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Lesson 03 Transient Response of Transmission Lines 

 

■ Introduction 

Partial reflection and transmission occur whenever a wave meets with a “discontinuity”, i.e., 

an interface between different materials. Multiple discontinuities cause successive counter- 

propagating waves, and the superposition of all component waves will determine the exact 

signal along the line. In this lesson, we will quantitatively analyze transient response of a 

terminated transmission line or cascaded lines excited by a step-like voltage source, which is 

important in digital integrated electronics and computer communications. 

 

 

■ Reflection at discontinuity 

Example 3-1: A step voltage source of amplitude 0V  and internal resistance SR  drives a 

lossless transmission line of characteristic impedance 0Z , length l, phase velocity pv  

(one-way signal traveling time pd vlt = ), and is terminated by a load resistance LR  (Fig. 

3-1). 

 
Fig. 3-1 Finite lossless transmission line driven by a step voltage source. 

As in Example 2-3, a voltage signal starts to propagates in the z+  direction with velocity 

pv  at 0=t , ⇒ =+ ),(1 tzv
⎪⎩

⎪
⎨
⎧ <+

otherwise ,0

 if ,1 tvzV p  (valid for all 0>t , but is only interested during 
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],0[ lz∈ ), where 0
0

0
1 V

RZ
Z

V
S+

=+ . When the disturbance ),(1 tzv+  arrives at the load ( lz = ) 

at dtt = , a reflected voltage wave =− ),(1 tzv
⎪⎩

⎪
⎨
⎧ −−>−

otherwise ,0

)( if ,1 dp ttvlzV
 (valid for all dtt > ) 

will be generated and propagate in the z−  direction. The total voltage at the load at += dtt  

is equal to their superposition: 

),(),()( 11 tlvtlvtvL
−+ +=        (3.1) 

By eq. (2.9), the total current at lz = , += dtt  is: 

0

1

0

1 ),(),()(
Z

tlv
Z

tlvtiL

−+

−=        (3.2) 

Substituting eq’s (3.1), (3.2) into the boundary condition )()()( tRtitv LLL ⋅=  (imposed by 

the load resistance) gives: 

[ ]),(),(),(),( 11
0

11 tlvtlv
Z
R

tlvtlv L −+−+ −=+ . 

Dividing the above equation by ),(1 tlv+  for both sides of equality, and defining the load 

voltage reflection coefficient LΓ  as the ratio of the reflected voltage ),(1 tzv−  to the incident 

voltage ),(1 tzv+ , we arrive at: 
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−

       (3.3) 

The reflected voltage wave ),(1 tzv−  will arrive at the source ( 0=z ) at dtt 2= , generating a 

reflected voltage =+ ),(2 tzv
⎪⎩

⎪
⎨
⎧ −<+

otherwise ,0

)2( if ,2 dp ttvzV
 (valid for all dtt 2> ) propagating in the 

z+  direction. This process can be viewed as a voltage disturbance propagating on a line of 

characteristic impedance 0Z  and being incident on a resistance of SR . By eq. (3.3), the 

source voltage reflection coefficient ΓS is: 
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Note that ),(1 tzv+  is created at 0=t , and will continue to exist “forever”. The total voltage 

and current at the source at += dtt 2  are formulated as: 

 ( )SLLS tvtvtvtvtv ΓΓ+Γ+=++= ++−+ 1),0(),0(),0(),0()( 1211  

 ( )SLLS Z
tv

Z
tv

Z
tv

Z
tvti ΓΓ+Γ−=+−=

++−+

1),0(),0(),0(),0()(
0

1

0

2

0

1

0

1  

This process will continue indefinitely. The total voltage at the source will converge to: 

 ( )...1),0()(lim 23222
1 +ΓΓ+ΓΓ+ΓΓ+ΓΓ+Γ+⋅∞→= +

→∞ SLSLSLSLLSt
tvtv  

 ⋅= +
1V ( ) ( ) ( )[ ]...111 22 +Γ+ΓΓ+Γ+ΓΓ+Γ+ LSLLSLL

SL

LV
ΓΓ−
Γ+

= +

1
1

1 . 

By 0
0

0
1 V

RZ
Z

V
S+

=+ , and eq’s (3.3), (3.4), we have: 

0)(lim V
RR

Rtv
LS

L
St +

=
→∞

        (3.5) 

 

<Comment> 

You will find that the total voltage at arbitrary position ],0[ lz∈  will also converge to eq. 

(3.5). In other words, the steady state appears as if the transmission line were absent! 

 

 

■ Bounce diagram 

Bounce diagram is a distance vs. time plot, illustrating successive reflections along a 

transmission line driven by a “step voltage source” (Fig. 3-2a). It can be used conveniently to 

determine: 

1) The spatial voltage distribution at some instant ),( 0tzv : Mark a point ),( 000 tzP  on the 

plot (Fig. 3-2b). The solution becomes: 
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where leftV , rightV  result from the superposition of proper numbers of bouncing voltage 

waves ),( tzvk
+ , ),( tzvk

−  ( =k 1, 2, …), respectively. For example, the case of Fig. 3-2b 

leads to a solution of Fig. 3-2c, where 

 ( )SLLleft VtzvtzvtzvV ΓΓ+Γ+=++= ++−+ 1),(),(),( 1211 , 

 ( )Lright VtzvtzvV Γ+=+= +−+ 1),(),( 111 . 

Fig. 3-2. (a) A transmission line excited by a step voltage source and terminated by a resistive load. (b) The 

corresponding bounce diagram. (c) The spatial voltage distribution at the time 0tt = . 

2) The temporal voltage distribution at some position ),( tzv a : Draw a vertical line azz = , 

intersecting with the lines of the plot at successive times += ktt , −
kt  ( =k 1, 2, …), which 

are the instants when the voltage wave ),( tzvk
+ , ),( tzvk

−  arrives at the point of interest 

azz = . The solution becomes: 
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Fig. 3-3. (a) The bounce diagram. (b) The temporal voltage distribution at the position azz = . 

 

 

■ Single transmission line with resistive termination 

Example 3-2: Consider a system shown in Fig. 3-1 where 025.0 ZRs = , ∞=LR  (open 

circuited load). Find the terminal voltages )(tvS , )(tvL . 

 
Fig. 3-4. (a) The bounce diagram. (b-c) The normalized terminal voltages of Example 3-2. 
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Ans: 00
0

0
1 8.0 VV

RZ
ZV

S

=
+

=+ . By eq’s (3.3), (3.4), 1=ΓL , 6.0−=ΓS . Draw the 

corresponding bounce diagram (Fig. 3-4a). 

(1) For 0== azz , ⇒ 01 =+t , dttt 221 == +−   (degenerate), dttt 432 == +− , … By eq. (3.6), 

( )
⎪
⎩

⎪
⎨

⎧

<<=ΓΓ+Γ+

<<=

== +

+

...                                           ...,
42 if     ,12.11

20 if                             ,8.0

),0()( 01

01

ddSLL

d

S tttVV

ttVV

tvtv  (See Fig. 3-4b). 

(2) For lzz a == , ⇒ dttt == −+
11 , …, dkk tktt )12( −== −+  (degenerate). By eq. (3.6), 

( )
⎪
⎩

⎪
⎨

⎧

<<=Γ+

<<

== +

...                               ...,
3 if     ,6.11

0 if                               ,0

),()( 01 ddL

d

L tttVV

tt

tlvtv  (See Fig. 3-4c). 

 

<Comment> 

1) Both )(tvS  and )(tvL  converge to 0V  as predicted by eq. (3.5). 

2) Overshooting and ringing effects during the transient state could be harmful for circuits. 

 

Example 3-3: Consider a system shown in Fig. 3-1 where 04ZRs = , 0ZRL =  (matched 

load). Find the terminal voltages )(tvS , )(tvL . 

Fig. 3-5. (a) The bounce diagram. (b-c) The normalized terminal voltages of Example 3-3. 
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Ans: 00
0

0
1 2.0 VV

RZ
ZV

S

=
+

=+ . By eq’s (3.3), (3.4), 0=ΓL , 6.0=ΓS . Draw the 

corresponding bounce diagram (Fig. 3-5a). 

(1) For 0== azz , ⇒ 01 =+t , dttt 221 == +−   (degenerate), dttt 432 == +− , … By eq. (3.6), 

0 if ,8.0),0()( 0 >== tVtvtvS  (See Fig. 3-5b). 

(2) For lzz a == , ⇒ dttt == −+
11 , …, dkk tktt )12( −== −+  (degenerate). By eq. (3.6), 

( )⎩
⎨
⎧

>=Γ+

<<
==

+
dL

d
L ttVV

tt
tlvtv

3 if     ,2.01

0 if                               ,0
),()(

01

 (See Fig. 3-5c). 

 

<Comment> 

1) Both )(tvS  and )(tvL  converge to 0V  as predicted by eq. (3.5). 

2) No overshooting and ringing for the matched load prevents successive reflections. 
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 Cascaded transmission lines 

Example 3-4: Consider a system shown in Fig. 3-6a. Find the terminal voltages )(tvS , 

)(tvL . 

 
Fig. 3-6 (a) System configuration. (b) The bounce diagram. (c-d) The normalized terminal voltages of 

Example 3-4. 

Ans: When a voltage disturbance ),(1 tzv A
+  arrives at the junction jlz =  between lines A 

and B at time 1dtt = , a reflected wave ),(1 tzv A
−  and a transmitted wave ),(1 tzv B

+  are 

generated simultaneously. Boundary condition requires that the total voltages on both sides of 

the junction must be equal: 

),(),(),( 111111 djBdjAdjA tlvtlvtlv +−+ =+ . 
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Dividing ),( 11 djA tlv +  for both sides of the equality leads to: 
),(
),(
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),(
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tlv
tlv

+

+

+

−

=+ . By 

eq. (3.3), we have: 

AB
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djB
AB tlv

tlv
T Γ+== +

+

1
),(
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11

11 ,       (3.7) 

where ABT  is the transmission coefficient. 

VVV
RZ

ZV
S

A 75.05.0 00
0

0
1 ==

+
=+ . By eq’s (3.3), (3.4), ⇒ 0=ΓS , 

3
1

−=ΓAB , 
3
2

=ABT , 

3
1

=ΓBA , 
3
4

=BAT , 6.0=ΓL . Draw the corresponding bounce diagram (Fig. 3-6b). 
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