Electromagnetics 1

Homework 12 Solutions

(Due date: 2011/06/08)

The full score is 50 points.

1) (10%) Consider a copper strip of length L on the xy-plane, where a uniform magnetic

flux density B =4,B, exists. One of its end is pivoted at the origin, while the entire

strip is rotating counterclockwisely about the z-axis with an angular velocity @ .What
is the voltage difference between the two ends (from the pivot to the tip) of the strip?
Answer:

The voltage difference:

B, L’

Vo= §(U <B)-di - _.[oL (a,ro)xa,B,]-a,dl = —WBOIOL rdr =—
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2)  (5%) Consider a time-harmonic EM wave in some material with ¢ = ¢, o =5.70x10’

(S/m). What is the ratio of magnitude of the conduction current density to the
displacement current density at 1 GHz frequency?
Answer:

The conduction current density: J = oE

The displacement current density: % = joeE

The ratio of magnitude at 10-GHz frequency is

o _ 5.7x10’

—= - — =1.025x10”>>1.
we 27 x10°-8.854x10

We can find the displacement current density can be ignored in the material at 1 GHz.

Edited by: Shang-Da Yang



Electromagnetics

3)

Nonhomogeneous wave equations of fields in the frequency domain.

3a) (5%) Starting from the Maxwell’s equations in the time domain, i.e. eq’s (14.1), (7.8)

(14.12), (11.2) in the lecture notes, write down the (phasor) Maxwell’s equations of E

and H in the frequency domain in a simple medium with charge and current sources.

Answer:

We can write a time-harmonic E field referring tocos wt as
E(x,y,z,t)=Re[E(x,y,2)e*"|

So we can know that %E(x, y,2,t)= jowE(x,Y,z,t)

In other Words,g E=jwE

Similarly, we can know that %H = joH

We also know that D=¢E, H _B
)7
Obviously, we can find that

0

VxE=-—
ot

B (141 :Vxﬁz—gyﬁ — jouf

V-B=0 (11.2) =V-H _v.B_g
y7;

In conclusion,

VxE=-jouH
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3b) (10%) By the result of problem 3a, derive the nonhomogeneous (phasor) wave
equations of E and H, respectively.

Answer:
VxVxE :Vx(— ja)yH):—ja)y(Vx I:I):—ja),u(j—i- jweE):—ja),uj+a)2,ugE :

VxVxE=V(V.E)-VE =YL _vE
&

VP _ g =—joul + o’ uck
£

VZE +k’E =%+ joul , where k = o/ ue
VxVxH =Vx(J+ jocE)=VxJ + jos(VxE),
=VxJ+ ja)g(— jwﬂH)=ij+w23yH

VxVxH =V(V-HA)-V?H =-V?H,

= VxJ+w’suH =-V*H

V?H +k*H = -V xJ , wherek = o,/ ue
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4)  Consider a short conducting wire of length dl carrying a spatially uniform current

I(t)=1,coswt and placed along the z-axis at the origin (Fig. 1).

Fig. 1 Asmall current source creates EM fields.

4a) (5%) By eq. (15.28) in the lecture notes, find the phasor representation of resulting

vector potential A(F) in spherical coordinates (T = a;R , R>>1=21c/w).

Answer:
. 72 TN - S 7N [o [ S

By eq. (15.28) in the lecture notes, A(r)=-—|. dv = a, ————
yea. ( ) ) 47r-[v R 47 R
Since &a, =a;cosfd—-4a,sind,
_ - JkR - jkR
A(r):aR—ﬂoldI A 0s6-a, Holdl & sind, k=2

47 R 4r R c

4b) (5%) By the result of Problem 4a, find the “approximated” phasor representation of

magnetic field intensity H(F) by neglecting the “higher order terms”. [E.g.
(kR)™" +(kR)™* = (krR)™.]

Answer:

By eq. (11.7), H(F) -l yxA=

Ho
ag a,R a,Rsin g
11 ) o 9o
4, R2sin@ R 00 0
—jkR —JkRr
—ﬂzldl _eR cos 6 —R—ﬂzldl—e sin @ 0
T T
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=a, ! [i( 9)—8AR}— a¢m_£k25|n9 I _1 ~ eI
1#,R| 6R o0 4r kR (jkR)
- jkR
~a, kl—dle sing
A

4c) (5%) By the result of Problem 4b, find the “approximated” phasor representation of

electric field intensity E(F) by neglecting the “higher order terms”.

Answer:
By eq. (15.11), E(f)=V_XH
Jog,
a; a,R a,Rsiné
-1 1 |0 o o
joe, R*sin@|6R 06 ol
v ddl e R
0 0 (Rsing)jk-—-———sing
Ar

From which, we can obtain:

ld/

Eq =——770k220059{ L L
Ar

(KRY * (kRY

e M where 5= |22 .
€y

Idl e R

If we neglect the “higher order terms”, E(F)~a, jkz sind.

4d) (5%) Plot the EM power distribution ‘E(RO,H,%)‘Z relative to its maximum in

spherical coordinates, where R,, ¢, are arbitrary constants.

Answer:

When Rg, ¢ are arbitrary constants, the value of ‘E(RO,H, ¢0)‘2 is only dependent on the
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_ 2 | . ldee ™
value of 0.From problem 4d |E(R,,0,¢,)| = 8, ko sing| can be
T Ry
. — 2 .
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