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Random Processes for Communications - Spring 2018
Solutions for homework 1

1. The size of the sample space in this case is |Ω| = 365r. We are interested in the event A that
r people have different birthdays. Hence,

|A| = 365× 364 × · · · × (365 − r + 1),

so, we have:

P [A] =
365 × 364× · · · × (365 − r + 1)

365n
= (

364

365
)(
363

365
) . . . (

365 − r + 1

365
)

= (1−
1

365
)(1−

2

365
) . . . (1−

r − 1

365
).

Taking the natural logarithms, and using the hint ln(1− x) ≈ −x, for |x| ≪ 1, we have:

lnP [A] ≈ −
1

365
−

2

365
− · · · −

r − 1

365
= −

1

365
·
r(r − 1)

2
=

−r(r − 1)

730
.

Hence,

P [A] ≈ exp(
−r(r − 1)

730
).

For r = 23, P [A] ≈ 0.500 and for r = 56, P [A] ≈ 0.0147.

2. (a)

E[X] =

∞
∑

k=1

kqk−1p = p

∞
∑

k=1

kqk−1.

Then, use the formula for a geometric series:

∞
∑

k=1

qk =
q

1− q
for |q| < 1.

Differentiating both sides, we have:

∞
∑

k=1

kqk−1 =
1

(1− q)2

=⇒ E[X] = p
1

(1− q)2
= p ·

1

p2
=

1

p
.

Then, we write

E[X2] = E[X(X − 1) +X] =
∞
∑

k=1

(k(k − 1) + k)qk−1p

= pq

∞
∑

k=1

k(k − 1)qk−2 + p

∞
∑

k=1

kqk−1
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By differentiating the formula for a geometric series twice, we have:

∞
∑

k=1

k(k − 1)qk−2 =
2

(1− q)3

=⇒ E[X2] = pq
2

(1− q)3
+

p

(1− q)2
=

1 + q

p2

=⇒ V ar[X] = E[X2]− E[X]2 =
q

p2
.

(b)

E[X] =
∞
∑

k=0

k
λk

k!
e−λ = λ

∞
∑

k=1

e−λλk−1

(k − 1)!
= λe−λ

∞
∑

k=0

λi

i!
= λe−λeλ = λ.

E[X2] =

∞
∑

k=0

k2
λk

k!
e−λ = λ

∞
∑

k=1

k
e−λλk−1

(k − 1)!
= λ

∞
∑

k=0

(i+ 1)e−λλi

i!

= λ(λ

∞
∑

k=0

ie−λλi

i!
+ λ

∞
∑

k=0

e−λλi

i!
) = λ(λ+ 1).

So

V ar[X] = E[X2]− E[X]2 = λ.

3. (a)

FXY (x, y) =

∫ y

0

∫ x

0
fXY (u, v)dudv = k

∫ y

0

∫ x

0
e−λu−µvdudv

= k(

∫ y

0
e−µvdv)(

∫ x

0
e−λudu) =

k

µλ
(1− e−µy)(1− e−λx).

Since limx,y→∞FXY (x, y) = 1, we find that k = µλ. Therefore,

FXY (x, y) = (1− e−µy)(1 − e−λx).

(b)

FX(x) = limy→∞FXY (x, y) = 1− e−λx.

FY (y) = limx→∞FXY (x, y) = 1− e−µy.

FY |X(y|x) =
∂
∂xFXY (x, y)

fX(x)
=

λe−λx(1− e−µy)

λe−λx
= 1− e−µy = FY (y).
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4. (a) Let Xi’s be random variables. Then,

E

[

∑

i

aiXi|Y

]

=

∫ ∫

. . .

∫
( n
∑

i=1

aixi

)

fX1X2...Xn|Y (x1, x2, . . . , xn)dx1dx2 . . . dxn

=

n
∑

i=1

ai

∫

xifXi|Y (xi)dxi =

n
∑

i=1

aiE[Xi|Y ],

for all n and scalars a1, a2, . . . , an. Thus E[·|Y ] is a linear operator.

(b)

E[X|Y ] =

∫

x
xfX|Y (x)dx,

and

E[E[X|Y ]] =

∫

y
fY (y)dy

∫

x
xfX|Y (x)dx =

∫

x
x(

∫

y
fXY (x, y)dy)dx =

∫

x
xfX(x)dx = E[X].

(c)

E[h(Y )g(X)|Y ] =

∫

h(Y )g(X)fX|Y (x)dx = h(Y )

∫

g(x)fX|Y (x)dx = h(Y )E[g(X)|Y ].

5. (a) Since fX(z − y) is nonzero for y < z and fY (y) is nonzero for y ≥ 0, we have:

fZ(z) =

∫ z

0
fX(z − y)fY (y)dy = λµe−λz

∫ z

0
e−(µ−λ)ydy = λµe−λz 1− e−(µ−λ)z

(µ− λ)z

=
λµ

µ− λ
(e−λz − e−µz), for µ 6= λ.

(b) When µ = λ =⇒ µ− λ = 0, we have:

fZ(z) =

∫ z

0
fX(z − y)fY (y)dy = λµe−λz

∫ z

0
e−(µ−λ)ydy = λµe−λz

∫ z

0
1dy = λµze−λz.

6. (a)

Dz = {(x, y) : min(x, y) ≤ z}

Draw a vertical line X = z and a horizontal line Y = z. Then the left side of X = z,
and the area below Y = z should constitute the shaded area Dz.

(b)

FZ(z) = P [min(X,Y ) ≤ z] = P [X ≤ z or Y ≤ z] = FX(z) + FY (z)− FXY (z, z).

(c) If X and Y are independent, then

FXY (z, z) = FX(z)FY (z).

Then, differentiating the both side with respect to z, we have:

fXY (z, z) = fX(z)FY (z) + FX(z)fY (z).

Therefore,

fZ(z) = fX(z) + fY (z)− fX(z)FY (z)− FX(z)fY (z).
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(d)

fX(z) = λe−λz, fY (z) = µe−µz,

FX(z) = P [X ≤ z] =

∫ z

0
fX(a) da =

∫ z

0
λe−λa da = 1− e−λz,

FY (z) = P [Y ≤ z] =

∫ z

0
fY (b) db =

∫ z

0
µe−µb db = 1− e−µz.

Then, we find

fZ(z) = fX(z) + fY (z)− fX(z)FY (z)− FX(z)fY (z) = (λ+ µ)e−(λ+µ)z .

7. (a) Let X1 = RcosΘ,X2 = RsinΘ. The joint PDF of X1,X2 is given as

fX1X2
(x1, x2) =

1

2π
e−

x
2
1
+x

2
2

2 .

The PDF of R,Θ can be found as

fRΘ(r, θ) = |J |fX1X2
(x1, x2),

where

J =
∂(x1, x2)

∂(r, θ)
= det(

[

cosθ sinθ
−rsinθ rcosθ

]

) = r.

Thus,

fRΘ(r, θ) =
r

2π
e−

r
2

2 .

Since this joint PDF does not depend on θ, the RVs R and Θ are not only independent
but also Θ is uniform. Thus the joint PDF can be written as fΘ(θ)fR(r), where

fΘ(θ) =
1

2π
, 0 ≤ θ ≤ 2π,

and

fR(r) = re−
r
2

2 .

and the RV Θ is uniform in [0, 2π].

(b) By integrating the PDF obtained above, we have:

FR(r) =

∫ r

0
fR(s)ds = 1− e−

r
2

2 .

8. (a)

fχ2
n
(v)dv =

v
n

2
−1e−

v

2

2
n

2 Γ(n2 )
, 0 ≤ v < ∞.

E[(χ2
n)

m] =

∫ ∞

0
vmfχ2

n
(v)dv =

1

2
n

2 Γ(n2 )

∫ ∞

0
vm+n

2
−1e−

v

2 dv

=
2m+n

2

2
n

2 Γ(n2 )

∫ ∞

0
tm+n

2
−1e−tdt =

2mΓ(n2 +m)

Γ(n2 )
.
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(b) Since F = V1/n1

V2/n2
, the rth moment of F is

E[F r] = (
n2

n1
)rE[V r

1 ]E[V −r
2 ].

By the result of 8(a), we have:

E[V r
1 ] =

2rΓ(n1

2 + r)

Γ(n1

2 )
and E[V −r

2 ] =
2−rΓ(n2

2 − r)

Γ(n2

2 )
.

Hence,

E[F r] = (
n2

n1
)r
Γ(n1

2 + r)Γ(n2

2 − r)

Γ(n1

2 )Γ(n2

2 )
.

From the conditions n1

2 + r > 0 and n2

2 − r > 0, we obtain −n1 < 2r < n2.

9. (a)

M(t) = E[etX ] =

∫ a

0

etx

a
dx =

[

etx

at

]a

0

=
eat − 1

at
, for t 6= 0.

For t = 0, by definition M(0) = E[e0] = 1.

(b)

M(t) =
1

2a

∫ a

−a
etxdx =

1

2a

[

etx

t

]a

−a

=
eat − e−at

2at
=

sinh(at)

at
, for t 6= 0.

For t = 0, by definition M(0) = 1.

(c)

M(t) =

∫ ∞

0
etxµe−µxdx = µ

[

e(t−µ)x

t− µ

]∞

0

=

{ µ
µ−t , if t < µ

∞, if t ≥ µ.

10. (a) By definition,

φ(u) =

n
∑

k=0

B(k;n, p)eiuk =

n
∑

k=0

(

n

k

)

pk(1− p)n−keiuk

=

n
∑

k=0

(

n

k

)

(peiu)k(1− p)n−k = (peiu + 1− p)n.

(b)

φ(u) =
∞
∑

k=0

λk

k!
e−λeiuk = e−λ

∞
∑

k=0

(λeiu)k

k!
= e−λeλe

iu

= eλ(e
iu−1).
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