COM 5110

Random Processes for Communications - Spring 2018
Solutions for homework 1

1. The size of the sample space in this case is |{2] = 365". We are interested in the event A that
r people have different birthdays. Hence,

|A] =365 x 364 x --- x (365 —r+ 1),

so, we have:

365 x 364 x -+ x (365 —r +1) 364, 363 365 —r+1

PlA] = 365" =G/ Ge5) (T a6 )
1 9 r—1

Taking the natural logarithms, and using the hint In(1 — x) ~ —z, for |z| < 1, we have:

1 2 -1 1 -1 —r(r—1
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365 365 365 365 2 730
Hence,
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For r = 23, P[A] ~ 0.500 and for r = 56, P[A] ~ 0.0147.
2. (a)
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Then, use the formula for a geometric series:
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Differentiating both sides, we have:
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By differentiating the formula for a geometric series twice, we have:
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So

Fxy(x,y) / / fxvy (u,v)dudv = k/ / “AU=BY oy dy

k
= k(/ “”dv)(/ e Mdu) = —(1 — e M)(1 — e ).
0 0 pA
Since limy y 00 Fxy (2,y) = 1, we find that £ = pX. Therefore,

Fxy(z,y)=(1—e M)(1 - ef)‘z).

Fx(xz) =limy oo Fxy(z,y) =1 — e,

Fy(y) =limg oo Fxy (z,y) =1 — e M.

é%FXY(w,y) _ )\e_)‘“*’(l — e M)
fx(z) e~ AT

Fyx(ylr) = =1-e " =Fy(y)



4. (a) Let X;’s be random variables. Then,

E{ZaiXi]Y} ://---/<Zaixi>fX1X2,,,XnY(x17x27---7xn)dx1dx2---dxn
i i=1
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for all n and scalars a1, as,...,a,. Thus E[-|Y] is a linear operator.

(b)
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and

BLELY) = [ ety |

Y T

shv(@)ds = [ o [ fovpdnds = [ f@)ds = BIX),
(©)

E[h(Y)g(X)Y] = /h(Y)g(X)fxw(w)dw = h(Y) /g(w)fxy(w)dx = h(Y)Elg(X)[Y].

5. (a) Since fx(z —y) is nonzero for y < z and fy(y) is nonzero for y > 0, we have:
z z 1 — ¢~ (B=Nz
fz(2) = / Fx(z =) fy (y)dy = Aue ™ / e Ay = e

0 0 (= Az

= %(6_)\2 —e 1), for pu # A

(b) When p =X = pu— A =0, we have:
fz2(z) = / fx(z = y) fy (y)dy = Ape™ ™ / e WYy = pe™ / ldy = Apze 2.
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6. (a)
DZ = {((L‘,y) :min(x,y) S Z}

Draw a vertical line X = z and a horizontal line Y = z. Then the left side of X = z,
and the area below Y = z should constitute the shaded area D,.

(b)
Fz(z) = Pmin(X,Y) < 2] = P[X < zor Y < 2] = Fx(2) + Fy(2) — Fxy(z,2).
(c) If X and Y are independent, then
Fxy(z,2z) = Fx(2)Fy ().
Then, differentiating the both side with respect to z, we have:
fxv(z,2) = [x(2)Fy (2) + Fx (2) fy (2).
Therefore,

f2(2) = fx(2) + fy(2) = fx(2)Fy (2) — Fx(2) fy (2).



(b)

fx(2) =A™, fy(2) = pe*2,

FX(Z):P[ng]:/OZfX(a) da:/oz)\e_)‘“ da=1—e"?

Fy(z)=P[Y < z] = /O fy (b) db = /O pe M db=1— e H*,

Then, we find
f2(2) = fx(2) + fy(2) = fx(2)Fy (2) — Fx(2)fy (z) = (A + p)e” ATH2,

Let X1 = Rcos©, Xs = Rsin®. The joint PDF of X, X5 is given as

1 =f+e3
T1,T9) = —e 2
fxix, (21, 22) 5

The PDF of R,© can be found as
fre(r,0) = |J|fx,x,(21,72),

where

O(xy,w2) cosf  sinf B
o(r,0) d ([ —rsinf  rcosf }) -

Thus,

roo_r2
fro(r,0) = %e 7,

Since this joint PDF does not depend on #, the RVs R and © are not only independent
but also O is uniform. Thus the joint PDF can be written as fo(0)fr(r), where

1
Jo(#) = 5, 0< 6 <2m,

and

2

fr(r)=re 2.
and the RV O is uniform in [0, 27].
By integrating the PDF obtained above, we have:
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10.

(b) Since F = Y™ the rth moment of F is

Va /na
r n2 .\, r —r
E[F"] = (n_l) EV]E[V; ]
By the result of 8(a), we have:
2D (% + 1) (% 1)
E[V]] = = and E[V, "] = 2
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Hence,
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From the conditions & +r > 0 and % —r > 0, we obtain —n; < 2r < n.

tX e’ —1
M (t) —d:c— —| = , for t #0.

For t = 0, by definition M (0) = E[e°] = 1.
(b)

1 a 1 tr]a at _ ,—at inh(at
M(t):—/ etxdx:—[e—} = ¢ M (a),fort;é().
2a J_, 2a a at

For t = 0, by definition M (0) =
()
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(a) By definition,
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