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Introduction

Reasons to consider the response of TX lines
to sinusoidal excitations:

1. Power & communication signals are transmitted
as (modified) sinusoids.

2. Fourier analysis can deal with any excitation.

Natural (transient) response will decay rapidly.

Forced (steady-state) response is supported
by the source, and will continue indefinitely.

By using phasors, we can introduce complex
reflection coefficient and line impedance to
simplify the analysis.



Outline

m  Phasor representations of TX lines
equations and solutions

m Reflection at discontinuity:
1. z-dependent reflection coefficient
2. z-dependent line impedance

m Short-circuited lines
m [ XIlines with resistive load
m Power flow on TX lines
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Sec. 4-1
Phasor Representations of the

Equations & Solutions of TX
Lines

1. Phasor representations of TX line
equations

2. Phasor representation of voltage
waves, phase velocity

3. Phasor representation of current
waves, characteristic impedance



Phasor representations of TX line equations-1

v(z,t) = Re{\iz)-ej“’t } I(z,1) = RE{LZ)-EM}

Phasor: complex function of z

iv(z,t)=—L£i(z,t) (2.1)...1st-order PDE
0z ot

0 jl__y O it
:ERe{\/(z)-e }_ LatRe{I(z)e }

= Re{[iV (Z)}e’“} =-L. Re{l (z){%e‘“}} =-L. Re{l (2)- ja)ej“’t}

dz

d .
5, V(@) =—JelL-1(2)| (4.2)...1st-order ODE




Phasor representations of TX line equations-2

0 L2 il i
EV(ZJ)— Latl(Z,t) (21) dZV(z)_ joL-1(2) (42)

- d

| i — g i_, o — . E
az|(z,t)_ Catv(z,t) (22) s 1(z) =—jwC -V (2) (43)
;a—zv(z t)=LC a—2v(z 1) (2.3) ——» d—2V(z) =-pV(z)| (4 4)
ot otz A ' |dz? 1 o
: : I B=wVJLC (4.6) i

552

' Oz°

. o° . i - d? Y !
|(z,t):LC¥|(z,t) (24)——» FI(Z)_ B1(z) (4.5)



Phasor representation of voltage waves-1

’V+e"¢+ ’V—‘ejqﬁ—
A
V- 152

d? /I\ -
PV(z):—IBZV(Z) — V(Z):(\\/:)EJ&{ )e

To be determined by BC's.

v(z,t) = Re{V (2) -7 = Re{ (v e 7 +v e} it |
_ RGW

- ’\/

cos(a)t — fz +¢+)+’V“cos(a)t + iz +¢‘)




Phasor representation of voltage waves-2

Aega [l )

\— G /
Y Y

f*(t—z) f(t+2z/v,)

Phase velocity of the TX line:

LB =aw~LC
vV, = >V

1

p ﬁ (2.9)




Phasor representation of current waves-1

To solve the current phasor 1(z) :

CV(z2) =V (2)+V (z) =V e v el

V@) =-jel () (4.2)

\.

=—jN e L jpVv e =—jouL-1(2)

= 1(2) +ejﬂZ —ﬁv -
ol

N _ V7(z) V (2) oL
1(2)=1"(2)+1 (2) = — =2, =—
2y 2z,




Phasor representation of voltage waves-2

Characteristic Impedance of the TX line:

B =wvLC
L L
L=y HTe 28)

Vi) V(@)

1(2)=1"(2)+1 (2)= Z 5

V() V@), VY vz
2= o T R T T

V-I ratio of a single wave.
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Sec. 4-2

Reflection at Discontinuity

1. z-dependent reflection coefficient
2. z-dependent line impedance



Why does reflection occur?

i)
o

{V~(2),17(z)} must exist, such that the BC

+ Q

N
N

-0 |

V*(z)+V (2)

- -7,(#2,) can be satisfied.
1"(2)+ 1 (2)

z=0



z-dependent reflection coefficient

Zs —
Z;
V["J::a)
Z=—f T(z) _':0
Reflection coefficient of a loaded line:
- iz - |
FLEV | . T(z EV (z) Ve V ejzﬂz:FLeJZﬂz

Vv =TV () Vet v



z-dependent line impedance

Z, 7

Z{} ZL
V["J::a)
7= =0
Line impedance of a loaded line:

2 =" V(@) V@4V () Vel qyel
2T @@ Vz RV Z R

Ve L\ el VERRYE

:ZOV+e“ﬁZ —V el Z, :Z(O)=ZO\/+ ~V-




z-dependent parameters represented by constant impedances-1

Represent I'(z) by: {Z,,Z,} (insteadof {v* v~}

ZL=ZOV++V:=Zol+(\/:/v+):ZOl+rL 2
V* -V 1-(v-v*) T°1-1, Z, +27,
(FL = ‘FL‘GW)
Vo o - 7 -7
['(z)=—e!*# =T el*¥ (7)) = L~ %0 qi2p
@)=y ) (2) 212,

Periodic function
of period 4/2



"
z-dependent parameters represented by constant impedances-2
Represent z(z) by: {Z,,2,} (insteadof {v*,v )
Ve pvielt el iy vkl
Oyt i _\y it 70 o=t _(V—/V+)ejﬂz
R (cos Sz — jsin fz)+T, (cos fz + jsin fz)
=Z,— :
e _T e °(cospfz— jsinpz)-T (cos fz+ jsin fz)
(

Z(2)=Z

. (1- jtan fz)+T 1+ jtan Bz) _, 4T I, )-jd-T, )tan gz
(- jtan pz)-T 1+ jtan pz) °(1-T,)- j{1+T, )tan Sz

by T = L —-Z, . 2=z Z, — JZ,tan(fz) period

Z, +2Z, °Z,—jZ, tan(fz) 12
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Sec. 4-3

Selected Examples

1.  Short-circuited load, standing wave
2. Resistive load, partial standing wave



" JE

Short-circuited line-1

(z,t),i(z,t)} =2
o ----------------
_|_
Zs
Vs Z,
W, @ .
_9_ ----------------
Tl

AS




Short-circuited line-2

L Z-iZgtan(pr)| .
Z(z)=12, 2,2, an(f), =—]Z, tan(fz)

=7, =2(-1)=jZ,tan(4l) = jX,. ...Purely reactive

18

L

m{Z(=)}/Z, ' (if Z, R)




Short-circuited line-3

-1 n=-1 v =V

L :’;{_ZO
;{_I_ZO Z,=0 t

V(z)=V'e " +V el :V+£ejﬁZ jﬂzj = -2 jV “ksin(Bz)

V(z.)=Rel/ (2) &) = “le sin(p)e |

Sln a)t+¢ )

(= 174 (=374

Not a function of {’” v _
t+ziv,! P

#

~~~b~ ‘4".‘ \“b‘. *#,
z/A + 075 05 0.5 02




" A
Short-circuited line-4
-1

VD) V@V o) Y

ZO ZO Z0 ZO COS(IBZ)

1(2) =

2V
i(z,1) = Re{l (2) e }: Lcos(,Bz)-cos(a)t + ¢+)
° spatial temporal
i(z, 2,1V
)

20.75 0.5 2025 0



Short-circuited line-5

The amplitude of temporal oscillation ~ the
spatial distribution of the phasor magnitude:

V(2] =2

2 +
sin(Bz),  [1(2)| = E/

-[cos(z)

Standing wave
° 1) [N pek

T -
- ~ -

valley




TX lines with resistive load-1

(z,t),i(z,t)} =2

ng - V=V
K- D Zn

KJ:“’@ _ [ eR

=1 z=0

o

-+

M
X0
b + O
o

—_——
—_____ ___~~
- ~

~
-
~~~ = =
e = -

=V [1+T, e + 2iT, Sin(ﬂz)]




" A
TX lines with resistive load-2
’V+

t
v(z,t) = Re{\/(z).ej“’t}z RE{V+[(1+ I e ”+2jm, sin(,Bz)] eja’t}

Refe el (Bz)Refje’}
(oot — (52 )sin(awt)

Traveling wave Standing wave

tand z are tand z are
coupled decoupled



TX lines with resistive load-3

The amplitude of temporal oscillation ~ the
spatial distribution of the phasor magnitude:

V(2)=V-|@L+T, e +2jr, sin(p2)] =V [(L+T, )oos(pz)- ja-T, )sin(fz)]

:N(z)\zy\ﬁ

Vmin = r\/+ (1_ ‘FLD
S = Vmax _ 1+‘FL‘
Vmin 1_‘FL‘

J@+1, P eos?(Bz)+1-T, Fsin?(pz) ---Period

Vmax — N+

/2

L+ ]) . = ‘FL‘EW)

Degree of
Impedance
mismatch
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Example 4-3: TX line with a high resistive load-1

{Z(2),V (2)|, SWR ="

+ Q

=
T
N

Vo, @

bn Q |
1



Example 4-3: TX line with a high resistive load-2

Line impedance of a resistively loaded line:

Z(Z) —7 ZL B JZO tan(ﬁZ) _ Z

: ZO o jZL tan(ﬂZ) 7, =22,

¥ 3

J 1.5

11

10.5

0
11,05

-1

— ] tan(ﬁZ)

°1- JZtan(,Bz)

m Z(z) has a period
of 1/2.

m Im{Z(z)} can be
positive or
negative.

m |Z(z)], Re{Z(2)},
Im{Z(z)} vary
within finite rages.



2053 0.5 -0.25 0

Example 4-3: TX line with a high resistive load-3

Amplitude of temporal oscillation:
V ()| =V *[y@+T, F cos?(pz)+ @-T, ) sin?(fz)

_ ZL _Zo :E :E + 2 -2
I, = 27z "3 — N(2) 3[\/ J4cos?(Bz)+sin?(Bz)
4 i}
14631 Vinax )iz V. = ’V+ (1+‘FLD=%’V+
: + 2 +
! Vmin :’V (1_‘FLD:§’V
10.8
0.6 S Evmax _ 1+‘FL‘ —92
04 Ve 1[0
2, _4
min 4
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Example 4-3: TX line with a low resistive load

@),V (2)] SWR} =

+ Q

=
T
N

Vo, @

bn Q |
1

?




Comparison between TX lines with high & low resistive loads

)

115

J

[
z/s N 005 -0.3\ 0125

N /
I [m'/(’}\a

S

2

Z/A

1

075

205

2025

0
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TX line with a complex load-1

Z(2),V (2), SWR =

+ Q

=
T
N

Vo, @

bn Q |
1

?

SN + O

| -0 |



"

TX line with a complex load-2

Az)] Zy
e/ v

TP Re{Z)}
e~ Im{Z(2)}

-1 09 -08 07 06 -05 -04 03 -02 -01 0
z/
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Sec. 4-4

Power Flow on TX Lines




Power flow on TX lines-1

Instantaneous power at position z:
p(z,t) =v(z,t)-1(z,t) — ~cos(2at+¢")

~ cos(wt +¢,) ~ cos(at +4,)

Average power at position z:

1 1 .
P (z)=— z,)dt = —ReyV(z) 1 (z
(@)= 7 [ P2 0dt = RelV () 1'(2)
' |
Ve Ly el i(v+e—jﬂ2_1—~LV+e—jﬁZ)*

0




Power flow on TX lines-2

I, =T [e"

= el e ) (4 i)

'

0

2

+ * ?
=%Re{(eWmejﬂz)-(eﬁ—r:eJﬁ)} =%Re{(1—\nf)+2ﬂn sintgz )

2

@=L )

m Only valid for lossless lines 7, eR
m Carried power is independent of z
m Max power occurs if load is matched: Z, =Z,, I =0



Power flow on TX lines-3

Power carried by forward traveling wave:

-

P' = % Re{V “(2)- [I *(z)]*}: % Re: V*ejﬂz[

*

Zy

V +e_jﬁz ]

v

Power carried by backward traveling wave:

p- :%RG{V_(Z)'[I ‘(Z)]*}=%R6< IV +eiﬂ2£_

\M

= P,=P" " +P =

2

0

Ve

Zy

b )

]*\
J

= —‘FL‘Z P




Example 4-4: Powers of a TX line with a resistive load-1

L. =
s v, Ps=7 Z,=50Q 1, —
50Q L) =
5 _o v, =2x10°m/s P =7 [ 100~ j60Q
r tot —
V, =100V z=—7 1=17m i

@ =21 x125MHz



Example 4-4: Powers of a TX line with a resistive load-2

Find the equivalent circuit of the loaded TX line

V 8
p _2A0MS e = 2T 17 m) = 21257,
f 125MHz 1.6m

tan Sl =tan % =1,

+ o
o

Z - jz,an(p-)) Z,| N
Z,- iz, tan(A(-1) + v [z
N

(100 j60) + j50-1
50+ j(100— 60)-1 v, AV, I

=(22.6-j25.1)Q

Zin = Z(_I) — Z0

o |




Example 4-4: Powers of a TX line with a resistive load-3

0 100
(o L. +Z, 50+(22.6—)25.1)
-+ ]S _ 13001033 A

| =

Po=? | —
500 Z, W
+ /i, (226-j25.1)0

Vw@ B

Fot =7 o
ISZS -
P, :%Re@- |;}:%\|S\2 Re{ZS}=%(1.3O)2(50) =42.3W
P, :%Re{vs - |;}=%\|S\2 Re{Z, )= %(1.30)2 (22.6)=19.2 W

. :%Re{vo.|;}:%Re{(Vl+Vs)- 12}=P, + P =61.5W

tot



How to maximize the transmitted power P ?

When the load impedance Z; is not matched to
Z,, a fraction of the source power would be
consumed by the internal impedance Z..

P =423W | —
500 Z, V)
+ V 7., (226-j25.1)0

v w@ - P =192W

+ 0

[

S'U

I

([@))
H
o1
=
O |



z/A

Impedance match by a short-circuited stub

Add a shunt short-circuited line with proper length | at a
proper distance d from Z, s.t. the equivalent impedance
(admittance) at BB' happens to be Z, (R,).

Ro

Im{Z(z)}/Z,

%

L 078 5 038

A | I o.
o Im{Z2)} N0




