Theory of Optical Waveguide

Class: Integrated Photonic Devices
Time: Fri. 8:00am ~ 11:00am.
Classroom: @??:206
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Reflection and Refraction at an Interface (TE)

Transverse Electric (TE) or s wave

Medium 1

Medium 2

Snell’s law: ‘”1 sin(6,) =n, sin(Hz)‘

E. _ncosf —n,cosb,

>

Refraction Coefficient: 7 =
" E ncos@ +n,cosb,
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Reflection and Refraction at an Interface (TM )

Transverse Electric (TM) or p wave

Medium 1

Medium 2

Snell’s law: ‘nl sin(é) =n, sin(Hz)‘

»

Refraction Coefficient: 7/ =—
™ " E. n,cos@ +n, cos b,

E _n,cos86 —n cosb,
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External Reflection of TE Wave (Low to High)
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External Reflection of TM Wave (Low to High)

Brewster Angle: &, =tan™ ["2]
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Internal Reflection of TE Wave (High to Low)

Snell’s law:
mo_ sin(6,)
n,  sin(8)

Critical Angle:
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Internal Reflection of TM Wave (High to Low)

Critical Angle:
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Summary of Reflection at Interface

« The phase changes either by mtor by 0 for
external reflection.

* The phase has abrupt change across
Brewster angle for TM wave.

* The Brewster angle is smaller than critical
angle.

* The phase changes continuously for total
internal reflection
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Slab Waveguide (1D Waveguide)
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Derivation of Basic Equations

TAZ,
{ Cladding n, Y
2a Coren OE, . .
....... 1 oy ~IPE, = JOIH,
T Substrate n, 62‘
_7Z+jﬁEx :jwMJHV
F.L = op '
General Waveguide Mode Expression: -Law OF, _OE, = jou,H
N Ox Oy :
E=E(x,y)exp[j(f—wx
{ = Ex ) explj(f - an) L
H = H(x,y)expj(f - ar)] %
OH
—_— = A. Law -+ jPH, =-jwgn’E
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Polarization of Optical Fields in Slab (Planar)

Waveguide
(TE) (T™) 9E _,
Transverse Electric Transverse Magnetic 9y
H\/{ 2 ) 2o
dy
" |
E K z

E,H is independent of y-axis
» Transverse Electric (TE): E,=0, H, +0
SE,=H,=0
+ Transverse Magnetic (TM): H,=0, E, +0
SH,=E, =0
+ For slab waveguide, the optical modes can
always be decomposed into TE and TM
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TE-Polarized Optical Modes in Slab Waveguide

0E
E,, E, =0 and E, is y-direction independent; that is, L=

0 X
The expression of optical wave: waveguide %_Z,
E(r,0) =E(r)exp(—jar) —— [E(r,1) =E,(x,2)exp(- jat)‘ y

The optical wave propagates in z-direction

1T:(r, 1) =E, (x,2)exp(—jar) —— E(r,1) =E(x) exp(jfz) exp(-jr)
Phase front X = Ey (x) eXp(]ﬁZ - Jm)

Core my r I\ A \ 'I“ ’\ .'\
{ \,f\ >( 9& E(x)

L. o 20 =22/80
E
JaNVa AN
ATz Propagating Wave
E(z)
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TE-Polarized Optical Modes in Slab Waveguide

DE(ry n(w)*k,JE(FFE 0

E(r,0)=E (x)exp(jf& - jax)

2

k=B, =0 (1)

ox’
H = —LE}, n could be in core, substrate or
WHy cladding
-
T wy, dx

What is the solution of (1)?
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What is the 3 ?

Suppose n,;>n,>n,
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TE-Polarized Optical Guided Modes in Slab
Waveguide

Acos(ha=@expl-y,(x=a)] (x>a)
E, =< Acos(hx—¢) (ra<x<a)
Acos(ha+@exply,(x+a)]  (x<-a)

exp

cos
where

h = Jkoznl2 -3
Vs =A B —k02n32
Vo =+ B _k02”22

Boundary Condition 1: E is continuous atx=aand x = -a

Trivial !

Boundary Condition 2: H, is continuous at x=a and x = -a

L should be continuous at the boundary
wyly, dx

TE-Polarized Optical Modes in Slab Waveguide

A
JE —V,Acos(ha - @exp[-y,(x—a)] (x>a) X n,
L =3 =hAsin(hx— @) (—a<x<a) X=a A
yuAcostha+@esplys(x+a)  (x<-a) x=0 + n,
X=-a 1
dE dE n
) _dE, and dE, _ dE, 2
de | _ - dx|_ dx | __ dx | __ -
_w =h
) _ tan(u + @) =— u=ma
{hl S%n(hla +@) =y, cos(ha+¢) “ where {w= y,a
hy sin(lya — @) = y, cos(ha — @) tan(u - @) = % W = ya

u :M+ltan‘l(y)+ltan'l(1)
S A LU
w

miT w1 3
=——+—tan (—)——tan (—
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Symmetric and Asymmetric

Symmetric Asymmetric
==y VY
1,1/:1,1/y W¢W'
_mn - W 1 1 '
u=——+tan (—) u:M+ftan_' w +—tan”" w
mZn 4 2 ) (uv)
Y=—" :ﬂ-[+ltan_1 i —ltan'1 W
2 =% (u) B (u)
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Electric Fields of High Order Mode

E =

Acos(hx— @) (ra<x<a)

Acos(ha-@exp[-y;(x=a)] (x>a)
Acos(ha+@exply,(x+a)]  (x<-a)

The waveguide is symmetrical.

x| R R .
T
/ N

m: even > cos(hx)
m: odd - sin(hx)
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Mode Number

v v For example, how many
15} 1 solutions to satisfy the
m=0 eigenvalue equation for a
symmetric waveguide (n, =
m=1 n;)?

10f
tan(u +M) :K
2 u

m=5
m =
0 " " " ]
0 5 10 15 (x10%)
h =ula
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Cut-Off Condition
Y5
< > < i >
v
kon; konp, kon,
: — : > 5
,B‘
|

Guided Range
For a guided mode,

kony < B <kyn, —p 0<h <.k (n>-n)

We define Ea«/koz(nlz -n’)
u=ha<ak’(n’> -n) =V

High-order modes have large u: I u(m+1) >u(m)
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Cut-Off Condition

What is the highest mode can be supported in the
waveguide?

Recall u(m) :%T+ltan-1(w(m)) +L i (M

2 u(m)” 2 u(m)

Suppose the highest mode No. is M, then u(M) is approximately given by
u(M)=V (close to cut-off)

Therefore, w(M)= am
W(M) =ay koz(nz2 - n32)

w(M) =0

2_ 2
u(vry =17 4 L 0 2

2 2 (nlz_nzz)
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)

Cut-Off Condition

As we know, u(M) has to be less than V; that is,

2 _ 2
u(M):L”2 Lm0 2%

)<V
2 )

Therefore, for a waveguide, the accommodated mode no (M).

2V 1 _ n,® —n’

M, =(=—-—tan™" 23
® <n Vs {nlz—n22]>
int

For symmetric waveguides, there is always a TE mode (m=0) existing. I
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TM-Polarized Optical Modes in Slab Waveguide

Homework:
’E d’H
7tk —BOE, =0 —5-* 0k =B, =0
* Reciprocal 2 *
yei o En
H-" = E}’ l . E :LH
CU/JO H E x wgonz y
___J 9E, g =_J M
T wy dx T wen’ dx

What is the cut-off condition for TM mode?

2. For a silicon slab with 0.25-um thickness (n=3.4, air-cladding on the
two sides), what are the 3, of TM mode and TE mode (m=0) for
wavelength from 1520 nm to 1560 nm?

-
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Optical Power (Background)

S=ExH Poynting vector

OB =0WExH)=HMXE-EMxH

.......
"""""
o .,

[[[oCidv="§fAmas RS |
v Volume surface volume
HJ(ﬁEIDXE—ED]]Xﬁ)dv = ff(ExH)ds
Volume surface

=

) (¢E t +/,1ﬁ[~?§)dv=— & xH) s

Volume surface

[o9)
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Optical Power (Background)

m (¢E L‘LWHL‘L)CJV- ﬁ(ExH)Dﬁds

Va]ume/a \ surface
volume
o 2‘ ‘) ot af 2 _& "
Electric Stored Magnetic Stored
Energy Energy

— IJI(W wW,)dv = ﬁS lids S represents the power flow density

Valume surface
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Optical Power (Background)

The intensity of the power density can be calculated through the
time-average of the poynting vector over one wave cycle:

=\ _ 1 T— —
<S> = ?L ExHdt
For monochromatic wave
E= %(E exp(—jax) +E exp(jal))
H= %(ﬁexp(—jat) +ﬁ* exp(jat))
(s) =L ReExH)
2

P=[[(5)@,ds =H%Re(ﬁ xH ) @, ds
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Optical Power of Slab Waveguide

For TE mode, the only non-zero component is E,. And because wave

is propagate in z-direction, we only consider E and H,. Therefore, the
power of TE mode is

Transverse Electric

X
H k Longitude (Propagation)
z
E—
= y

pP= ﬂ< >mds-jj Re(E xH ) @.ds

© o © 2
P, = jw L %Re(E}, M, )dxdy = 5% [ [E

—00 —00

Recall E, :%(Ey +Ey*)
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Optical Power of Slab Waveguide

A
X n, Clad X
X=a +— Longitude (Propagation)
X=0 + n, Core 2 >
X=a T
y
n, Sub
Bt it
B, = IdyJ E | dx
For slab waveguide (TE polarization), 20y "
2 22 s 20
Suppose the field amplitude is A P,= Pad 1+Sln (u+¢) +30 (”, 2
' 2wy, 2w
_ faA’ |cos (u+¢))
Sub 20),[46

,B’aA2 {cos (u— }
Clad 20)%

A 1 1
P= PCme RS‘M) +Rlad :Ba {1 +— +7,}
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Effective Waveguide Thickness
1 1
dy =2a+—+—
< Y y3>
2 n N3
2a
;[ :
— e o e
17y, 17y,
samller y represents the optical field penetrates farther
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Mode Confinement

T 1
d.,.=2a+—+— d/2 2
T v - :J-_d/z‘Ey(x)‘ dx
TE 0
< > [7E,Gof dx
N2 n, PoNg
: di2 o 2
- : [oon”|H,Gf ds
: rTM: ) 2 2
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. ] 3
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Mode Confinement

1.0 T T T T T T T T
I e |+ Low order modes
e o have better mode
08 TE < - .
// confinement than
" /-\ high order modes
g J « TE modes have
= !f better mode
= - - -
5 ] confinement than
3 ;! A=L3um . TM modes
/ ny= Nyt 322
o2 / ng=3.51 T
- I! -
/4
0 i 1 F—| 1 1 L 1 n
o] 0.2 04 [+ X o8 1.0
LAYER THICKNESS d (um)
Ming-Chang Lee‘ lntegrated Photonic Devices
Approximated Solutions of Waveguide Modes
ﬂc n
= ! { ]
L -
WM L T ‘ W ¢ W“
| c+ﬁ . »
P [
|
v y e i '
h,+B° =k'n’ v=012,..
2 _(wv+hm Effective width
where kK, =— and =
A ’ w,

Suppose the waveguide is well-confined
o =1 for TM,0 for TE

20
/‘ n. 2 2 -2
W,=W, +£707j[n (n"-n")? Symmetric Waveguide
V\ B, = kyn, (Fundametial Mode)




Example

Refractive index of SiO,: 1.45 Wavelength: 1.3 pum

Refractive index of SizN,: 2.0 I 3 um

Refractive index of SiO,: 1.45

1. How many TE modes?

_ g> :<2E9.986
int

p > =6 =¥ 7 TE modes

for symmetric waveguide
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Example

Refractive index of SiO,: 1.45 Wavelength: 1.3 pm

Refractive index of SizN,: 2.0 I 3 um

Refractive index of SiO,: 1.45

2. What is the propagation constant (3 of the fundamental mode (TE)?

Wo =W, {1)(} (1’ =n2) > —p W, =W, +[ J(n W7 (TE)

v

W, _3+[ )(22 145)2—33(,um) p =0V T
W, 33

T N
_(Ej =9.6194(pm™) actual value: (9.6664)
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Rectangular Waveguide (2D Waveguide)

Diffused Waveguide Channel Waveguide

PR = =2
=== ==z

Rib Waveguide

Index Profile of A Channel Waveguide

P <

% n3 7

Thickness




Mode Expression

Magnetic field intensity: H_(x,y) = X(x)Y(y) ~ exp(—jh.x +@)exp(—jh,y +i,)

exp[y, (x+a)] cos(h.x+¢,) exp[—y,(x—a)]
exp[=), (y —d)] exp[=), (y —d)] exp[=y, (y —d)]
Y=d
exp[y, (x+a)] cos(hx+@,) exp[—y,(x —a)]
cos(h,y+¢,) cos(h,y+¢,) cos(h,y+¢,)
Y=-d
exp[y, (x +a)] cos(hx+@) exp[~),(x —a)]
exply, (v +d)] exply, (v +d)] exp[y, (v +d)]
X=-a X=a
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TE Polarization (TE-Like)

H, =0, E, and H, is predominant ‘

dZH 2
¥
dxz

¥

9y’ +(’ky’ _'Bz)Hy =0

H =0

Width: 2a

—>

——

E

g =%y

2
1 aHy

B 7 wen’ B ox’
1 0°H,
i _£<)£0112 0x0y
j OH,
T wen’ ox

_J OH,
B oy

This modelling was proposed by Marcatili

Suppose width > thickness
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TM Polarization (TM-like)

H, =0, E, and H, is predominant ‘ . Width:2a
>
AH, M, o, : s
A+ (k- BHH, =0
dx oy
E
H, =0
I S ST
E, = -9k H, - 1 - 9 }g-* Thickness: 2d
: B wgn” B Oy y
_ 1 o°H,
Y wen® dxdy
__-j oM, z X
* wen® dy
H :laHx Suppose width > thickness
B ox

Ming-Chang Lee, Integrated Photonic Devices

TE-Polarized Optical Modes in Channel
Waveguide (Marcatili’s Method)

For simplicity, we assume the rectangular waveguide is symmetrical cladding

Acos(h.x = g)cos(h,y =) @ N, (3)
H, =4 dcos(h.a=@exp[-y (x—a)]cos(h,y —¢)  (2)
Acos(hx =@ exp[-y,(y —d)]cos(h,d ~¢) () n, n, (M| ny(2)
Where Ngy
=h’=h?+k'n’ =B =0 (1)

yxz _hyz +k02n02 _ﬁz =0 (2)

—hl+y +k'n = =0 () —
And
v=(p-07 p=12... - y
w=(q—1)g q=1,2,.... b l_»
X from 1 instead of 0 z X
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TE-Polarized Optical Modes in Channel

Waveguide
Boundary Condition 1: E, is continuous at x = a, -a
oH >
E O iz— E
n® Ox
Boundary Condition 2: H, is continuous aty =d, -d y
OH,
H O0—
oy z X

Givenapandq

2
ha=(p-1Z+tan~ (L)
2 ny h,

B.C.1 (TM eigenvalue eq. in slab waveguide)

hd=(q —l)g+tan_l(%) B.C.2 (TE eigenvalue eq. in slab waveguide)
y
B =kin® =(h? +h*) Five unknowns:
And v =k (n’ —n)—h’ B Y.y,
}/yZ = kOZ(nIZ _n02) _hyZ ’ ’
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Mode Profile

H, (x, ) =X(x)Y(y)

o /\/
Vg / Vs s
crrsr 7 7 \ V202004 S
ny

Y(»)
Ny
- q=1 ; q=1
7 / //,{/// ///’7/; 2///
A 7 4 7
Eqq ; Eqz
I—v
p:1 p=2
. s
'////A % g '////A ////
ny q=2 ny q=2
777777 7. 777777 7.
‘A ‘A




Mode Profile (Consider Polarization)

Electric field

Ale. @e
ge- G

(e} TE21 (f -I-M21
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Rib Waveguide
!12
R L
f ............. n, N
z X
S
2a

It is difficult to be analyzed by Marcatili method!
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Effective Index Methods

pe—r 4

2d

2a

z X

We suppose the polarization is in x-direction (TE). The wave equation
for the TE mode is

0°H. 0°H
o T Tk () —AH, =0
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Effective Index Methods

Suppose the electromagnetic fields can be expressed
with the separation of variables

‘H (x,y)= X(x)Y(y)\

0°’H, 0°H
B Tyt k() AT, =0

¢ Divided by XY
1d*’X 1d°Y
L + +k. 252 V) — 21 =()
X di Ydyz [on(x)’) B1

l N,+(x): effective index distribution
1d°Y
Y e +[k02n2 (x,») —konqﬁ.z(x)] =0

14X

X?*’[kozngﬂz(xay)_ﬂz] =0
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Effective Index Methods

1d°Y d*y
Y & +[k02n2(x,y) _kozne__//z(x)] =0 72+[k02”2(x7Y) _kozne[fz(x)]Y =0
—
1 d°X 2 2 21 _ d’X 2 2 21w —
i?*’[ko n,"(x,)=p1=0 W"'[ko n, (x,y)=B1X =0

Procedure of solving problems

» Divide the waveguide into several sections (horizontally or
vertically).

« Consider either Y component or X component only.

» Calculate the propagation constant in each section.

» Calculate the effective indices 7, —kﬁ
0
» Consider the other component based on the effective indices

2D rectangular waveguide problem ——g Several slab waveguide problems
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Effective Index Methods

: : 2d
ioon, i T
RN
ng l No
2d+h |,

o+ "+ 24 o, |_> nerl1) | ner(@) | neat®)

—_— 2a 4

neff(1 ) neff(z) neff(3)
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Comparison of Effective Index Method and
Marcatili’s Method

) 1.0
Normalized Index
a/d=1
_ IBZ_kznoz %2
kn’ -kn)’ 0.6}
b a

> 04r

—> El. /

: —tp 0.2 Y/
kznoz ,82 k2n12 56 ,--{'/;. o) ,;. . . . . .

0004 08 1.2 1.6 2.0 24 28 3.2 3.6 4.0
‘*Rd =

+ For same waveguide, the propagation constant calculated from
effective index method is larger than that of Marcatili’s Method.

+ The accurate propagation constant is between these two values.
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