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What is plane wave? (1)

A particular solution to the homogeneous 
vector wave equations:
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where every point on an infinite plane normal 
to the direction of propagation has the same E-
field and H-field (same magnitude and same 
direction).



What is plane wave? (2)

At t = t0 , EM-fields are vector functions of 
space. For plane waves, they can be simpler.

E(H) is constant throughout a transversal 
plane, but may differ at different planes.



Sec. 16-1
Plane Waves in Vacuum

1. Time-harmonic plane waves
2. State of polarization (SOP)



Most simplified time-harmonic plane waves-1

The E-field vector phasor of a time-harmonic 
wave satisfies with:
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For simplicity, consider a time-harmonic plane 
wave propagating in the z-direction and polarized 
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(Vector PDE) (Scalar ODE)



where                                             are complex.

Most simplified time-harmonic plane waves-2

If there is no boundary, the general solution to

is:
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The E-field vector phasor of a time-harmonic 
plane wave linearly polarized along       and 
propagating along          is:

Time-harmonic plane waves propagating along +z
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Every point on an infinite 
transversal plane z = z0 has the 
same field (for kz = kz0 = 
constant), ⇒ z = z0 is called the 
intensity and phase front. 
Peak-to-peak spacing is 2π/k, 
⇒ k is called the wavenumber
(“angular frequency” in space).



The E-field vector phasor of a time-harmonic 
plane wave linearly polarized along      and 
propagating along       is:

Time-harmonic plane waves propagating in arbitrary direction

ev

kav

Set of points                        
share the same field, forming 
the intensity and phase front. 
It is still a transversal plane for

Peak-to-peak spacing is still 
2π/k, ⇒ is called the 
wavevector.
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Time-harmonic plane waves are TEM waves (1)

In a charge-free, simple medium:
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Time-harmonic plane waves are TEM waves (2)

By the formula of gradient in Cartesian 
coordinate system:
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… E-field must be transversal.



Direction of the E-field vector
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By            , E-field is only required to lie on a 
plane normal to the direction of propagation.

If a time-harmonic plane wave is linearly 
polarized along     :ev ,   
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Time-harmonic plane waves are TEM waves (3)
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Time-harmonic plane waves are TEM waves (4)
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it’s a transverse 
electromagnetic (TEM) 
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In vacuum,                                     . It means the 
ratio of E-field to H-field, not the impedance of a 
resistor!

…intrinsic impedance (Ω)

Time-harmonic plane waves are TEM waves (5)
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Example 16-1: Time-harmonic plane wave (1)

1. For an x-polarized (E-field is in the x-direction) 
time-harmonic plane wave propagating in the +z-
direction: ,)( 0
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⇒ H-field is y-polarized, and η is the ratio of the 
scalar phasors E/H.



Example 16-1: Time-harmonic plane wave (2)

2. For an x-polarized time-harmonic plane wave 
propagating in the −z-direction:
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⇒ H-field is y-polarized, and the ratio of the 
scalar phasors E/H is −η.
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Example 16-1: Time-harmonic plane wave (3)

3. For an y-polarized time-harmonic plane wave 
propagating in the +z-direction:
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⇒ H-field is x-polarized, and the ratio of the 
scalar phasors E/H is −η.
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Plane waves
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What is the state of polarization? (1)

For a time-harmonic plane wave with phasor
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What is the state of polarization? (2)

For a general time-harmonic plane wave, the E-
field            can be decomposed into two mutually 
orthogonal time-harmonic components, and its tip

traverses a tilted ellipse in one 
period                 . The trajectory 
is the same everywhere.
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What is the state of polarization? (3)

The state of polarization (SOP) is represented by 
(1) orientation angle θ, (2) ellipticity b/a, (3) sense 
of rotation (CLK or CCLK), which is determined 

by the relative 
magnitude and phase 
of the two constituent 
components.

Sense of rotation is defined when the observer
confronts with the direction of propagation.



Analysis of the state of polarization-1

The general vector phasor of a time-harmonic 
plane wave propagating in the +z-direction is:
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Analysis of the state of polarization-2

The absolute phases φx, φy only influence the 
initial point of the trajectory              , the 
geometry and sense of rotation of the trajectory 
can be determined by the parametric 
representation:
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Analysis of the state of polarization-3

To get the trajectory, eliminate the variable t by:
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Analysis of the state of polarization-4
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Analysis of the state of polarization-5

Rotate the coordinates by θ to get a right ellipse:
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Analysis of the state of polarization-6
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The values of a, b can be evaluated by:



Analysis of the state of polarization-7

The sense of rotation, defined when the observer 
confronts with the wave, is determined by φ:

(Assuming that wave is propagating along +z).



Example 16-2: Right-hand circular polarization-1

Let the vector phasor of the E-field at z = 0 be:
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(Assuming that wave is 
propagating along +z).



Example 16-2: Right-hand circular polarization-2

By the formulas:

( ) ⇒−=   ,0 yx ajaEE vvv { }2  , 0 πφ −=== EEE yx

xy φφ −

( )
?  ,

2cos2cos2
2tan 2

0
2

0

00
22

=
−

−
=

−
= θ

πφ
θ

EE

EE

EE

EE

yx

yx

( ) CCLK   ,0, 2 ⇒−∈−= ππφ



Example 16-2: Right-hand circular polarization-3
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Illustration of different states of polarization
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Sec. 16-2
Plane Waves in Lossy Media

1. Complex permittivity & wavenumber
2. Modified phase velocity & impedance
3. Wave behavior in dielectrics
4. Wave behavior in good conductors



EM fields in lossy media - Complex permittivity

If the medium is conducting (σ ≠ 0), the presence 
of       results in conduction currents

if time-harmonic, simple medium
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EM fields in lossy media - Complex wavenumber
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EM fields in lossy media - Modified phase velocity
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EM fields in lossy media - Modified wave impedance
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EM waves with/without phase shift between E & H
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“Low-loss(?)” dielectrics (1)

cjk≡γ

If                   , ⇒ , the medium 
behaves like a dielectric.

1tan <<cδ Rkc ∈≈ μεω

βα
ωε
σ

ωε
σμεω

ωε
σμεωμεωγ

jjj

jjj c

+=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛+−≈

⎟
⎠
⎞

⎜
⎝
⎛ −==

2

8
1

2
1

1
( )[ ]εωσεε jc −= 1 ( )

2

21

8
1

2
11

1

xx

x

+−

≈−

2
σηα ≈ μεω

ωε
σμεωβ ≈

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛+≈

2

8
11⇒



“Low-loss(?)” dielectrics (2)

2
σηα ≈

μεωβ ≈

…amplitude decay is indep. of freq., but 
can be quite large!

…λ ∝ f-1, similar to that in lossless media.



Dielectrics (3)
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Good conductors (1)
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If                   , ⇒ is non-negligible, the 
medium behaves like a good conductor.
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Good conductors (2)

μσπα f≈ …amplitude decay increases with freq.

μσπβ f≈ …λ is not ∝ f-1, unlike that in lossless 
media.



Good conductors (3)

Since                             , high-frequency EM 
waves are attenuated rapidly as it propagates 
through a good conductor.
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Good conductors (4)
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Example 16-3: Attenuation of EM waves in sea water (1)

Sea water:                    ,               :)mS( 4=σ 072εε =

At  f =3 MHz,
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Example 16-3: Attenuation of EM waves in sea water (2)

The loss of EM waves in “dielectric” is larger than 
in “good conductor”! μεωβσηα ≈≈ ,

2
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Sec. 16-3
Power Flow of EM Waves

1. Instantaneous power
2. Time-averaged power



Physical meaning of Poynting vector-1

By vector identity:
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Physical meaning of Poynting vector-2
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Physical meaning of Poynting vector-3
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…power flow out of volume V

( )2mW  HEP
vvv

×=⇒ …Poynting vector, 
instantaneous directed 
power density.

(Valid for all EM waves, not just plane waves)



Example 16-4: Insight of a conducting wire (1)
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Example 16-4: Insight of a conducting wire (2)
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Time-averaged Poynting vector of time-harmonic waves

For a general time-harmonic (non-plane) wave:

vector phasors
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Time-averaged Poynting vector of time-harmonic plane waves-1

For a general time-harmonic plane wave:
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Time-averaged Poynting vector of time-harmonic plane waves-2

For a time-harmonic plane wave x-polarized and 
propagates in the +z-direction:
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Time-averaged Poynting vector of time-harmonic plane waves-3

means:η
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1. Power is transmitted along wavevector direction.

2. If σ =0,                     ,                         ,{ }0,0 == ηθα
η2
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plane wave has constant power density (no 
attenuation).

3. If σ ≠0, power density decays due to field
attenuation (α >0), E-H phase mismatch ( )0≠ηθ



Sec. 16-4
Plane Waves in Dispersive 
Media

1. Fundamentals
2. Propagation of beat waves
3. Propagation of general wave packets



Why to discuss wave packets?

Sinusoidal waves are useful in power delivery, 
but carry no information.
To carry information, some type of modulation 
(causing wave packets) is required.

AM:

PM:



What is dispersion?

A dispersive medium means {ε, μ} depend on ω

⇒ phase velocity depends on ω:
)()(

1)(
ωεωμ

ω =pu

A wave packet consists of multiple frequency 
components, and will distort during propagation.



Analysis of dispersion-1

Consider linearly polarized plane waves 
propagating in the +z-direction through a source-
free                    , simple, non-magnetic             , 
dispersive medium:
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…Freq. domain 
scalar wave eq.

…Freq. domain 
vector wave eq.



Analysis of dispersion-2

The general solution (propagation in +z-direction) 
zjkeEzE )(

0 )(),( ωωω −=

1. A time-harmonic wave of ω1 will experience a
a phase shift                 after a distance L.Lk )( 1ω−

2. A wave packet with spectrum            at z=0
will experience a spectral phase modulation:

after a distance L, ⇒ distortion in time domain.
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Beat wave of two frequency components-1

Consider the superposition of 2 time-harmonic 
waves: )cos()cos(),( 220110 zktEzktEtze −+−= ωω

)()( 0 iii kk ωεμωω ==

(Hz) 1201 =f

(Hz) 1002 =f

:0=z



Beat wave of two frequency components-2
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Beat wave of two frequency components-3
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Phase velocity & group velocity
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Propagation of beat wave in dispersion-free media
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Propagation of beat wave in dispersive media-1
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Propagation of beat wave in dispersive media-2

p
m

g u
k

u ≠
′

=
)(

1
ω

, ⇒ beat waveform varies with z.

)(ωεε =)(ωεε ≠



Carrier-envelope representation of general wave packets



Propagation of general wave packets thru dispersive media
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End of semester

Thanks for your attention,

& contributions!


