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Q1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (total: 15 Points)
Consider the optimization problem

min
x∈R,y∈R

e−x

s.t. x2/y ≤ 0

with problem domain D = {(x, y)| y > 0}.
(a) (5 pt.)Verify that this is a convex optimization problem, and find the optimal solution (x?, y?)

and the optimal value p?.

(b) (5 pt.)Derive the Lagrange dual problem, and find the optimal solution λ? and the optimal
value d? of the dual problem. What is the duality gap?

(c) (5 pt.)Discuss whether the Slater’s condition does hold for this problem or not.

Q2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (total: 20 Points)
Consider the following convex optimization problem

min log det

([
X1 X2

XT
2 X3

]−1)
s.t. Tr(X1) = α,

Tr(X2) = β,

Tr(X3) = γ,

where X1 ∈ Sn, X2 ∈ Rn×n, X3 ∈ Sn are the variables. The domain of the objective
function is S2n

++. Assume that α > 0, and αγ > β2.

(a) (10 pt.)Reformulate the problem by introducing new variable, X ,

[
X1 X2

XT
2 X3

]
. Then, derive

the KKT conditions of the reformulated problem.

(b) (10 pt.)Solve the KKT conditions to obtain the optimal solution.

Please go on to the next page. . .
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Suppose a block matrix of the form

X =

[
aIn bIn
cIn dIn

]
,

where a, b, c, d ∈ R. The inverse of X can be obtained as

X−1 =
1

ad− bc

[
dIn −bIn
−cIn aIn

]
.

Hint

Q3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (total: 15 Points)
Consider the following problem:

min
x∈Rn

+

α1T
nx +

η

2
‖s− x‖22, (2)

where α, η are nonnegative parameters and s ∈ Rn
+ is a given vector.

(a)(10 pt.) What are the KKT conditions of problem (2)?

(b)(5 pt.) Find the optimal (x?,λ?) pair.

Q4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (total: 20 Points)
Consider the following optimization problem

min
x∈Rn,s∈R

s (P4)

s.t. Ax− b−s1m � 0,

where A ∈ Rm×n, b ∈ Rm and 1m denotes the m-dimensional all-one vector.

(a)(5 pt.) Derive the Lagrange dual problem.

(b)(5 pt.) Does the Slater’s condition hold true? Prove your answer.

(c)(10 pt.) Define

A ,{x | Ax ≺ b},
B ,{λ | λ � 0, λ 6= 0, ATλ = 0, bTλ ≤ 0}.

Use the results in Part (a) and Part (b) to prove that A is an empty set if, and only
if, B is a nonempty set.

Q5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (total: 20 Points)
Consider f0(X) = log det X−1 with dom f0 = Sn

++.

(a)(10 pt.) Calculate the conjugate function of f0.

Note that f ∗0 (Y) = supX∈dom f {Tr(YX)− log det X−1}.
Hint

Question 5 may continues on the next page. . .
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(b) (10 pt.)Consider the problem,

p? = min
X

f0(X)

s.t. aT
i Xai ≤ 1, i = 1, . . . ,m.

By calculating the Lagrange dual function, find a lower bound for the optimal value
of the problem, p?.

Q6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (total: 10 Points)
A given undirected graph (G) can be represented by nonnegative symmetric matrix. Con-
sider symmetric matrix W ∈ Sn with nonnegative elements where the diagonal elements
are zero. The Laplacian of the graph is defined as L(W) , Diag (W1)−W. Consider the
optimization problem,

min
x∈Rn

nt

s.t. L(W) + Diag (x) � tI

1Tx = 0,

(6)

where W ∈ Sn is a given matrix. Show that the dual problem of (6) is,

max Tr
(
L(W)Z

)
s.t. vecdiag (Z) = 1

Z � 0.

(7)
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