = axT{f,(x)} +
bxT{f,(x)}.
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What's “integral transform”:

B The output function F(s) is obtained by integrating
the product of the input function f(t) and a kernal
function K(s,t):

F(s)=T{f(t)}= jooof (t) x K (s, t)dt

m Note: Output function has a new independent
variable s.

m All integral transforms are linear. (Why?)
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What’'s Laplace transform (LT)?

B A special case of integral transform where the
kernal is an exponential function K(s,t) = et

F(s)= L{f ()} = j: f (t) x e dt.

B Integration is carried out over 0 < t < o0, = L{f(t)} =
L{f(t)xu(t)}, where the unit-step function is:

u(t) =+
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Example 1: L{1}

m By definition,

Lit}=Liu()}= [ u(t)xe“dt= | ledt

o0

» o
_° :uzélg If s> 0.

=S| =S iS:

m L{1} exists (integrable) only in a finite region of
convergence ROC: {s > 0}.
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Example 2: L{t} :

m By definition,
Lit}=Litxu(t)}= jooot % U(t) x e dt = jo‘” te %t
m Integration by parts:u=t,v'=e*t, = u'=1, v=-est/s

o (2, te™ @
L{t}:uv\o—jouvdt:— : +IO : dt

w .-....‘
O O _St O : :
— e -1 :1:
| | -
. u 'f
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S .. __ =i ifs>0
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| | -
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Complex nature

m The new variable s is actually complex (s = a+j3 €C),
= K(s,t) = est = elaBlt = e-atx[cos(Bt) + jsin(Bt)] € C,

= F(s)= f f(t)xedteC

m |nput f(t): a real function of real variable t.

m Output F(s): a complex IFP

function of complex variable s,
— Re{F}, Im{F} are functions ROC

of 2 real variables.

Ui...™ ROC: {s>0} is actually Re{s} > 0.
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Example: L{t%}

m By definition, L j t°e'dt;

mlet{u=t% Vv =est}, = {u' = 2t, v=-est/s}

L{t2 }: uv|, — _[Ooloj’vdt = —tzeT_St + % jooo te 'dt

2 2 1 :2: 2
=0+—Lit{=—x—=—i= 1f Re{s}>0
S U s §° isih s )

m Recursive relation gives L{t"} = n!/s"*1,
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Example 3: L{e?t}

m By definition,

L{e—at }: J‘OOO e~da-stdt — J:O o~ (@)t

e—(a+s)t 1 _

0 v iieenes
Im
1.0 . |
) I
pole |
\ |
0,t<0 -a¢
0 [ : ROC
s e !




Example 4: L{sin(omt)}

m By definition,

- — ) - ~st or etc
L{sin a)t}—jo (sin wt)e *dt /\ 3

joot — jat 0
« el —g
_ e - e—Stdt \/ \—/
0 2] =10 =

L e csmjert (st Im
T [ e e it
_ 1 1 . 1 poles Jo © ROC
2]\S—Jo S+ Jw
...... e o
T A if Re{s}> 0. f
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LT of basic functions (1)

. 1
unit - step u(t) -
S
1
ramp txu(t) —
S
: n!
polynomial | t" xu(t) —
S
. 1
exponential | e ™ xu(t) | —
S+a
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LT of basic functions (2)

: . ()
sine Sin et x u(t) —
S°+w

. S
cosine Cos awt x u(t) —
S°+w

damped ramp

damped sine
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m A function f(t) is of exponential order c if there are
constants ¢, M(>0), T(>0) such that f(t) is eventually

Exponential order

bounded by an exponential function, i.e.

E.g. tis of

exponential
order c=1.
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E.g. exp(t?)
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Existence of LT

m L{t1} and L{t'} do not exist (not integrable).

B The sufficient (but not necessary) conditions that
the L{f(t)} exist for Re{s} > c are:

(1) f(t) is “piecewise continuous” for t € [0,0)
(2) f(t) is of “exponential order ¢” fort>T.
f(n4

/\l Piecewise continuous:
\_: | only finite number of
| | discontinuities t = {t;,

| | | >
! 7 t, .., t)
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3 Inverse LT
® Formula of complex integral

® Practical treatment
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Inverse LT

m Notation: L'H{F(s)} = f(t)

B The formula involves with complex integral and
residue theorem (to be studied in EE 202):

f(t)=L"{F(s)}= ij’ r_+_i00|:(s) xe"ds = Res[eSt X F(s)]
27 I aIIpoIes 3k
IT m If G(s) hasapoleats, =
poles T
G ]
s, 0 ROC 1 (s)= Za (s-5)" +Z(S S
: 0051 o —Re = Res[G(s)]@
Ty | residue of G(s) at s.
trafast e | I
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Practical treatment of inverse LT .

m [nverse LT is usually performed by using the table of
LT of basic functions.

m Table (p13-4):
(1) LHsM} = t"/nl,
(2) LH{1/(s+a)} = e,
(3) LY1/(s2+®?2)} = sin(wt)/m,
(4) LYs/(s2+®?)} = cos(mt), ...

m For F(s) other than these basic forms, trying to
simplify F(s) by linearity and partial fractions.
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Linearity of ILT

B Li{axF,(s) + bxF,(s)} = axL{F,(s)} + bxL{F,(s)} =
axf,(t) + bxf,(t).

m E.g. What's f(t) if F(s) = (-2s+6)/(s%+4)?

f (1) Ll{_28+6}

s’ +4

S 2
=211 +3L°
{52+22} {32+22}

= —2c0s(2t) + 3sin(2t)
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Partial fractions, Example 3 (1)

S +65+9
(s°+5°—10s+8) = (s—1)(s—2)(s+4)
__ A B C _ N(s)

s—1 s-2 s+4 (s-1)(s—-2)(s+4)

F(s) =

N(s)=A(s—-2)(s+4)+B(s-1)(s+4)+C(s-1)(s—2)
=s°+65+9

B Method 1: Expanding N(s) as a 2nd-order
polynomial, comparing the coefficients, solving a

U system of 3 algebraic equations.
ltrafast o
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U trafast -

Example 3 (2)

Method 2: Substituting s =1, 2, -4 into N(s).

N(1) = A(1-2)(1+4) = -5A = 12 + 6x1 + 9 = 16,

— A =-16/5;

N(2) = B(2-1)(2+4) =6B =22+ 6x2 + 9 = 25,

— B =25/6;

N(-4) = C(-4-1)(-4-2) = 30C = (-4)2 + 6x(-4) + 9 = 1,
= C=1/30;

= f(t) = Ll{i} + Ll{i} + Ll{i}
s—1 S—2 s+4
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3 Operational properties
® Differentiation

® Shift

® Convolution

® Integral

® Periodic functions

U ltrafast
o,
Photonics Lab




L)

m By definition, L{f'(t)}= j: f'(t) x e dt;

B Integration by parts:u=es, v'=f, = u' =-se*st, v="1:

(ﬂ + S[ J'OOO f(t) x e“dt}
=[0- f(0)]+sF(s) =sF(s) - f(0);
if Re{s} > 0 and F(s) = L{f(t)}.

[ () <edt = [ f(t)xe™

m L{f'} = sF(s) — f(0): derivative in the time domain is
equivalent to multiplication in the s-domain.
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UL

m By definition, L{f"(t)}= j: f"(t) x e dt:
B [ntegration by parts:u=es, v' =f", = u' = -sest, v ="
y —st . ’ —st |* Y —st
[ (1) xe dt_[f (t) xe 0}3[]0 £(t) x e dt}

=[0- f'(0)]+s[sF(s) - f(0)]=s*F(s)—sf (0)— f'(0);
if Re{s} > 0.

m L{f"}=s?F(s) — sf(0) — f'(0): derivative in the time
domain is equivalent to multiplication (plus a

Uit <ROlynomial) in the s-domain.
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Example 5 (Sec. 7.2)

m ODE:y"—3y'+2y=e*t [Cs: {y(0) =1, y'(0) = 5}.

m Step 1: L{y" — 3y" + 2y} = [s2Y(s) - sy(0) - y'(0)] -3[sY(s)
- y(0)] + 2Y(s) = (s%-35+2)Y(s) — (s+2) = L{e*4} = (s+4) 2.

m Step 2: Solve Y(s)

(32—33+2)Y(s)=(s+2)+i;
s+4
Y (s) = S+2 . 1 7 +65+9
523542 (s2-35+2)(s+4) (s-D(s-2)(s+4)

m Step 3:y(t) = LYHY(s)} = —%e +%92t+3_109—4t (p21).
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Advantages of LT approach

m Unique solution y(t) is directly obtained without by
way of y (t) and y,(t).
®m |Cs have been taken into account by LT.

m Y(s) is obtained by solving an algebraic equation.

U ltrafast
i SN
Photonics Lab




L{edtxf(t)}

m By definition,
L™ x £ (0))= [ ™ x f (t) xe~dt
— ': f (t) x e -t

=F(s). .. =F(s—a).

m L{e?'%xf(t)} = F(s-a): exponential modulation in the
time domain is equivalent to translation (shift) in
the s-domain.

U ltrafast
.
Photonics Lab




Examples

O L{eat}: I—{eat XU(t)}: L{u(t)}{s—>5+a

S

S—>S+a

same as that obtained by definition (p11).

4 1 1
O L{txe t}: L{'[}‘HS+a :S_2 = (s+a)2 ,
0,

O L{e‘at x Sin a)t}: Lisin et | =

S—>s+a a2 2
S"+ @ s-s+a

_ )
(s+a)’+a®

as shown in the last two rows of the LT table (p14)...:
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Example 3 (Sec. 7.3) (1)

m ODE:y"—6y'+9y =123 |Cs: {y(0) =2, y'(0) =17}.

m Step 1: L{y" — 6y' + 9y} = [s?Y(s) - 25 - 17] -6[sY(s) - 2]
+ 9Y(s) = (s2-65+9)Y(s) — (2s+5) = L{t2e3t} = 2/(s-3)3.

m Step 2: Solve Y(s). (s-3)%Y(s) = (2s+5) + 2/(s-3)3, =

25+5 2 { A B } 2
= + = + + ,
(s—3)° (s=3)° |s-3 (s=3)°| (s=3)

Y (s)

(1o AG-3)+B_As+(B-38)_ 25+5 _ [A=2,
T (s-3°  (s-3°  (s-37

U ltrafast
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Example 3 (Sec. 7.3) (2)

m Step 3:y(t) = LYY(s)}

L[ 2 L 11 A
y(t) =L {§}+L {(8—3)2}+L 4

[(s—3)°

ultrafast .
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Example 4 (Sec. 7.3) (1)

m ODE:y" +4y'+6y=1+et; ICs: {y(0) =0, y'(0) = 0}.

m Step 1: L{y" + 4y' + 6y} = [s?Y(s) - Os - 0] +4[sY(s) - O]
+ 6Y(s) = (s2+4s+6)Y(s) = L{1+e '} = st + (s+1) 1 =

(25+1)/[s(s+1)].
B Step 2: Solve Y(s), (s2+4s+6)Y(s) = (2s+1)/[s(s+1)],
2s+1 A B Cs+D
Y (s)

= = —+ + ;
S(s+1)(s°+4s+6) s S+1 S°+4s5+6

A(S+1)(s*+4s+6)+ Bs(s*+4s+6)+ (Cs+ D)s(s +1)

1 1 1 5
£ :23+1,:> A:—, BZ—,CZ——, = ——
pimies e { 6' 3 2 3}




Example 3 (Sec. 7.3) (2)

m Since s?2+4s + 6 =0 has no real root, regrouping it
as (s - a)2 + w2 = (s+2)2 + (V2)2,

Cs+D C(s+2)+(D-2C)

F(8)= $?+4s+6  (s+2)2+(+/2)?

m Step 3:y(t) = LYY(s)} = LYA/s} + L'YB/(s+1)} + f(t),

~L]cG+2)+(D-2C)| | L[Cs+(D-2C)
O v (2 }_L{ s +(v2)° }

—2t.
e,

_1<( S ooy
=|CxL KSZ+(«/§)2}+(D 2C) L{

52 +(ﬁ)2}_

ultrafast -
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Example 3 (Sec. 7.3) (3)

e, - y sin(«/ft) A
f(t)= {C cos(v2t) +(D - 2C) J2 }e colp 5
_ _E cos(+/2t) + gsm(*@)}em

1 1 '
=y =c+ e

- E cos(+/2t) + gsm(ﬁt)}eﬂ |

ultrafast -
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L{f(t-a)xu(t-a)}

m By definition,
g(t) = L{f (t-a)xu(t-a)]

_ :O f(t—a)xeSdt;
Let t-a = v, = dt = dv;
g(t) = f f (v)xe *3dy

- e[ [ ) e‘SVdv} e X F(s).

m Shift in the t-domain, — modulation
in the s-domain. Complementary
relation of L{e?'xf(t)} = F(s-a):

f(t-a)xu(t-a)

=



L{f(t)xu(t-a)}

m By definition, g(t) = L{f (t)xu(t— a)}: _[: f (t)xe ™dt;
Let t-a = v, = dt = dv;

g(t) = j: f (v+a)xe gy

_ e[ [ v+ a)xe‘svdv} e xL{f(t+a)l

m Activating f(t) at “t = a” is equivalent to activating
f(t+a) att = 0.

U ltrafast
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Example 8 (Sec. 7.3) (1)

m ODE:y'+vy=3cos(t)xu(t-m); IC: y(0) =5.

m Step 1: L{y' + y} =[sY(s) - 5] + Y(s) = (s+1)Y(s) -5 =
L{3cos(t)xu(t-t)} = 3e™xL{cos(t+mn) = -cos(1t)} = -
3(e™)x[s/(s2+1)].

m Step 2: Solve Y(s), (s+1)Y(s) =5 — 3e™s/(s2+1),

5 i B 3s
Y(S):m_F(s)xe , Where F(s)—(s+1)(82+1)

- A B A +1)+(Bs+C)(s+1) =35,
s+1 s +1

3 3 3
trafast A:__1 B:_’ C:_
gLotgnics i-\a? { 2 2 2}




Example 8 (Sec. 7.3) (2)

5 3 f 1 1 S
=Y(s)=——+—¢ - .
s+1 2 s+1 s°+1 s +1

m Step 3:y(t) = LYY(s)}

y(t):Ll{i}_l_ﬁ Ll{ 1 _ 21 B ZS }
s+1] 2 s+1 s°+1 s"+1)|

=5e™" +g[et —sin(t) — cos(t)]‘

tot—x

=5e™' + g [e‘“‘”) —sin(t— ) —cos(t — ﬂ)]x u(t—r)

3 .
=5t += [e‘“‘”) +sin(t) + cos(t)]x u(t — )
ggrafasF L\[; 2




Solution plot

W = W

—_— I

o 3

s
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LHF(s))

d d -
m By definition, —F(s)=—| f(t)xe™dt;
y definition o (s) dS'[O (1) x

m |f the order of differentiation and integration is
interchangeable

F'(s) = jo [f(t)xe-st]dt_j f(t)x(ﬁe-ﬂ)dt

OS
=[" M) x(-te” St)dt_j —tf (t) x e dt = L {~tf (1)}

m LYF'} = -txf(t): derivative in the s-domain is
equivalent to multiplication in the time domain.

ultrafast -
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LHE(s)}

m Without using the inverse LT formula, let’s guess L
HF"(s)} = t2f(t) given L'Y{F'(s)} = -txf(t) is true.

m Proof:
LI f (1) = [Tt f()xedt= [ "txg(t)xedt
= L{tx g(t)}=-G'(s), where g(t)=tx f(t).
Since G(s) = -F'(s), = L{tf(t)} = F"(s).

m LYF"} = t?f(t): derivative in the s-domain is

equivalent to multiplication in the time domain.

U ltrafast
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Example: L{t%}

m Previously, we got L{t%} = 2/s3 by definition (p10).
Here is a faster way:

m letf(t)=1, = F(s) = 1/s.
m g(t) =12 = t2xf(t), = G(s) = F"(s) =(s1)" = -(s2) = 2s°3.
B For h(t) =t"=t"xf(t), =

H(s) = (<" 4 F(s) = (-1 2 st
ds” ds”
dn—l dn—2
— _1 n+1 S—Z _ _1 n+2 2 8_3:...
O

Ut o= (=) """ nls™ ("D = g~
pLotgn:cs L\al; ( )




Resonantly driven mass-spring (1)

m ODE: x"(t) + (®y)?x(t) = Axcos(m,t), where o, = Vk/m,
A =Fy/m.

m (Cs: x(0) = X, kx

x'(0) = V. VWAL = [ Focos(ot)

| (www.chegg.com
=0 gg.com)

m Step 1: L{ODE}
L{x” + ng}z (52X —iX OS —VQ) + g X
= (s + @t )X — (X, S +V,);

As
ulttafast k{A X COS a)ot} = 2 2
Photonics Lab\ S+ C()O




Resonantly driven mass-spring (2)

m Step 2: Solve X(s)

AS
(S +@f)X — (X 5+Vy) =———
S” + @
XS +V, As
+ = X.(S)+ X.(S
82+a)02 (32+a)§)2 1(8) 2(5)

m Step 3: x(t) = LY{X(s)}

= X(S) =

X, (t) = Ll{ XS +V°} = X, COS a,t +£sin oyt

2 2
S° + @} @,

m [nitial position X, and initial velocity V, contribute to

Ut I\_QQS((Dot) and sin(mgyt) terms, respectively.
hotonics deab




Resonantly driven mass-spring (3)

B To calculate L'Y{X,(s)}, let’s look for G(s) = sz(s)ds
such that xz(t) = -txg(t).

G(s) = | ds=—~_ 1
(s +a)0) 2 S° + w;
:g(t):_il_—l 2(00 > :_isina)ot;
2, S° + W, 2@,

A, .
= X, (t) = gtsm pt;
0

B Resonant driving force causes linearly growing

Ui OSC|IIat|on unavailable by using Ch4’s approach.
photomcsL b




Example 2 (Sec. 7.4)

m ODE: x"(t) + 16x(t) = cos(4t); = w, =4, A=1.
m |Cs: x(0) =X,=0, x'(0) =V, =1.
m By the general analysis, x(t) = x,(t) + x,(t)

“enas® a)o 2&)0

:Oxcos4t+%sin4t+ tsin4t

2x4

= isin 4t +Etsin 4t
4 8
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Convolution f*g

m [f f(t) and g(t) are piecewise continuous over T =
[0,0), the convolution of f and g is defined as

frg=[ f()xgt-n)dr=[ f(t-r)xg(z)dz

m Why is the integral range T = (0,t)?

g() ) =g(-7) h(r—1) =g(t—7)
:"\* ./ (T)
#""“l : t\"«r
4 v N
0 » T 0 » T » T
Ucrafast -
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Example: II *II

mlet [[(t)={1, forO<t<T,;O0, otherwise}is a
rectangular function of width T.

H*sz;H(r)xH(t—r)dr

g®) Ao h(®) =g(-0) h(e=1) = g(t=)

i—‘ ﬁ-u (1) m-n /()
[ 1

o r A e’ 0tT ¢

ulttafast -
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L{f*g} = FxG (1)

m Proof:
F(s)=L{f(t)}= j: f(r)xedr,
G(s) = Lig(t)}= [ 9(B)xe dB.
= F(s)xG(s) = UOOO f(r)xe™d r} X UOOO g(B) x esﬂdﬂ}

= [ | t@)a(B)xe*Pdzdp

Ucrafast .
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L{if*g} = FxG (2)

B lett=71t+[, = dp=dt,
F(s)xG(S)

:jooo f(r)xUng(t—r)xeStdt}dr

T

Y

m [nterchanging the integration order:
F(s)xG(s)

= j: [ (r)xg(t—7)d Z':l x e~ dt

:jooo(f *g)xedt = L{f *g}

T

L
-

i

Ucrafast -
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Revisit: Resonantly driven mass-spring (1) .,

m ODE: x"(t) + (wy)?x(t) = Axsin(m,t), where o, = Vk/m,
A =Fy/m.

m (Cs: x(0) = X, kx

X'(0) =V, VWWWWAL = — Fosin(ogt

| (www.chegg.com
=0 gg.com)

m Step 1: L{ODE}

L{X" + ng}: (s° + @)X —(X,$+V,); ... same

ZAwOZ v.s. L{Axcosat}= AS

2 2
S° + S° +

L{Axsin ot} =

U ltrafast
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Revisit: Resonantly driven mass-spring (2) .,

m Step 2: Solve X(s)

(52 + @f)X — (X5 +V,) = — A,
$° + &
:>X(S):X°S+\£°+ sz = X,(8) + X,(s)

s+af  (S°+o
m Step 3: x(t) = LHX(s)} = x,(t) + x,(t), where x,(t) =
X,cos(m,t) + (Vo/mg)sin(mgt) is the same as before.

B However, no easy anti-derivative G(s) = sz(s)ds
exists, and x,(t) = -txg(t) does not apply.

U ltrafast
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Revisit: Resonantly driven mass-spring (3)

(s* + 0)5)2
where F(s) = G(s) = 1/[s2 + (0,)?],
= f(t) = g(t) = sin(oyt)/®y; %,(t) = Amy(f*g) = (A/w)l,

m Instead, X,(S)= = Aw, x F(s) xG(s),

| =sin(aw,t) *sin(w,t) = j;Sin(wor) xsinfa,(t —7)]d7;

m By the “product to sum” formula:

cos(a — ff) —cos(a + ) .
> :
COS(2aw,7 — w,t) — cos(a,t) .

SIna xSIn B =

the integrand is

Ucrafast - 2
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Revisit: Resonantly driven mass-spring (4) ..

m | = % j Ot [cos(2afr - ayt) — cos(wyt) Jd =

variable
r . 7] 3
_ 14 SIN(2aw,7 — w,t) _ cos(at) X(z_‘t )>
2 2, . °
_ 1| sin(aw,t) + sin(a,t) _txcos(ay) |
2| 2@, )
—x, (1) = A S o cos(ant) | vis. —Atsinayt
2 0
2, @, | 200,

U ltrafast
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LU

mletg(t)=1, = G(s)=1/s;
— fxg :jt[f(r)xg(t—r)]drzjtf(r)dr.

FG)

m By L{f*g} = FxG, :L{[ f(r)dr} <

m L{/f} = F(s)/s: integral in the time domain is
equivalent to division in the s-domain.

B [t's the complementary relation of L{f'} = sF(s) — f(0).

U ltrafast
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Example: LY{F(s)/s}

1
(s® +1)
m Let F(s) =1/(s%+1), = f(t) = sin(t);
B G(s) = F(s)/s,

— g(t) = jot f(r)d7 = jotsin(r)dr — —cos(7)[, =1—cos(t).

. =>g(t)=LG(s)} =7

| G(S)E S

2 —_—
m Check: G(s) = A+ B§+C :(A+ B)s ;|‘C3+A—1_
s s°+1 s(s® +1)

—{A=1, B=-1, C=0j

41 4| S
U = gt) =L ==L =1-cos(t). (same) i
e S s?+1

hotonics k=ab




Example: L-Y{F(s)/s?}

1

SZ

" H(s)=5 . =>h®)=L{H ()=
S 1)

m Let G(s) = 1/[s(s2+1)], = g(t) = 1-cos(t);
m H(s) =G(s)/s,

— h(t) = jot g(r)dz = jot - cos(z)|dz
=t— sin(r)\;]:t—sin(t).

ultrafast .
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Integrodifferntial equations

m E.g. Series RLC circuit.

m By Kirchhoff voltage law, v|(t) = Lxi'(t), i(t) = Cxv (t):

Lif(t) + Ri(t)+%j;i(r)dr — v (t)

ulttafast .
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Example 6 (1)

m Letv,(t) = Vyt[1-u(t-1)] (curve?), i(0) = I,.

m Step 1: L{Li’(t)+ Ri(t)+éjoti(r)df}

=L[slI(s)—1,]+RxI(s)+ L X I(S);
C s

By L{f(t)xu(t—a)}=e®xL{f(t+a)xu(t)},

Liv, ()} =V, [Lit} - Litxu(t —1)]]
:Vo[iz—e—S X L{(t +1) x u(t)}} =V0(Slz _ esz _

U lerafast S
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Example 6 (2)

m Step 2: Solve [(s)

(L::,+R+ij|(s)—uo=vo(12—e2 S j

Cs

=L (52+Bs+ijl(s)—los =V, 1€ —e”
I L~ LC )

S (s‘1 —sleTt — e‘s)
D(s) " D(S)
R 1

where | :\i, D(s)=s"+—S+—.
L _ LC

= 1(s) =1,

U ltrafast
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Example 6 (3)

m Step 3: LY{I(s)}.

mletL=0.1H,C=0.1F,R=2Q,V,=120, , =
| =1200 A, D(s) = s? + 20s + 100 = (s+10)? ... Case 2.

-y s )
(s+10) (s+10)

( Partial fractions
1 } 4]/001 001 0.1 }

i,(t)=L" =L B
(0 {s(erlO)2 s s+10 (s+10)°
= [0.01-0.026% — 0.1te ¥ |x u(t);

U lerafast
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Example 6 (4)

( _s

- 1 € _ e o _ i (1)
i (1) = L is(s+10)2}_|— s x1,(s) =i, (t-1);
. 4 ( e’ 4 1 _(+ _ 1\a-10(t-1).
5t =L <k(s+10)2}_|_ {(S +10)2}Ht1_(t ) |

(1) = 1, fi, (0 = [, + 1,0
=1200{(0.01— 0.01e™ — 0.1te ™ )x u(t)
—[0.01-0.01e Y 1+ 0.9(t - 1)e Y |x u(t - 1)}

U ltrafast
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-20

-30

-40

Solution plot

i—eAm—lOEANlifO<t<l.

12| e 4+ 190D _10te ™ —90(t —1)e | if t>1.

120

maxz 12 A
Source: vi(t)

/

2.5



L{f(t)}, with f(t+T) = f(t)

mF(s)= L{f (t)}z 1—:;ST IJ f(t)xe dt.

O Proof

-------------------------------------

0
------------------------------------

Letu=t-T,:>dt=du: Izzjo f(u+T)xe‘S(””)du

—@1-e"Nl,=e1, I,=

Uit = F(S) = |, + I ..
pLot(f)nfcsL\b ( ) 1_e_ST 1 1_e_ST 1




Example 8 (1)

m An RL circuit driven by a periodic square voltage v;(t):

{Li’(t)+ Ri(t) = v, (1); R L

i(0) =1, V101
i(f) —>

T W (0

1 DA
vi(s)_l_e_TSjO Vy, xe~dt = - x
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Example 8 (2)

m Step 1: L{Li'(t) + Ri(t)}= L[sI(s) - I,]+ RI(s)

= (Ls+R)I(s) - LI, = L{v.(t)}=V.(s) = S(ll/g_n/z)-

| V_/L
m Step 2: I1(s)= 0 m =1, +1L,.
P (5) s+R/L s(s+R/L)1+e™?) i

s+ R/L

*
---------------

m Step 3: il(t):Ll{ , }: 1,e7%, where r:%

V
l,(s) = "% KR —Ts/2

1 1V,
L s(s+z7) 1+e L

xG(S)xH(S)

ultr fast
photonl L b



Example 8 (3)

1 T T
G(s) = o= -,
S(Ss+77) S S+7
H(s)=— L _1_¢ 7 4T
(s)—1+e_TS/2— —e % +e " —..,
V 1 1 L
|.(s)=-"x7| = — x(1l—e 2 +e " —...
2(5) L (s S+z'1j ( )
) T T )
—Ts 2 —Ts
ST = Y AN S S | A .
S S S S+7 S+7T S+7 R

i, (1) = 1, {u(t) —u(t-T/2)+u(t-T)-..]
Uenter . —[€77U) —e DUt -T/2) + e PFu(t-T) - J5i

Photonics Lab\\




Example 8 (4)

L) =1, {1-e")xu(t)—[1-e TP |xu-T/2)
e et T)
= L) =1, Z( 1)9fL— e T2 | ET <t<nT+1T

m Fort<T/2(n=0): i,(t)=1,(L-e");
= i(t) =i, () +iy(t) = 1,6 +1 [1—e ")

mForT/2<t<T(n=1):iy(t) =1 {@-e ") -T2
:I [_e—t/r_l_e—(t_T/z)/T];

Ui o = (1) = e+ 1 [V +e T2




Solution plot
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3 Dirac delta function o(t)
® Definition of o(t)
®o'(t)

® Impulse response h(t)

U trafast -
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Revisit the unit-step function u(t) .

0, fort <0;
u(t) =+ 1
1, fort>0.

0

B u(t) can be approximated by the limit of a linear
ramp function: |~

0.5

U ltrafast \A
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Impulse function o(t)

f ()

1.0 —/:

ulttafast :
\w
Photonics Lab

u(t) =lim (1

5(t) =lim /(t) = u'(t)

( {oo, t=0;
o(t) =

0, otherwise:

S [ s(tydt=1.




m Sampling of f(t) at t = a can be formulated by
integral of the product of f(t) and o(t-a):

[T t)xo(t-a)dt = im TUf () x S(t—-a)dt

_ f(a)[lim m&(t—a)dt}: f(a)x1= f(a).

e—0 Ja—¢

m |t can be used in deriving L{o(t)} = 1:
L{o(t)} = J:O St)xedt=e"® =1 foranyseC.

U lerafast
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S(t) = lim f (t)

area=1 £—0
—e 0 € t
, f'(1)
one-sided
area =1/ — /€ ATy
\:A , totalarea =0 o'(t) = L'L‘g ()
V'
—ic 0 16: !
—1/62 —

ulttafast :
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L3'(1))

St =limf') 1/€?
£ |
|
—€e 0 e: .
—1/.52 —
L{o’ (t)}—llm f'(t)e” Stdt—llm{ 3 ‘Stdt+j ( j Stdt}
&c—0 &—0 —gg
7\
' esz+e—53_2/\_ (GSg_e Sg)s . (635+e—35)s
=|im > =|im = |im
-0 S& -0 235 e—0 23

gL‘Zii m Even 0'(t) has well defined Laplace transform!



LYimproper rational function}

s* +13s° + 66s° + 200s + 300

s° + 45+ 20

(s +4s+10 —ﬂ-l—i

< \ s+4 s+5

f(t) = 5"(t) + 45'(t) + 105 (t)
+ [— 20e™"" +50e°" | u(t).

F(s) =

ultrafast .
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Example 1 (1)

ODE: y" +y = 4x03(t-2m)
ICs: y(0) =1, y'(0) = 0.
Step 1: L{y" + v} = [s2Y(s) — sx1 - 0] + Y(s) = (s?2 + 1)Y(s)
-5 = L{4xd(t-2m)} = 4xL{d(t)}xe2ms = 4e-27s,
Step 2: (s?2 + 1)Y(s) — s = 4e?™, =
—2 7S

V()= ilz + ijz =Y, +Y,.
Step 3:y,(t) = cos(t); y,(t) = 4LH1/(s?+12)}], 1 0r =
4sin(t-2m)xu(t-2m) = 4sin(t)xu(t-2m).




Example 1 (2)

(1) = cos(t), forO<t<2r;
RYS cos(t) +4sint, fort > 2r;

1 o-source

1"\ I I'\.\\ | ’/.—-I \.\__
BRI A

B An impulse source to an LC circuit or mass-spring
system could cause discontinuous slope but not

necessarily discontinuous function value.

U ltrafast
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Impulse response

ODE: y" + Py' + Qy = 0(t)

m [Cs:y(0)=0,vy'(0) =0.

m Step 1: L{y" + Py' + Qy} = [s?Y(s) — sxO — 0] + P[sY(s) —
0] + QxY(s) = (s?2 + Ps +Q)Y(s) = L{o(t)} = 1.

m Step 2:(s? + Ps +Q)Y(s) = D(s)xY(s) =1, = Y(s) = H(s)
= 1/D(s).

m Step 3:y(t) = h(t) = L'Y{1/D(s)}, which is named the

“impulse response” (the output as a result of

impulse source).

U lerafast
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Why is h(t) important ?

For an arbitrary source f(t), the output function y(t)
can be calculated by h*f:

m Step 1: L{y" + Py' + Qy} = D(s)xY(s) = L{f(t)} = F(s).
m Step 2:Y(s) = F(s)/D(s) = H(s)xF(s).

m Step 3:y(t) = LYH(s)xF(s)} = h(t)*f(t), which is the
convolution between the impulse response and the

source function.

m A linear system is fully characterized by h(t) or H(s).

U ltrafast
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Summary %

How to calculate L{f(t)} and L'Y{F(s)}?

® How to solve ODEs by Laplace transform?

m What're the complementary operations between

time- and s-domains?
m What really happens in a resonantly driven system?
m What’s o(t)? What’s F{o(t)}?

m What’s impulse response h(t)? Why is it useful?

U ltrafast
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