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Introduction

m  Physical quantities in EM could be:
1. Scalar: charge, current, energy
2. Vector: EM fields

m EM laws are independent of coordinate
system of use

m Vector analysis Is not necessary for EM,
but can lead to elegant formulations



Outline

m Vector algebra

m  Orthogonal coordinate systems
1. Cartesian
2. Cylindrical
3. Spherical

m Vector calculus
1. Gradient
2. Divergence
3. Curl
4. Laplacian
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Sec. 5-1

Vector Algebra

1. Addition
2. Products of two vectors
3.  Products of three vectors



"

Vector addition/subtraction




Dot (inner) product

A-B =|A-|B|cos O

—

» Distributive: A-(B+C)=A-B+A-C



Cross (outer) product

—

AxB =

a, ‘ ‘B‘ -SIN @,




"

Scalar triple product

Area = |B x C| B

A-(BxC)=B-(CxA)=C-(AxB)

Volume of the parallelepiped



Vector triple product

—

Ax(BxC)=B(A-C)-C-(A-8)

l scalar l scalar
vector vector
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Sec. 5-2

Orthogonal Coordinate Systems

1.  Cartesian
2. Cylindrical
3.  Spherical



Definition

A point Is located as the intersection of 3
mutually perpendicular surfaces u. = consant

3 base vectors {a, | satisfy with:

8, x auj =a,, (i,j.k)=(23),(231),(312)
0,if i # ]
o Lifi=
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Application-1

A=a, A+a, A +a, A, B=4 B +a B,+3a, B,

A-B=(a,A+a, A +a,A)(a,B +a B, +4,B,)
1 1

=(a, -a, JAB, +(a, -4, JAB, +..(a, -a, JAB,
— AiBl + Asz + AsBs
B, VS.

AEZ[AI A, Aa]x B, :ZAiBi AB:‘A‘-‘E‘COS@AB




Application-2

A=a, A+a A +a, A, B=aB +a,B,+a

aul a a VS.

Us U3

AxB=|A A A, e

ue]

:an

A‘.‘é‘-sin 0 e

B, B, B
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Cartesian
All base vectors

la,,i=123]

uj !

Utz U)=(0y:2) o independent of

the observation point
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Cylindrical-1

half-plane



Cylindrical-2

—_—

2 base vectors {ar,é¢} vary with ¢ of obs. point

=~ 4

—_—

—_—

d

¢

» )

a, =a,cosg+a, sing
=-a,SIng+a, cCos¢



Cylindrical-3

What does ¢-dependent base vector mean?

—_—

e.g. & =3a,(4)=a,cosg+a,sing

ap (0 \aal
:%arAr(r’¢1z)_(a¢arjAr+ar(a¢Arj
I

—a,Sing+a, cosg=a,

O ",
In contrast, —a A (X,y,2)=4a, | —
~ A (XY, 2) (axA*j
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Cylindrical-4

(r.¢,2)—>(r,¢+dg,z)

Observation point moves

along &, by dl, :?)d¢

Metric coefficient of ¢

—
e e

N (r¢,z)—>(r+dr,p+dg,z+dz)

dv = rdrd ¢dz
...Differential volume




Transformation of position representation-1




Transformation of position representation-2

P(x,y,z)— P(r,¢,2)

=X+’
{@=tan"'(y/x)

L =17

.
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Transformation of vector components
=a A +a,A,+a,A =a,A +a A +3,A

A | [cosg —sing O] A
j> A, |=|sing cosg O} A,

_Az_ L 0 0 1——AZ—
0 | >
| ¢ r i a, Ax:\7§ (aAr+a +E§AZ)‘
_______ a, =(a,-a)A +(a, a)A+9//6{)AZ
a, I ]
v cos(90" + ¢)=—sin ¢

=~ 4



"
Spherical-1 _
azimuthal polar

(ul,uz,u3)= (R’é’é)

gLk
"y

—

i

-]
r"_
$

= \

¢ =9,
half-plane




Spherical-2

3 base vectors {éR,§9,§¢} vary with {9,¢}
of the observation point
a, -

y E d, =4a, sinfdcos ¢
4 a
(R,g,¢).< i +4a,sindsing +4a, coso

d, =a, CoSHCcos ¢
R
, +a,cosdsing—a,sind
g v
YN - 5 Qj ~
% % a,=—-a,Sing+a, cosy
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Spherical-3

(R,0,4)— (R,0+d6,¢)

observation point
moves along &,

by dl, =R-d6

metric coefficient of &



"

Spherical-4

(R,0.6)—>(R,6,4+dg)

observation point
moves along a,

by I, d¢

metric coefficient of ¢
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Spherical-5

(R,0,4)— (R+dR,0+d0,p+dg)

dv=R?sing-dRd&d¢
...differential volume



"
Transformation of position representation-1
VA

P(R,8,4)— P(x,Y,2)

()= Rsin #cos ¢
(Y= RsinGsin ¢
Z=Rcosé

\



"

Transformation of position representation-2

P(x,y,z)— P(R,8,¢)

®: VX +y2 +7°
tan‘l(\/x2 +y° /z)
@)= tan(y/x)

N\




Transformation of vector components

V=a,A, +a,A, +3,A, =a A +a A +a,A,

'sin@dcosg cosdcosg —Sing

A Aq
ﬁ A, |=|sindsing cosfsing cosg | A,
A, Ay

cosd —sind@ 0

(.. %) T/<E¢ 8, =4, 5N 0cos¢+a, sin fsin ¢ +a, cos 6’
9 [ A A A AL .
| g
L AV el @ @)
\ _‘b__\“lf’f :(aR°ax)AR+(aH'ax)A9+(a¢°ax)A¢



Transformation of position vector (cylindrical)

P(r,¢,z) means P=a,r+a,z, = (A, A, A )=(r0,2)

A | [cosg —sing O r] [rcosg]
A, |=|sing cosg O)0|=]|rsing
A 0 0 1] z Z

-

X=TrC0S¢
consistent with <y =rsing

L=<



"

Transformation of position vector (spherical)

P(R,6,¢) means P =a.R, = (A, A, A,)=(R,0,0)

Z — —_

A | [sin@cosg cosfcosg —sing|R
A, |=|sIindsing cosdsing cosg || O
A | | cosd —-siné 0 |JO

[ Rsin@cos¢ |

=| Rsin@sin ¢

| Rcosd |

‘X = Rsin & cos ¢
consistent with 1y = Rsinésin ¢
y Z=Rcosd




Sec. 5-3

Vector Calculus

1.  Gradient

2.  Divergence
3. Curl

4. Laplacian
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Overview: Derivative of functions

4 lope, rate of change

f,(‘}{’-[])

+->

> X

m 1D only has 1 variable and 2 directions (+x), can be
represented by the sign of function values (e.g. the force
function exerted on an object).

m >2D has multiple variables and infinitely many directions:
e Slope of scalar function depends on the choice of differential path.

e “Slope” of vector function is even complicated, for the change of
function “value” is a vector.



Gradient - Definition & meaning

The gradient of a scalar field V Is a vector field
whose magnitude and direction describes the max.

space rate of increase of V

VV EC(;_\F/I

Max. change of V
occurs along the
normal direction of
the equi-potential
surface (zero change)

Equi-potential
surfaces, nearly
parallel if dV — 0
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Gradient - 2D example

A scalar function of two variables V(x,y) can be
fully represented by a contour plot:

. . /
Equi-potential —

lines, nearly
parallel if dV—0

At (X,,Yo), gradient is a vector along the steepest
ascent direction, and the magnitude is the slope of
V(X,y) In that direction.



Gradient - Proof of formula

PP, =dl = dn dV d—Vcosa
CoScr dI n
_[9Va, )= (V)-8 > av =(vV).dl
|
a,0x-+d,dy +3,dz;

_____________________________________________

8—de+a—vdy+8—vdz

. OX oy 0z

By comparison, =

VV =a a—V+a 6—V+a 5—\/
"ox oy 0z

g R




Divergence - Definition & meaning

The divergence of a vector field A is a scalar
field describing the net outward flux per unit
volume

A . &A-d§
> V-A=lim=
| e AV—0 AV
Ry
. EE -
i (V-A]>O ...flow source

(V-A)<0 ...flow sink



Divergence - Proof of formula (1)

ds = a,AyAz

A(X, Y, 2) F, :”81 A(x,ly, z)-

=a A +ayAy +a, A

~ A(Xo +AX/2’ Yo: Zo)

N OA,| | AXAYAz =Av
X |p 2




Divergence - Proof of formula (2)

F,

dsS =—-a AyAz

Px

.
A
E;

Az
Ay

0 Yo <!

dsS =—-a AyAz

=], Z\(Xi Y, z) -

~ A(Xo _AX/Z’ Yo: Zo)

F, ~ AgX, — AX/2, Yy, 2,)- (- AyAz)

S Ax(xo,lyo,zo){

OA
OX

}Ax
5| 2

~—=A (% Yo, 2, )- (AyAZ)

oA |av

OX |p | 2



Divergence - Proof of formula (3)

=>F+F,= i AV
| OX P(Xo’YO,Zo)_
Total flux of the cubold:
3 : | P
A-ds=)F = A AV+8AZ AV
¥ n=1 8X ay 0z P(X0.Y0:20) _
A-ds
V-A=lim 38 = Ay
A—0 AV 8x ay az
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Divergence theorem

V-A=lim 2> implies |{A-ds = (V- A)dv

macroscopic

Contributions of flux
from the internal
surfaces will cancel
with one another.




Curl - Definition & meaning (1)

Circulation: the work done by the force A in
moving some object (energy obtained by the
object) around a contour C

Circulation z§ A-dl

C

A, Y, 2)

§CA- dl 20 at point P,

— A is a non-conservative
force, forming a vortex
source at P that drives flow
circularly.




Curl - Definition & meaning (2)

The curl of a vector field A is a vector field whose:
(1) magnitude: the net circulation per unit area,

(2) direction: normal direction of a contour that
maximizes the circulation.

VxA=lim i
As—0 AS
A-dl
= lim ke =(VxA)3,

As, —0 ASU



"
Curl - Proof of formula (1) _
dl =a,Az

lej A(X, Y, z)-
T
z'B‘(XO’YO"'Ay/Z’Zo)

W, = %)(Xo’ Yo +AY/2,2,)- (A7)

X0, Y05 2 |
0s Y0 OLAZ(XO,yO,ZO)+|:(Z?/Z :|A2y
‘leAz(Xo’yo’zo)'(Az)
\/‘y _a _A .
s OA, YAZ = AS

oy

2
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Curl - Proof of formula (2)
=—a,Az

W, = jA(xyz)@

~ A(X,, yo Ay/2,2,)




Curl - Proof of formula (3)

—>W, +W, = %:‘/Z AS
B P(Xo.Y0.20)

Total circulation of the contour C, :

T 0
Adi =| 5 AS
1234 oy 0z P(X0,Y0:20)
) A-dl [ oA _
:>(V><A)'§x=lim §)CX S e
As—0  AS i 8y 0z P(X0.Y0:20) _




Curl - Proof of formula (4)

Find y-, z- components by evaluating the
total circulation over contour C , C,:

a a a

X y 7

VxA=|0/0x 0/dy 0/0z
Ao A A




Stokes’ theorem

Vx A= lim—= )implies § A-dl = (VxA)-ds
As—0 AS C S
mIicroscopic macroscopic

Y g?ﬁ%‘”‘ Contributions of work
O from the internal
A ARE boundaries will
L | ] ot cancel with one

another.



2nd-order derivative

Consider a scalar function of single variable f (X) :

df o f(rAT2) - f(x-A/2)
dx a-o0 A

ALA

d°f .. f'(x+A/2)—f'(x=A/2)
=|im
dx? A0 A

) iml[f(xw)—f(x)_ f(x)—f(x—A)}
A A

:“m2[f(x+A)42rf(x—A)_f(X)}oc(f_f) /




Scalar Laplacian

VvV =aX6—V+a a—v+éza—v

OX Tyﬁy 0z

VAV =V.(VV)
'

V-A:aA*+6Ay+8AZ

ox oy oz

In Cartesian coordinate system:
N N oV
ox°>  oy> oz’

VAV =




Vector Laplacian

VZAEV(V'A)—VXVXA

In Cartesian coordinate system:

ViA=a,(V?A J+a,(V?A )+a,(v?A, )




Null identities

V x (VV ) —0 A conse_rvative (curl-free)
vector field can be
expressed as the gradient
of a scalar field
(electrostatic potential)

N A solenoidal (divergence-
v (\/ % A)_ 0 free) vector field can be
expressed as the curl of
another vector field

(magnetostatic potential)




Helmholtz's theorem-1

A vector field is uniguely determined If both its
divergence and curl are specified everywhere

<”V-E=g(r)

o - E(F)
VxE =G(T)

In other words, a vector field is completely
determined by its flow source g(r) and vortex
source G(r).



Helmholtz's theorem-2

A vector field F can be decomposed into:

m Curl-free (irrotational) component F. , with:

—

\Vxlfi =0

V-E=g vx(W)=0
J .

F = vy

scalar potential of F

m Divergence-free (solenoidal) component IfS , With:

—

V><If =G

(V =0 V. (VXA) 0o _

F. VxA

vector potentlal of F

—

F=F

—

+ F,

~VV +V x A




