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Magnetostatics in Free Space
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Introduction-1
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Introduction-2

m Historically, B is defined by measuring
0 and F_ experimentally.

m  We will start with two fundamental
postulates to define B.

m Derive all experimental laws and the
concept of vector magnetic potential.



Outline

Fundamental postulates
Ampere’s circuital law
Vector magnetic potential
Biot-Savart law

Magnetic dipole
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Sec. 11-1

Fundamental Postulates

1.  Differential forms
2. Integral forms



Definition

Helmholtz’s theorem: B can be uniquely
defined by specifying its divergence and curl:

V-B=0

Vxﬁz@j

permeabllity of
vacuum
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Physical meanings

0 ...no flow source

<
O
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VxB=pu,J ... J acts as vortex source



Integral form-1

(V-B=0 S
{ S &SBdS:O

fA-ds =] (V- Al

The magnetic flux lines always close upon
themselves, there is no isolated “magnetic
pole” .




Integral form-2

—_—

< —— [§ B-dl = ]

Ampere’s circuital law

The counterpart of Gauss'’s law §Sﬁ-d§ =Q/¢
IN magnetostatics, relating the source
(current 1) and field (B ).
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Sec. 11-2

Ampere’s Circuital Law

1.  Definition
2. Examples
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Definition

m If the current distribution has certain
symmetry, s.t. the tangential component of B
IS constant over a contour C, =

§CB.d| = 1|
becomes convenient to determine B

m |f the charge distribution has certain
symmetry, s.t. the normal component of E

IS constant over a Gaussian surface S, =
§ E-ds=Q/s, becomes convenient to get E



Example 11-1: Long conducting wire (1)

Consider an infinitely long conducting wire
with circular cross section, and carrying a
steady current |. Find B

e y Cylindrical symmetry:

g ‘ % . -
e VB =« a,B,,(r), 1T r<b
i :\ ._}L. : 3,B,,(r),if r>b
1\\ \‘---”C1 ,"’ -
/¢ Choose a concentric
circle of radius r as the

-
______

Integral path
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Example 11-1: Long conducting wire (2)

————
- —
- -y

(1) For r < b:
R R r 2 / wire %X
B-dl =27rB,,(r)= ,uo(—j N
1 | b | W
B /’lo \\\ \"--/C ,"‘
— B¢1(r) = 247sz® \, | G
(2) For r > b: e
§CB.d| = 1|

B-dll =2arB,,(r) = 4 7

| - .
—> B¢2(r)2570@ 2nb /\
l lr




Example 11-2: Solenoid

Consider an infinitely long solenoid with air
core, n turns per unit length, carrying a
steady current |. Find B inside the solenoid

B = y,nl
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Sec. 11-3

Vector Magnetic Potential

1.  Definition
2. Vector Poisson equation

3.  Vector magnetic potential due to
current distributions

4. Finite current-carrying wires
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Definition

‘V-B=0

< — B=VxA)

LV (V X A)= 0 vector potential




Physical meaning

The flux ® of B over a given area S
bounded by contour C Is:

® (Wb)= [ B-ds
=[ (VxA)ds=§ A-dl




Poisson’s equation-1

VxA=B Need to specify the

4 ) divergence of A to uniquely
. V-A=7 define the vector field A

In principle, specification of V- A is
arbitrary (no physical constraint)

—_—

In reality, choose |V - A =0|(Coulomb’s
gauge) to derive simple formula




Poisson’s equation-2

(V-A=0
| VxA=B — VZAEV(Y/i)—YxVxA
\ngzluoj :O—VXBZ—ILIO»J

Vector magnetic potential A satisfies
vector Poisson’s equation:

—_—

ViA=—pu,J




Poisson’s equation-3

Scalar electric potential V satisfies scalar
Poisson’s equation:
D= £ E=-VV
V-D=¢(V-E)=p, =V.E=~
g
VAV =V.(VV)
—V.-E=-V.(VW)=£
I

= vy =~
E




Evaluation-1

In Cartesian coordinates:

—

—_—

VA =

—d

a (V2A )+a,(V2A )+4, (VA )
ay (ILlOJ y)+ az (ﬂon)

= ax(luo‘]x)_l_

VIA =

—yJ;

...1 vector Poisson’s equation

(I=XY,2)

...3 Independent scalar Poisson’s equations



Evaluation-2

Solution to V @ IS:

_, find potential by
oy 1 Y.
V(F) = | pr 3 dv’ integration of
dre, V' R(T,T source charge

Solutionto V*A = @is:

Hy (A’)
Al )_—j "R(T, r)




Evaluation-3

Solution to VZA = —,J is:
A=a A +d A +3,A

%ﬁl’) ,Uo J'

L)

A(r) =

ar b

J (M) 4
"R(T,T )

V
"R(T,T)

find potential by
Integration of
source current



Example 11-3: Finite current-carrying wire (1)

Find A and B in the bisecting plane (z=0) due
to a straight wire of length 2L carrying current |:

Z

z=L

dz'T . source pt. (0,0,2")

o R

v
; ;.

0,

1 observation pt.

(r9¢9 Z:O)

«—z=—],

In cylindrical coordinates:

r=(r.¢0)=a




Example 11-3: Finite current-carrying wire (2)
J(r")dv'—a,1dz’
— —r
R(F,F) — r? 4272

fesa=0 -n S [ s

By A(r)—&j

114 (r/LY

‘27 (r/L)

A (r.¢,2=0)



Example 11-3: Finite current-carrying wire (3)

By B=VxA
= _ _ 0 _ OA
= B(r,¢,0)=Vx(a,A )=4a —a,—
( ¢ ) ( Az) 7@% ¢ or
YN 1 T
:a¢ > A
%ﬂf \/1+ (r/L)
‘ B,(r)

magnetic field due
to infinite wire

N

finite wire  infinite wire |
length 2L length

\\' /
~ -

—____

N\

—_
T

normalized B-field, B, /(u,1/2m)

0 1 _ 2 3 .
normalized distance from the wire, /L



Comment

1 since A(r)=£a [ L)
4 V' R(T,T)

vector integral, determine B by way of A

IS also a

is less helpful (vs. determine E by V)

A |
2. B(r,¢,0)—>a¢‘2lﬂrif r<<L
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Sec. 11-4

Biot-Savart Law

1.  Magnetic field due to current loops

2. On-axis magnetic field due to a
circular current loop



Magnetic field created by current loops-1

For a closed loop C' carrying a current |, =

‘ sdl’) = 1dT

A(F) = o)
_ﬂ_o' dr’
R(r,r’)
5 _ ul dl’xa,
C 4z R’

—_—

dB

C!

dd “rodB

R R
dl’ (-
Ay

/




Magnetic field created by current loops-2

Proof:

(1) A(r) = 2oL

A

='U—OIV><
A

(2) Vx (R_ldr'): R_l(V X dr’)+ V(R_l)x dl’

§3

§

dl’

d

rr

c R(F,F)

C'R(F,T')

I
:Z—%&,VX




Magnetic field created by current loops-3

observation pt.

1 1 1
~vRY)=a, B 4a B a B - gR?
. OX oy 0z



Magnetic field created by current loops-4

—

— B =

§vx

dl’

—_—

T
=R~ V//Jr

-a, R‘2

V

‘W@ ﬂo§@

...Blot-Savart law



Comment

...Bilot-Savart law

g ol g dI'xa,
A4z °C R

Directly find magnetic field from current distribution

without first calculating vector potential A

= 1 r’
E(r) = J ag P (2 )dV' ...Coulomb’s law
Are, 7V R

Directly find electric field from charge distribution

without first calculating scalar potential V



" J
Example 11-4: Circular current-carrying loop (1)

—

Find B on the z-axis due to a circular loop of
radius b carrying current I:

In cylindrical coordinates:

(1=(0,0,z)=4a,z

— 00 ~ OO

t)=(b,¢',0)=ab

0~2rx




Example 11-4: Circular current-carrying loop (2)

oo az-alb
5§ Lol @1 E)— (apag )< B2 E

Wl

“%b o[ atag +ba, [ 0s

—a, 2oL (/o)™




Example 11-4: Circular current-carrying

loop (3)

5(0,0,2) = 4, ”0' [1+ (z/b} [

normalized B-field, B, /(u,1/2b)
o

0.2

o

1. 2 . . 3
normalized on-axis distance, z/b
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Sec. 11-5

Magnetic Dipole

1.  Definition

2. Distant magnetic vector potential due
to a dipole

3. Distant magnetic field due to a dipole



Definition

Essential in modeling the interaction between
magnetic materials and external magnetic field
(Lesson 12)

, Qi

Dipole moment:

S m=a_lIS

m




Far magnetic field-1 @ -symmetry

observation pt. T = (R, 0,7/2)

P(R, 0, n/2)

=Ra, (0, 7/2)
= R(ay sin 6+ a, cos 6’)

=bag (7/2,¢')
= b(aX cos¢’'+a, sin ¢’)



Far magnetic field-2

R, = Ra; (0, 7/2) - bag (7/2,4')

— R? =(R,-R )=R?+b? - 2Rb(a, -a,)

PR, 6,7/2) Ccosy =(a,sin@+a,cosd)

1/2

R = (R2 +b* —2Rbsin @sin ¢’)_

L -

~ i(1+ Bsin gsin ¢’j, If R>>Db
R R

-(ax cos¢’'+a, sin ¢’): sin gsin ¢'

= (sz 1+%Z—Z—Fl:sin gsing’ |;



Far magnetic field-3

—

dl’
R(T.T)

D

. ﬂo|b§ (1+Esm «93|n¢j
R (—éxsin¢’+ay cos¢’)d¢’

PR, 6,72 A(F) = ,uol §




Far magnetic field-4
1+cos2¢'

2

A(F)szzlls —a jzz(/u/ +—sin &sin’ ¢j ¢

+ ayjoh(cyﬁ’ +Esin gsin ¢_’ cos¢'jd¢’
239267 -

2 -
_ ﬂolb(—axgsiné’-ﬂj __g Mol SING
4R 4R



Far magnetic field-5

Mxa, (6, 7/2) =(a_zlfzb2)><(§X sin@+4, cosH)

=-a lab’sind
A(r) =a,A,
" 4zR?
Kooy MoMXag
= |A(T) =
(F) AR *

~ . msin @
= AN =4,A, A(RO) ="




F tic field-6 '

ar magnetic fie A¢(R’9):ﬂ0£nﬂz?9

. 1 0 1 0O
B(r)=Vx\a,A,)=a A,sind)-a, ——(A,R
(") a,ay)~a Rsmeae( )- RaR( )

e

0 : MM 0 (. oM
E(qusm 0)= 47;R2 89(8”12 0)= 47(z)R sin 26

a(AR) L,msin @ 8(1j:_y0m5|219
. OR Adr  OR\R 47R
B(F)~a, — M sin2g 4 5, = HMSING
Rsin @ 4R R 4nR

50y . HoM
B(F) =
(1)~ 125,




Comment-1

E(F)= 47z§)(,>R3 (a,2cosé+a,sin )
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\\L// \\L‘//, Similar far-fields
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