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Total points: 100 9 Questions

Q1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (total: 25 Points)
Prove the following statements on Frobenius norm of a matrix ‖A‖F ([1, Eq. (1.6)]):

(a) (5 pt.)K = Sn
+, f(A) = ‖A‖F is K-nondecreasing.

(b) (5 pt.)K = Sn
++, f(A) = A−1 is K-convex.

(c) (5 pt.)K = Sn
++, f(A) = ‖A−1‖F is convex.

Note that part (b) has been solved in [1, Example 3.13, 3.15]. So, your proof for part
(b) must be different from these two examples.

Note

Q2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (total: 10 Points)
Consider A ∈ Rm×n, x ∈ Rn, and b,λ ∈ Rm. Define A , {x | Ax ≺ b} and

B , {λ | λ � 0, λ 6= 0, ATλ = 0, bTλ ≤ 0}.

(a) (3 pt.)Prove that C = {b−Ax | x ∈ Rn} is a convex set.

(b) (7 pt.)Apply the separating hyperplane theorem to prove that A is an empty set if and only
if, B is a nonempty set.

Q3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (total: 10 Points)
Let K ⊆ Rm be a proper cone, and K∗ denotes its dual cone. Show that a function
f : Rn → Rm is K-convex if and only if for every w �K∗ 0, the function wTf is convex.

Q4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (total: 10 Points)

(a) (3 pt.)Consider f : Rn → R as a convex function and denote x? as its global minimum. For
all y ∈ Rn, the function g : R→ R defined by g(α) , f(x?+αy) is defined. Prove that
x? is the global minimum of f if and only if ∀y ∈ Rn, α? = 0 is the global minimum
of the function g(α).

(b) (7 pt.)Let’s consider a case where the function f is nonconvex. Denote x = (x1, x2) ∈ R2,
x? = (0, 0) and p, q ∈ R++, p < q. Let f : R2 → R, f(x1, x2) = (x2 − px21)(x2 − qx21).
Show that if f(y,my2) < 0 for y 6= 0 and m satisfying p < m < q, then x? is not a local
minimum of f even though it is a local minimum along every line passing through x?.

Please go on to the next page. . .
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Q5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (total: 10 Points)
Consider the following optimization problem,

min
x∈Rn

sup
‖c‖2≤1

cTF(x)−1c

s.t. F(x) � 0,

where
F(x) = F0 + x1F1 + · · ·+ xnFn

and each Fi ∈ Sm. Reformulate it as the following,

max
x∈Rn,t∈R

t

s.t. F(x)− tI � 0,

F(x) � 0,

You may take a look at [1, (Maximum eigenvalue minimization) Example 8.1].

Hint

Q6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (total: 5 Points)
Consider the complex least `2-norm problem,

min
x
‖x‖2

s.t. Ax = b,

where A ∈ Cm×n, b ∈ Cm, and the variable is x ∈ Cn. Here ‖ · ‖2 denotes the `2-norm on
Cn, defined as

‖x‖2 =

(
n∑

i=1

|xi|2
)1/2

.

Assume that A is full rank, and m < n. Formulate the complex least `2-norm problem as
a least `2-norm problem with real problem data and variable.

Q7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (total: 10 Points)
Reformulate the following optimization problem,

max
p,r∈RK

(
K∏
k=1

rk

)1/K

s.t. rk ≤ ln

(
1 +

pk

σ2
k +

∑K
j 6=k αk,jpj

)
, k = 1, . . . , K,

0 ≤ pk ≤ Pk, k = 1, . . . , K,

where all σ2
k, αk,j, and Pk are given positive real numbers, into a convex problem.

Please go on to the next page. . .



Convex Optimization Chapter 1-4 — Convex Optimization Problems Page 3 of 3

The following functions are convex:

f(x) = ln
( K∑

k=1

ak exp(xk)
)
, dom f = RK , where ak ≥ 0 for k = 1, . . . , K,

g(t) = ln(exp(exp(t))− 1), dom g = R.

Hint

Q8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (total: 10 Points)
The function f : Rn → R is a quasiconvex function. Consider the convex set X ⊆ Rn and
denote p? = infx∈X f(x). Assume that f is not constant on any line segment of X. Prove
that every local minimum of f over the set X, is also the global minimum.

Q9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (total: 10 Points)
Consider the optimization problem (P1),

min
x∈Rn

‖Ax− b‖1
cTx + d

s.t. ‖x‖∞ ≤ 1,

(P1)

where A ∈ Rm×n, b ∈ Rm, c ∈ Rn, and d ∈ R. Suppose cTx + d > 0 for all feasible x.

(a) (4 pt.)Prove (P1) is a quasiconvex optimization problem.

(b) (6 pt.)Show that (P1) is equivalent to (P2),

min
y∈Rn

‖Ay − bt‖1

s.t. ‖y‖∞ ≤ t

cTy + dt = 1,

(P2)

where t ∈ R.
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