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Overview-1

The four fundamental postulates of
electrostatics & magnetostatics:

—_—

Indep.

VxE=0
V-D=p




Overview-2

Time-varying, = the two curl equations have
to be modified to meet:

1. Faraday’s law: ¢’ = §CE’ dar=-Yo

dt dynm

2. Equation of continuity: V-J:—z—‘t’

=0 | coupled | R

vV




Overview-3

EM fields E, D,H, B have to be solved
simultaneously

The solutions behave like waves, = EM
waves

<xE =0 coupled

Vv
V.-D=p
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Outline

m Faraday’s law
m  Maxwell’'s equations



Outline

m [Faraday’s law
1. Modified fundamental postulates
2. Stationary circuit in time-varying field
3. Moving circuit in static field
4. Moving circuit in time-varying field
m  Maxwell's equations



Modified fundamental postulate-1

A current will be induced in a conducting loop
If the magnetic flux over that loop Is changed

i by current flow MICheI Faraday
whonmagner  (1791-1867)

moves out

a) current flow
is positive when
magnet moves
in

c) no current flow
when the magnet
is stationary




Modified fundamental postulate-2

Mathematical description of Faraday’s law:

VXE:O > VXE: aB

ot

Int | form: &
ntegral form: C

__ (B o d
§Ed_ satd



Modified fundamental postulate-3

_ 0B ...Time-varying B as vortex

VxE=
ot source of E
§ = di :_j @_E.d§ ...Work done by induced E
C S ot IS nonzero (non-

conservative)



Modified fundamental postulate-4

No well-defined electric potential value for
any point in space

1 = §CI§ .dl ...induced emf

describe the “tendency” of driving current in a
conducting loop



Stationary circuit in a time-varying magnetic field-1

If the observation surface S Is stationary, the

order of time-derivative and surface-integral

can be exchanged: IS%B-@:% Sl§-d§=%®

stat

B
ds




Stationary circuit in a time-varying magnetic field-2

Transformer emf:

V,=¢ E-dl = sE B s cpstat

el
®
o]}



Example 14-1: Conducting loop in a time-varying M-field (1)

Consider N circular
conducting loops
placed in the xy-
plane where a time-
varying M-field:

B =4a,B,(r,t)

=a,B, cos(ﬁjsin ot
2b

Find the emf?
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Example 14-1: Conducting loop in a time-varying M-field (2)
O bl ar )\ . N
D(t) = ISB-ds — jo{az BO(COS?bjSIH cot](aZ 27rdr)

2
_8b (’2’ —1jeosin ot A

T

(1) (40

l A

v =-N—~
dt

2
= 8Nb (72[ —1)806()(— cos wt)




Comments-1
CD(t):j I§~d§:jb a,B,| cos ™" |sin wt |-(a, 2zrdr)
S e 0 z—0 2b Z

Choosing ds //+a, implies the sense of

contour C is counterclockwise (CCLK),

A

= 1, >0(<0)
means tends to <I>(r)o V=0 00
’ ,

drive a current in \ !
' .
CCLK(CLK) 7~ \7 /7 '\

Sense




Comments-2

When @ is decreasing(increasing), = 7, > 0(< 0)
tends to drive a current in CCLK(CLK) sense,

A

= B In +z(-z) direction, P /

() X =0,

= Increasing(decreasing)
® (Lentz law)
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Applications: Transformer

Primary & secondary coils with N;, N, turns,
ferromagnetic core (u >>y,) to guide the flux
(reduce leakage)

Current 1,(t), = B,

mutual flux linkage

ZNI Z?@
= N, — N, _®CD

R=1/4S




Applications: Ideal transformer

H —> 0, R:L—>O, = N, = N,I,=R® -0

US
. . | N
= N,i, = N,i,, |-+=—2 _ |
I Nl Vih =V, l,
[ P =P,
Vlz_iAi:_NidE’ — V1 _ Nl
dt dt v, N,




Applications: Real transformer

Nlil_N2i2 =R, =O]0= Nlll_RNzlz
1\ 2 .
:>A1= Nl(D:E(Nlll_NlNZIZ)
1 - -
A, = Nch:E(NlNzul—N;.z) S
. _ L _,U_Nz
dll d|2 1 I 1
rV 4
d P\ dt @E N
V:_Ai’:>< 2 v

- di, ,—di
. :L 1 2
V2 12 dt A@E LZZIUTSNZZ



Moving circuit in a static magnetic field-1

Free charges are driven by magnetic force

—_—

F_=quxB, = accumulation of + & - charges
at two ends until balanced by Columbian

force
® @2 ©®© O
— Y
® O O ©°
ey

O O O O



Moving circuit in a static magnetic field-2

For an observer moving with the conductor,
effect of |f <> (non-conservative) impressed

E-field E, =F_/q=0xB

—

= Voltage: O, O, O O,
V,, =V, -V, 2"_’2/7
-[ewxB)d © O O O

++ UXB

© @ © O©



Moving circuit in a static magnetic field-3

For a closed moving circuit C :

Motional emf: 1, = Sﬁc (Ux A)-dlﬂ
ixB C

—

dl
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Example 14-2: Metal bar sliding over conducting rails (1)

Find: open ckt voltage V,

» X

V,=V,, V, =V,, =

Vo =V, -V, = [ (3,uxa,B,)-(@,dy) = ~uB;h




Example 14-2: Metal bar sliding over conducting rails (2)

When loaded with resistance R

—

V. = §C (UX g) dl
=-uB,h <0

»x (only 2’—>1’ counts)

| v uByh
= ¥, drives a CLK current 1 =~ = —, =

R

P =1°R= (uBoh)2 /R ...equal to mechanical pwr



Moving circuit in a time-varying magnetic field-1

A charge g on a ckt C moving with velocity U
in a region where E, B coexist experiences a

—

force: F = q(E +0 % I§)

For an observer moving with g, the force can
be regarded as a result of effective E-field:

—_—

E'=E+0xB



Moving circuit in a time-varying magnetic field-2

transformer emf: r{/t motional emf: 7/m

Total emf, work done by E’ over C, is:

V'=p Edl =1+,
C



Total emf = the time derivative of dynamic flux-1

Proof: Consider a ckt moving from C, attto C,
at t + At in a time varying M-field B(F,t):




Total emf equals the time derivative of dynamic flux-2

iq)dynm :i o~ dS
dt dt S at
_im)A—tU@B(HAt) s, —j@B(t) ds}

Different from @

stat




Total emf equals the time derivative of dynamic flux-3

By B(t

lim —
At—-0 At

+ At) ~ B(t) + B At

1 Uszé(thAt)-d@}zﬂmiD B()-ds, + |, (55“) Jdg}

:itITO|:Ait-“ B(t) ds, _|_j 6B(t) :|~ ||mi-.' B(t) ds, _I_J‘ @B(’[)

At—0 At

ds = |im—US B(t+At)-ds, - | E(t)-dﬂ

oB(t) . 1 _ S
zJ‘S_( ds + ||m—“‘SZ B(t)-dSz—jSlB(t)-d51:|



Total emf equals the time derivative of dynamic flux-4

jv WV = §S§ -ds ds, = o7 > GAL ds, = ‘dl XUAt‘

=dl-uAt-sin@

= [, BO)-ds,0f, Bt)-ds,+ [, B @s)=0




" A

Total emf equals the time derivative of dynamic flux-5
LZ B(t)-ds, —jsl B(t)-ds, =

‘LS B(t)-ds; — —Atf_ (% B)-di

d g.dgzjs (’9I‘D’(t).d§+limi[j‘S |§(t)-d§2—jS I§(t)°d§1}

dt’s ot At—0 At
oB(t) :
st p- ds+i!m)—[;stﬂf u><B dI] .
'(Vt m
:>f(/’:—i I§-d§:—i(D



Example 14-3: Metal bar sliding over conducting rails

Find: open ckt voltage V,

® :L 5.ds = Bhut, >V, =— S, =B hu

el 0 ’ 0 dt dynm

Vy <0, = CLK current
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Example 14-4: AC generator (1)
Rectangular (hxw) loop In a time-varying M-
field B = a, B, sinwt , rotate about x-axis with
angular velocity . Find emf?

L
viv"’vv



Example 14-4: AC generator (2)

(Method 1) At t, unit normal vector @, makes
an angle a = wt w.r.t a,

D g = | B-ds =(a, B, sin at)-(a,hw)

= B,hw-sin ot -cosa(t)

<

L e

Yy v v v vw



Example 14-4. AC generator (3)

The static flux @, Is the flux assuming the
loop Is stationary (« IS constant)

O .. =Bhw-sinawt-cosa

stat

1V = _iq) — —Bohwa)-cosa)t-cosgt

d t stat

a = ot

__ SE ds — a B, Cos at)- (3, hw)

=—-B,hww-coswt - cos o



Example 14-4: AC generator (4)

U x E)-dr

14321 (

v = E_(an ng X (éy B, sin a)t)} -(a dx)

%// +_[j (— énga)jx(éyBosin a)t)](— a,dx)

= B,hww - sin wt -Sin?

a = ot

-
£l »| &
‘I
?th
] =
vy v v¥v v




Example 14-4. AC generator (5)

- 1, =-B,hwe-coswt-cosa

V. =B,hww-sin ot -sina

\

= V' =9 +1, =-Bhww-cos2wt



Example 14-4. AC generator (6)

(Method 2) Directly differentiate @y.:

. B.hw-sIn 2t
(DdynszohW-Slna)t-Cosa)tz 0 > @
, d
—> PV =——0 I—BOhWCO'COSZQ)t

dt dynm



" A
Comments-1

—

Faraday's law V xE = —2—? couples:
1) Electric field with magnetic field
2) Space with time

which enables electromagnetic waves



Comments-2

VxE = E dl = —j — ds always valid
At S ot
/(Vt = E°dr:_iq)stat
C dt
Y, = - (‘xg) dl
fEdl =- B s+ (% B)-dl
s Ot C

useful only in the presence of conducting loop



" JE

Outline

m [araday’s law

m  Maxwell’'s equations
1. Equations
2. Boundary conditions



Contradiction between Ampere’s circuital law & equation of continuity

VxH=1J 3
) :V-(Vxﬁ)z——p
= 0p ot
xv \]:__
ot

In violation of the vector identity: V - (V X A): 0,

If charge density p is time-varying: op +0
ot



Modified Ampere’s circuital law

To maintain the consistency, we demand:

v.(vxH)=v.37+%8)-0)

o]t
V:-D=p
v J+§(v D):v-(h%—Dj
0 t
— VXH:j+G—D)
ot

J, ...displacement current density



Maxwell’'s equations-differential form

—_—

(VxE = —Z—? ...Faraday’s law of EM induction

V-D=p ...Gauss’s law

Yo @
VxH=J +E ...Modified Ampere’s circuital law

—_—

. V-B =0 ...Inexistence of magnetic charge




" A
Maxwell's equations-integral form James Maxwell
(1864)

o — §>I§-d§:0 |...displacement
current



Example 14-5: AC driven parallel-plate capacitor (1)

Find: displacement current i (t), magnetic
field intensity H everywhere

. V. (t)=V,sin ot
(~0) |
+\_/—

Electrostatics gives: E(t)=v,(t)/d
= D(t)=&E(t) = sv,(t)/d




Example 14-5: AC driven parallel-plate capacitor (2)

"o

aD(t) S\ d d
i, (t) = j (gajav (t) = C_V. (t)

=CV,wcoswt =1_(t) ...conduction current




Example 14-5: AC driven parallel-plate capacitor (3)

CV,
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Comments-1

id (t) = ic (t)1 —

Total current Is continuous across the circuit




Comments-2

H=a, Vo
2t

@wCoOSuwl, =

the magnitude of magnetic field is proportional
to the frequency of the driving source



"

Tangential BC of dynamic E-field




"

Normal BC of dynamic E-field




"

Tangential BC of dynamic M-field

fH-T=t+[ 2ods,! =§ H-dl =H,-AW+H, - (-AW)

—————————————

Component of H; in Component of J, in 04
the ab-direction

= H,—H, =J

sSn

In general,

a,, ><(I:I1 — Hz): J

S




"

Normal BC of dynamic M-field

§.B-ds=0, = B-ds=(B,a,,—B,a,)AS)=0

— B1n — BZn




