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Lesson 16

Plane Waves in Homogeneous
Media
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What is plane wave? (1)

A particular solution to the homogeneous
vector wave equations:
- O'E - 0°H
V°E — ue =0, V?H — ue =0
P Pt

where every point on an infinite plane normal

to the direction of propagation has the same E-
field and H-field (same magnitude and same
direction).



What is plane wave? (2)

Att=t,, EM-fields are vector functions of
space. For plane waves, they can be simpler.

E E
1 X direction of
. / propagation
H N > Z
‘V

E(H) Is constant throughout a transversal

plane, but may differ at different planes.
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Sec. 16-1

Plane Waves In Vacuum

1.  Time-harmonic plane waves
2. State of polarization (SOP)



Most simplified time-harmonic plane waves-1

The E-field vector phasor of a time-harmonic
wave satisfies with:

V2E +k?E =0, where k =,/ ue

For simplicity, consider a time-harmonic plane
wave propagating in the z-direction and polarized
in the x-direction, = E =a E (z)

d2E,

2

V’E +k°E =0

+k°E, =0
dz

(Vector PDE) (Scalar ODE)




Most simplified time-harmonic plane waves-2

If there Is no boundary, the general solution to
d° E,

- * +k°E, =01is: E,(z)=E;e™ ™ +Ege™,
Z

+Z Wave -Z wave

where E; = ‘EJ

L :‘Eo“e”’_ are complex.

E; (2,1) = RelE; (2)e | =|E; | cos(wt — kz + ¢*)
+7 Wave= _ /

function of 7 =1 —@

phase velocity




Time-harmonic plane waves propagating along +z

The E-field vector phasor of a time-harmonic
plane wave linearly polarized along a, and
propagating along + a, Is:

E=aFE e ¥
Every point on an infinite
transversal plane z = z, has the
same field (for kz = kz, = /

—

constant), = z = z, is called the € -

{kz = constant}

P =

2m/k
Intensity and phase front. E &
Peak-to-peak spacing is 24k, V ® . \\/\Mﬂ\—’ ¥

= k is called the wavenumber
(“angular frequency” in space).



Time-harmonic plane waves propagating in arbitrary direction

The E-field vector phasor of a time-harmonic
plane wave linearly polarized along & and
propagating along a, Is:

—_

E=eEe ¥, k=ak+ak, +ak =ak

Set of points { k - F = constant |
share the same field, forming

the intensity and phase front. r
It is still a transversal plane for
{K -F = krcos @ = constant |

Peak-to-peak spacing is still ’\E/
27k, = Kk is called the V- |
wavevector. { K-F=Krcosod = constant}

> =
\




Time-harmonic plane waves are TEM waves (1)

In a charge-free, simple medium:

_ p=0 _
V:-D=p - V-E




Time-harmonic plane waves are TEM waves (2)

By the formula of gradient in Cartesian
coordinate system:

_ik. _ 0 % 0\
V(e Jkr) 3 _+ay_+a “ e j(kyx+kyy+k,z)
- " OX oy 0z
_Jkejkr _Jkejkr _Jkejkr

——jlak, +ak, +ak, e = —jke K

akk

e )| =~ jkEe ¥ (e -3,) =0

ITIl
CD
l._l
[T
o
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o

.. E-fleld must be transversal.
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Direction of the E-field vector

If a time-harmonic plane wave is linearly

—_—

polarized along € : E :éEOe‘”Z'r,
X
A

X

oS +4, COS
a,cosy ! )
S \\\ a

b .M“ > Z

By E 1 k , E-field is only required to lie on a
plane normal to the direction of propagation.

+ Q)




Time-harmonic plane waves are TEM waves (3)

1 _
By VxE=-jouH, = H=—"(VxE)
Jopu——14+
eE.e T,
, a, a, 3,
- a, cos
- | gfex 0/ 0/ 6z x SR
a, coS
Jok E.e ""cosa Ee " cosp E,e ™ cosy +ta,cosf
+4a,c0Sy
a a a
_1 -X .y .Z
— _IT _‘ka __Jky __sz
“ E.e ™ cosa Ee ™ cosp E,e ™ cosy




Time-harmonic plane waves are TEM waves (4)

= |H = 3, x E . HLl1k HLE
@

— {E, H,IZ} are mutually orthogonal (given E | k );

— {E, H } | Kk, H-field
must be also transversal

It's a transverse

electromagnetic (TEM)

wave.




Time-harmonic plane waves are TEM waves (5)

I:I:akXE
7]

o op | H

n=-—= =/~ ...intrinsic impedance (Q)
K oJus Ve

In vacuum, 77, = \/ﬂo/é‘o =377(Q). It means the
ratio of E-field to H-field, not the impedance of a
resistor!



Example 16-1: Time-harmonic plane wave (1)

1. For an x-polarized (E-field is in the x-direction)
time-harmonic plane wave propagating in the +z-
direction: E=a,E;(z)=a,E;e ™, k=ak

a xE a,xaE;(z) . E®
7 7 "o

g -

— H-field is y-polarized, and 7 is the ratio of the
scalar phasors E/H.



Example 16-1: Time-harmonic plane wave (2)

2. For an x-polarized time-harmonic plane wave
propagating in the —z-direction:

g o &xE_-a,xaE (@) . E(2)

7 7 —1
— H-field Is y-polarized, and the ratio of the

scalar phasors E/H is —n.



Example 16-1: Time-harmonic plane wave (3)

3. For an y-polarized time-harmonic plane wave
propagating in the +z-direction:
- = rC+ _ a rCt+ta-Jk _
E—ayEy(Z)_ayEoe y k:azk

A =

a xE a,xaE;(z) _ 5 E, (2)
i i —
— H-field is x-polarized, and the ratio of the

scalar phasors E/H Is —n.



Comment

Plane waves

TX lines




What is the state of polarization? (1)
For a time-harmonic plane wave with phasor
E =Eoe_jk'r, the tip of the time-varying field
E(F,t) = Re{E(ﬁ))ej“’t}: eE, cos(a)t —k- fo)

4 traverses a line of

length 2E, along é(L IZ)
directionof  iN One period T =27/ w .

> propagation

> Z




What is the state of polarization? (2)

For a general time-harmonic plane wave, the E-

field (L IZ) can be decomposed into two mutually

orthogonal time-harmonic components, and its tip
X traverses a tilted ellipse in one

period T =27/w. The trajectory

IS the same everywhere.

direction of
> propagation

> Z




What is the state of polarization? (3)

The state of polarization (SOP) is represented by

(1) orientation angle &, (2) ellipticity b/a, (3) sense

of rotation (CLK or CCLK), which is determined
ry by the relative

" .x'  magnitude and phase
of the two constituent

*X components.

W Sense of rotation is defined when the observer
confronts with the direction of propagation.



Analysis of the state of polarization-1

The general vector phasor of a time-harmonic
plane wave propagating in the +z-direction Is:

= = —jkz = — jk
E(z)=a,E.e”™ +a Ee™™
R R

At z=0, E=aE, +3,E,,

= E(t) =Re{Ee/* |=a (t) +a E, (t)

\E\cos(a)t+¢ ‘ ‘ (a)t+¢)



Analysis of the state of polarization-2

The absolute phases ¢, ¢, only influence the
initial point of the trajectory E(t = 0), the
geometry and sense of rotation of the trajectory
can be determined by the parametric
representation;

relative phase: ¢, — @,
X . .
= E:cosa)t, ‘E—y‘:cosa)t-cos¢—5|na)t-3|n¢
X y



Analysis of the state of polarization-3

To get the trajectory, eliminate the variable t by:

ﬁ:cosa)t, ﬁ:cosa)t-cos¢—sina)t-sin¢
X y
( \
—| Y _cosat. .COS¢ | =sin’ wt-sin® ¢
E, /
( " ) 2
Y _ 2 cosg| = sin’
SRS RS




Analysis of the state of polarization-4

y X |1
(Ey‘EXW} [1 \

X

X

2

2jsin2¢

2

= yy‘2—2 E)X()I;y‘cos¢+‘xX2 X
y* xycos¢ X° _sin ¢
‘Ey‘zsin% (E,|sin? ¢ \E\ sin2¢  sin’ ¢
Tilted [ X j2+/ y Y Zcos¢
ellipse: || |E,|sin ¢ \‘Ey‘sin% ‘Sln ¢




Analysis of the state of polarization-5

Rotate the coordinates by 6 to get a right ellipse:

Substitute
x| |[cos@® -—sin@] |x
— X
. LY sin@ cos@

Into the tilted ellipse eq.,

/

have coefficient of X'y’ zero,

2|E,E, |cosg
‘EX‘Z_‘Ey‘Z

tan 260 =




Analysis of the state of polarization-6

The values of a, b can be evaluated by:

/

JES+2
2

B[ -2

E [ +2E.E [sing+|E|
E,| y y

~JE[ -2

EXEy\sin¢+\Ey\2 )

. 2
E,E,[sing+|E,] )

; 2
E,E,|sing+|E,




Analysis of the state of polarization-7

The sense of rotation, defined when the observer

confronts with the wave, Is determined by ¢:

(%i¢<n

—~

> X
#///'CLK

—a<¢p <0

e

4
7 » X

CCLK

(Assuming that wave IS propagating along +z).



Example 16-2: Right-hand circular polarization-1

Let the vector phasor of the E-field at z = 0 be:

—

E= Eo(aX — jay), =

¢, =0, ¢ =—7/2=¢
‘E, (t) = E, cos(wt +0) = E, cos wt
iEy(t) = E,cos(wt —7/2)=E,sinwt

E, *w CCLK

wit

> X
(Assuming that wave is

propagating along +z).



Example 16-2: Right-hand circular polarization-2

By the formulas:

—

E=Efa -ja) = {E|=|g,|=E) ¢=-7/2]
?y — 9

‘COS¢ 2|E, Eo\cosfyz’ﬁ)
‘Ex‘ _‘Ey‘ ‘/D‘\/r{

¢=—r/2e(-7,0), =CCLK

tan 26 =




Example 16-2: Right-hand circular polarization-3
E|=[E,|=E,, p=—7/2} =

a =1(\/‘EX\2 +2
2

£ [sing+[E, " +|E,[ -2

) 2
EXEy\sm¢+\Ey\ j

1 . -
=5 VIES + 2B Efsint/2)+ [Eof + B, ~2E,Erfsin(-7/2)+ £,

1
=2+ e +2ef el )l

b :i‘\/‘EX\Z +2
2

1
NP =2t o + 260 + .

. 2 2 ] 2
E,E,|sing +|E,| —\/\EX\ -2|E,E, |sing+|E,

1
:E‘_Z‘EOHZ‘EO‘




"
lllustration of different states of polarization
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Sec. 16-2

Plane Waves in Lossy Media

Complex permittivity & wavenumber
Modified phase velocity & impedance
Wave behavior in dielectrics

Wave behavior in good conductors

w0 R



EM fields in lossy media - Complex permittivity

If the medium is conducting (o # 0), the presence

—_—

of E results in conduction currents J = oE

- - oD
VxH=J +E; If time-harmonic, simple medium
—=VxH = 0E+ja)5E—Ja)(—+8j —JQ@E
19,




EM fields in lossy media - Complex wavenumber

6 =6 jgzg(l— jj=8(1— J')

W
k = wifue Loss tangent

K. = o/ &, :a)\/,ug(l— jtans,)eC

> =

Define y = JK, = a + ] as propagation constant.

Q)

f \fip s, ED-aEQ

JUv




EM fields in lossy media - Modified phase velocity

For x-polarized, z-propagating plane waves in
lossless media, =

cos(a)t —kz + ¢+)
Z

function of 7 =t—@

E; (2,t) = RelE; (2)e ™ |=|E;

In lossy media, =

e ™ cos(a)t—,Bz+¢+), U, =

E;(z,t)z\Eg eR




EM fields in lossy media - Modified wave impedance

For plane waves, = H = 2 = ,
n
In lossless media, = 7 :% - % cR
g
— E,H arein-phase.
In lossy media, = |7, :% = |2 & \n\e'
C gC

—

= 6,0 means E, H are out of phase.



"
EM waves with/without phase shift between E & H
E
H

6,=0, E, H
are in-phase.

—_— —_—

6’,7;& 0, E, H
are out of

phase.

(www.blackholeformulas.com)



“Low-loss(?)” dielectrics (1)

If tand, <<1, = k, ~ w+/ e € R, the medium
behaves like a dielectric.

_ ik & =¢l-jlo/ew
7=J5 \/_Jf ) —
y = o\ g =)o, ue 1-]—

we&

2
~ Jw\ ue|l- ji+l(ij =a+ |f

2w 8\ we

2
P/ ﬂwmlé(ij ~ oJuz




“Low-loss(?)” dielectrics (2)

o~ o7 .. .amplitude decay is indep. of freq., but

2 can be quite large!

L ~w\ ue ...A« fl similar to that in lossless media.



Dielectrics (3)

2
u =% ~ 1 1_}(&) < 1 ...velocity is
,? VHE  glightly slower.

(1-x)™? z1+%x

e A N
e = £=\/Zl—j— z\/z(lﬂ'—j
&, g wE g 20¢&

I . |
£, 28(1_ j_) ... E, Hare slightly
&
not in-phase.




Good conductors (1)

If tand, >>1, = Im{k.} is non-negligible, the
medium behaves like a good conductor.

g, =&ll- j(o/sw))
- - AN ) - O
= = /1— _— ~ /\\
Y = J.| LE, ja)\/,ug( J a)gj ja)\/ \sz\j

e e D4 _ 't Jamior = (14 jWefuo =a+ i
Q)

w = 27

= la= L =.duoc




Good conductors (2)

-
Ay
-
-

"‘---

Y,

a =+ duo .. .amplitude decay increases with freq.

B =\ duo ...Ais not o f1, unlike that in lossless
media.



Good conductors (3)

Since a ~./#fuoc o« /T, high-frequency EM
waves are attenuated rapidly as it propagates

through a good conductor.

Skin depth:




Good conductors (4)

U, = @, e << L velocity is much slower
" ,? HO L\ UE
P = duoc

g, = &ll- j(o/we)]

e = gﬁ - \/ e[ j(ﬁ/ o) \/2‘[@5/ )

:\/ o :(1“-)@ .. E, H have 45°
e " o/ O phase difference.
gl7/4 z(l-l— j)/\/z




Example 16-3: Attenuation of EM waves in sea water (1)

Sea water: o=4(S/m), & =72¢,:

At f=3 MHz, — = 4 —~333>>1
V¢ 27(3x10°) 72 10] good
367 conductor
u, = 20 _ 5 7x10° (m/sec)= ——
Uo 111
1
O = ~14 (cm)

Muo



Example 16-3: Attenuation of EM waves in sea water (2)

The loss of EM waves In “dielectric” is larger than

‘@ ]|
n “good conductor”! a~21 B~ wfus

2

10° , ' 10° ’
- /=3 MHz . - -
E | (tand >>1) 2.1 /=3 MHz
= [ _ - 2 (tano .>>1
S characteristic E | ]
= 10°l . frequency, =30% characteristic ;
: + f.=1 GHz z frequency,
8 1U-l_ ; (land{":l) 3105_ f :1 GHZ
£ o (tand=1)
g 2 \
S 107 = i -
£ b|UpL I 2, _510 slope=1/2.
£ ) ax [ . 3 y ot f'l 2

10 U] I2 l4 I l‘1E| 12 10 0 .2 ) IB I'IEI

10 10 ¢ ¢ 10 10 10 10 | i 10

frequenc}, f(Hz) f requency, / (Hz)

a=pf~.duoc
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Sec. 16-3

Power Flow of EM Waves

1. Instantaneous power
2. Time-averaged power



Physical meaning of Poynting vector-1

By vector identity: V- (Ax |§): B- (V X ,5\)— A (V X I§)
(V>

V- (ExH)=H ) (VxH)
j+@
at ot
:_H.a_B_E.j_E-a—D, in simple media:
lat ot
5.8 5. ﬂﬁj:ﬂH.aH:uaH :G[uH ]:8[H.B]
ot ot ot 2 ot ot 2 ) et 2
.E




Physical meaning of Poynting vector-2

|

w, (J/m?) w_ (J/m®) Ohmic power
dissipation

total power stored and
dissipated in volume V



Physical meaning of Poynting vector-3

— §S (E x H ) ds ...power flow out of volume V

— P=ExH (W/mZ) ...Poynting vector,
Instantaneous directed

power density.

(Valid for all EM waves, not just plane waves)



Example 16-4: Insight of a conducting wire (1)

Consider a conducting wire of radius b,

conductivity o, flowing uniform dc current |, = P =?




Example 16-4: Insight of a conducting wire (2)




Time-averaged Poynting vector of time-harmonic waves

For a general time-harmonic (non-plane) wave:

B(r,t) = E(F,t)x H(F,t) = Re|E(r)e ' |x Re|F (r)e |
vector phasors

By Re( )x Re(B ) L Re(AxB" + AxB)
—Re(E 1"+ E x He'2" )
t-indep. oscillating with 2w

P (1) =2 [ P(r.OdL = P(1) =2 RelExH']

av




Time-averaged Poynting vector of time-harmonic plane waves-1

For a general time-harmonic plane wave:

ﬁav(r):%Re{ﬁxH*}




Time-averaged Poynting vector of time-harmonic plane waves-2

For a time-harmonic plane wave x-polarized and

propagates in the +z-direction:




Time-averaged Poynting vector of time-harmonic plane waves-3

2

E,
" 2]

—_

— 2017 .
P, (z)=a e "™ cos¢ means:

1. Power is transmitted along wavevector direction.

R =
2. If o=0, {05:0,6’,7 =O}, P.(z) =4, 2l

plane wave has constant power density (no

attenuation).

3. If o#0, power density decays due to field
attenuation (« >0), E-H phase mismatch (6’,7 # O)



e # hotonics
) ab“

Sec. 16-4

Plane Waves In Dispersive
Media

1. Fundamentals
2. Propagation of beat waves
3. Propagation of general wave packets



Why to discuss wave packets?

Sinusoidal waves are useful in power delivery,
but carry no information.

To carry information, some type of modulation

(causing wave packets) is required.
1 0 1 1

AM: | Lﬁﬂn ”ﬂ\n\;, ﬂf\ﬂ ﬂﬂ‘n&. | uﬂﬂﬁlﬂnﬂﬁv -y
. o UU* E Y U UU' ;

. . | : '

- P H i o - . H
3 ¢ Al H \ H ' A : .y \\ &
H H N H L | £ H H { H
1 p ' H F, % 1 ! \ 1 ! \ H
H I x H ] H r ] H f A H
H r . H \ H i . H i . H
1 » H ‘ N | H 1 H H
| /] . H s * | ’ I 1 s ' H
! ’ ! ,ﬂ ﬁ\ ! . : 4 |

L] ) i A~ ! ) o i A~ A i A~ ! .
i = A5 : ~y ¥ N = i i =7 i 0 L
- . U, : : < U, - L U, :

n H H “ 1 H H
H “ r H " ] " r H i - H
i \ P E 1 A P 1 %\ F H
! i, 4 i v L ’ i i E
1 i H . H v of "
i . ’ H k K ’ 1 K ’ H
i b ‘ H v I T A ‘ '
i H A i A i
[ ~ - i - ! - b



What is dispersion?

A dispersive medium means {¢, 1} depend on @
1

— phase velocity depends on w: U,(®) =

Ju(@)e(w)

A wave packet consists of multiple frequency
components, and will distort during propagation.



Analysis of dispersion-1

Consider linearly polarized plane waves
propagating in the +z-direction through a source-
free (p=0,J =0), simple, non-magnetic (¢ = ),
dispersive medium:

—_—

E=€E(z,w) — V°E+k°E =0 ...Freq. domain

vector wave eq.

2
=7 E(z,w) +k?(w)E(z,w) =0 ...Freq. domain
Z

scalar wave eq.
k(@) = 0 ()




Analysis of dispersion-2

The general solution (propagation in +z-direction)

E(z,0) = E,(w)e

1. A time-harmonic wave of @, will experience a
a phase shift —k(w,)L after a distance L.

2. A wave packet with spectrum E,(w) at z=0
will experience a spectral phase modulation:
Ay (o) = k(o)L

after a distance L, = distortion in time domain.




Beat wave of two frequency components-1

Consider the superposition of 2 time-harmonic

kK(a) = a)\/ﬂog(wi)

E, cos(mt —k,z) + E, cos(a,t —k,2)
ki

waves: e(z,t)

”n‘l..lllnl_ R
- - Illl.“
ll'll-lll i
-—

— _ e m|———
....l-_l-ll.l — i
= ___1-== =

]llll-

—

-
-

oy

J

-

—
l"-ll'l

— - — =

-
L S

lll‘

fl =120 (HZ) 0

f2 =100 (HZ) 0l

100

50
7(ms)



Beat wave of two frequency components-2

e(z,t) = E,cos(amt —k,z) + E, cos(w,t —k,2)

COS & +COS f3 = 2C05(a;ﬂjcos(a‘|2‘ﬂj

Ak = k(Aw) kn = k(@)
e(z,t) =2E,cos(Aw-t - Ak - 7)- cos(m,,t — k,'nz)
@, _t‘)z 531 T o,
Aw = Q. =

2 " 2



Beat wave of two frequency components-3

e(z,t) =2E, cos(Aw-t—Ak-z)-cos(aw.t —K_ 2z)
envelope: €, (z,t) carrier: €,(z,1)

Af =10 (Hz)

L f =110(H2)




Phase velocity & group velocity

e, (2,1) = cos(a, [t - 2/(@, /K, )]) = f (7)

Carrier wave propagates with phase velocity:

; km \/ﬂog(wm)

e, (z,t) = cos(Anlt — z/(Aw/AK)|) = T (r)

Envelope wave propagates with group velocity:
Aw . Aw 1

u, = > [im =—

Ak 200 Ak K@)




Propagation of beat wave in dispersion-free media

&+ &(w), :k(a))za)\/yTgoca), k'(a))z\/,uTg,

1 .
= U, =— =Uu,, beat waveform indep. of z
K'(@p)
’C’r.,' — @1 —
hz=0p ko A Kz>0p [y A

14 Y J ' \ ’

‘\ ," * ‘1‘- f’
0 ) ' I 1 |

..... }‘ fI ®enns :‘;’: :f
1 A (1D 1.
i NV IR RIS




Propagation of beat wave in dispersive media-1

& = &(@), = k(w) = 0 tpe(@), K'(@) # ] ue(w),
1
= £ U
g k'(a)m) P

k slope=u;' slope=u,
R T

= Uu




"

Propagation of beat wave in dispersive media-2

1

#U,, = beat waveform varies with z.

U. =
T K (@)

0 50 100
f (ms)




Carrier-envelope representation of general wave packets

[E(w)|
A(w-w,)|
/) [ X,
F.T. -~ 0 Wy
/ E(w)
w(w-%)
AN 'q)();l / T"*\ . ()




"

Propagation of general wave packets thru dispersive media

/ E(w)
P AV Ay (o) = k(o)L
S 'q)(;-l >" N
~_7 0 7 D, )
_-In phase
A A

:uﬁun\l Jﬂvi\\}-‘" | disp.-free \{ U h U’;’ d

_-phase shift
A //\M changed
(\ ” A T shape
4{{\” Uhv* |dispersive 4\/\ Ununu'ﬁﬁl [
h J ; U \ nonuniform
4 % density




End of semester

Thanks for your attention,

& contributions!



