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Total points: 100 9 Questions

QL (total: 25 Points)
Prove the following statements on Frobenius norm of a matrix ||A||# ([1, Eq. (1.6)]):

(a) K =87, f(A) = |[|A]|r is K-nondecreasing.
(b) K =S%,, f(A) = A~!is K-convex.
(¢) K=S1,, f(A) = ||A7Y|F is convex.
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(b) must be different from these two examples.

o

Note that part (b) has been solved in [1, Example 3.13, 3.15]. So, your proof for part

Q2 (total: 10 Points)
Consider A € R™™ x € R", and b, A € R™. Define A £ {x | Ax < b} and

BE2{|A>=0, X#0, A"™x=0, b'A<o0}.

(a) Prove that C = {b — Ax | x € R"} is a convex set.

(b) Apply the separating hyperplane theorem to prove that A is an empty set if and only
if, B is a nonempty set.

Q3 (total: 10 Points)
Let K C R™ be a proper cone, and K* denotes its dual cone. Show that a function
f:R" = R™ is K-convex if and only if for every w =g~ 0, the function w’ f is convex.

Q4 (total: 10 Points)

(a) Consider f:R"™ — R as a convex function and denote x* as its global minimum. For
ally € R", the function g : R — R defined by g(a) £ f(x*+ay) is defined. Prove that
x* is the global minimum of f if and only if Yy € R", a* = 0 is the global minimum
of the function g(«).

(b) Let’s consider a case where the function f is nonconvex. Denote x = (x,79) € R,
x* = (0,0) and p,q € Ry, p < q. Let f:R* = R, f(z1,22) = (z2 — pz?) (12 — q3).
Show that if f(y, my?) < 0 for y # 0 and m satisfying p < m < ¢, then x* is not a local
minimum of f even though it is a local minimum along every line passing through x*.
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0 (total: 10 Points)
Consider the following optimization problem,

min sup ¢’ F(x) 'c
XERT ell<1

s.t. F(x) > 0,

where

and each F; € S™. Reformulate it as the following,

max ¢
xER™ teR
s.t. F(x) —tI = 0,
F(x) > 0,
e, i i - Hint i i i \

Q6 (total: 5 Points)
Consider the complex least f,-norm problem,
min x|
s.t. Ax = b,
where A € C"™*" b € C™, and the variable is x € C". Here || - |2 denotes the ¢y-norm on

C", defined as

n 1/2
Il = (Z |in2> :
i=1

Assume that A is full rank, and m < n. Formulate the complex least fo-norm problem as
a least /o-norm problem with real problem data and variable.

QT (total: 10 Points)
Reformulate the following optimization problem,

K\ VK
max H Tk
p,reRE

k=1
s.t.rk§1n<1+ 5 Z;f ),k:L...,K,
Uk+2j7ék Qk,jDj
OSkale k:17"'7K7

where all 67, ay,;, and Py are given positive real numbers, into a convex problem.

Please go on to the next page. ..
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The following functions are convex:

K
f(x) :ln<2akexp(xk)>, dom f =RE, wherea, >0fork=1,..., K,
k=1

g(t) = ln(expzexp(t)) —1), domg=R.

Q8 (total: 10 Points)
The function f: R™ — R is a quasiconvex function. Consider the convex set X C R" and
denote p* = infycx f(x). Assume that f is not constant on any line segment of X. Prove
that every local minimum of f over the set X, is also the global minimum.

QO (total: 10 Points)
Consider the optimization problem (P1),
o Ax b,
xeRn  cI'x+d (P1)

st x|l <1,

where A € R™" b € R™, ¢ € R?, and d € R. Suppose c'x + d > 0 for all feasible x.
(a) Prove (P1) is a quasiconvex optimization problem.

(b) Show that (P1) is equivalent to (P2),

. Av
min |Ay — bt|,

s.t. Iyl <t (P2)
cly +dt =1,

where ¢t € R.
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