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Outage-Based QoS Constraints in
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Abstract—To improve wireless heterogeneous network service
via macrocell and femtocells that share certain spectral resources,
this paper studies the transmit beamforming design for femtocell
base station (FBS), equipped with multiple antennas, under an
outage-based quality-of-service (QoS) constraint at the single-
antenna femtocell user equipment characterized by its signal-
to-interference-plus-noise ratio. Specifically, we focus on the
practical case of imperfect downlink multiple-input single-output
(MISO) channel state information (CSI) at the FBS due to
limited CSI feedback or CSI estimation errors. By characterizing
the CSI uncertainty probabilistically, we formulate an outage-
based robust beamforming design. This nonconvex optimization
problem can be relaxed into a convex semidefinite programming
problem, which reduces to a power control problem when all
CSI vectors are independent and identically distributed. We
also investigate the performance gap between the optimal trans-
mission strategy (that allows maximum transmission degrees of
freedom (DoF) equal to the number of transmit antennas) and
the proposed optimal beamforming design (with the DoF equal
to one) and provide some feasibility conditions, followed by their
performance evaluation and trade-off through simulation results.

Index Terms—Convex optimization, femtocell, macrocell, ro-
bust beamforming, semidefinite relaxation (SDR).

I. INTRODUCTION

FEMTOCELLS, whose services are made possible by
operator-certified home base stations, are low power

cellular access points and have been recognized as a cost-
effective way to strengthen cellular network coverage and
to provide good quality of service (QoS) to mostly indoor
data users. The general concept of femtocells can be found
in [1], [2] and the references therein. Femtocell deployment
is used to improve spectrum efficiency by letting femtocell
and macrocell share and access some common spectrum.
Spectral sharing between femtocell users and macrocell users
will inevitably lead to mutual interference. Such interference
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may significantly degrade users’ QoS at the femtocell and
macrocell [3]. For this reason, interference management at
femtocell is one of the key issues in femtocell-augmented
heterogeneous networks [1]–[5].

In [4], a downlink femtocell beamforming design is con-
sidered for minimizing the total transmit power under signal-
to-interference-plus-noise ratio (SINR) and interference con-
straints on multiple-input single-output (MISO) channels. In
general, optimizing beamforming vector subject to the SINR
and interference constraints is not a convex optimization
problem. However, it has been shown that the problem can
be equivalently reformulated into a convex second-order cone
program (SOCP); thus the optimal beamformer can be effi-
ciently obtained [4], [6]. It has been shown in [7] that the
optimal beamformer can also be iteratively solved by uplink-
downlink duality. In addition, one can also solve the problem
by applying semidefinite relaxation (SDR) [8]. These methods
offer various advantages in terms of computational complexity,
and offer different implications both in theory and in practical
implementations.

Transmit beamforming has been considered as an efficient
approach to interference management at femtocell downlink
transmission given channel state information (CSI). Many
conventional interference management methods such as those
reported in [4], [5], and [7] are based on the assumption of
perfect CSI at basestation transmitters. Unfortunately, perfect
CSI is never available in practice. There are several reasons
for the lack of perfect CSI at transmitters in frequency division
duplex (FDD) systems. First, in fast fading environment,
receivers may not have sufficient time or bandwidth to provide
an accurate estimate of the time-varying channel. Second,
even when channel fading is moderate, channel estimation
errors at the receiver and limited feedback bandwidth make the
transmitter impossible to acquire perfect CSI knowledge [9].
Although in time division duplex (TDD) systems, the basesta-
tion transmitter can exploit channel reciprocity to estimate its
downlink CSI, the short coherence time in fast fading channels
would still render the CSI outdated. Thus, base stations
generally do not possess accurate instantaneous CSI. They
instead may only have statistical information of the channels.
If inaccurate CSI is used to design the transmit beamformers
without taking their CSI uncertainty into account, the users
may experience severe performance loss and QoS outage.

Recently, robust transmit beamforming designs that aim to
provide some QoS for each user under CSI errors have drawn
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considerable attention. Specifically, performance requirements
of each user must be satisfied even with the worst possible
CSI errors, or, alternatively, with sufficiently high probability
(which is the focus of this paper). For example, in [10]–
[12], a worst-case QoS constrained problem is considered, for
which the QoS constraints are satisfied for all the possible
CSI errors in a bounded uncertainty set. Such designs often
tend to be pessimistic. Instead of focusing on the worst-case
performance constraint, a different and often more practical
robust design centers on the QoS performance based on outage
in a probabilistic setting. In this work, we focus on outage-
based robust beamforming (which can be thought of as one
precoding method). In outage-based robust beamforming, the
design criterion is to characterize QoS performance constraints
in terms of an outage probability. Based on the uncertainty
of random CSI errors with known distribution, we design
transmit beamformers to guarantee the outage probability
below a (small) preset threshold.

The challenge in robust design of transmit beamforming
under outage-based QoS constraints lies in the lack of closed-
form expressions of the associated probability constraints.
In addition, such problem formulations may not be convex
in general and hard to solve optimally. Perhaps because
of this challenge, there have been very few works on the
probabilistically constrained QoS design for robust femtocell
beamforming. Indeed, Oh et al. [13] determined the transmit
power to guarantee the minimum (worst-case) target SINR of
femtocell user equipments (FUEs) and the beam directions
based on the minimum mean square error (MMSE) criterion.

In this paper, assuming that the low cost FUE is equipped
with a single antenna, we develop a minimum power down-
link beamforming design for multiple-antenna femtocell base
station (FBS) given imperfect CSI. In particular, we consider
cases when statistical information of the downlink channels or
imperfect downlink CSI parameters is known to the FBS. By
modeling CSI estimation errors as complex Gaussian random
vectors, SINR performance at the FUE and the interference
level constraint at the macrocell user equipment (MUE) cannot
be universally guaranteed for any beamforming algorithm.
Instead, we design FBS downlink beamformer such that
the outage event occurs below a low probability threshold.
However, probabilistic constraints often have no closed-form
expressions and may not be convex in general, making the
outage-based QoS constrained problem hard to solve.

The main contributions of this paper are summarized as
follows:

• To overcome the difficulty posed by the non-convexity
of the outage-based QoS constrained problem, we ap-
ply SDR to convert it into a convex problem, which
has efficient interior-point based solvers, e.g., SeDuMi
[14] or CVX [15]. In addition, we show that, when the
downlink channels are spatially uncorrelated, the robust
beamforming design problem can be exactly solved by
using simple bisection algorithm [16]. Furthermore, we
investigate conditions under which optimal solutions are
feasible.

• Moving beyond the beamforming transmission strategy
(with the degrees of freedom (DoF) equal to one), we
consider the transmit covariance matrix design (that al-

lows maximum DoF equal to the number of transmit an-
tennas). When the FBS has perfect CSI, it has been shown
that beamforming is an optimal transmission strategy in
terms of transmit power minimization [17]. However,
using beamforming strategy is not necessarily optimal
with only imperfect CSI knowledge at the FBS. In light
of this point, we propose a new transmission strategy and
show its optimality under a given condition.

The rest of this paper is organized as follows. In Section II,
we present the problem formulation of outage-based robust
FBS beamforming design problem. In Section III, we solve
the problem for the case that the FBS has only the statistical
information of the downlink channels. We also consider the
case of partial CSI feedback scenario and solve the corre-
sponding outage-based constrained optimization problem in
Section IV. We then investigate the optimal robust downlink
transmission strategy for FBS in Section V. We present
numerical simulation results in Section VI to demonstrate
the advantages of our robust designs before concluding in
Section VII.

II. SYSTEM MODEL AND PROBLEM STATEMENT

A. Notation

The notations Rn, Cn, and Hn stand for the sets of n-
dimensional real vectors, complex vectors, and Hermitian
matrices, respectively. We use boldfaced lowercase letters,
e.g., a, to represent vectors and uppercase letters, e.g., A,
to represent matrices. Tr(A) and λmax(A) denote the trace
and maximum eigenvalue of A, respectively. Superscript ‘H’
represents (Hermitian) conjugate transpose. A � 0 means
that the matrix A is positive semidefinite. vec(A) denotes
the vector obtained by stacking the column vectors of A. [a]i
(or simply ai) stands for the ith entry of a. For a complex
A, we denote by Re{A} and Im{A} its real and imaginary
parts, respectively. In denotes the n× n identity matrix. ‖ · ‖
and ‖ · ‖F represent the vector Euclidean norm and matrix
Frobenius norm, respectively. E[·], Prob{·}, and exp(·) denote
the statistical expectation, probability function and exponential
function, respectively. We write x ∼ CN (μ,C) if x − μ is
a circular symmetric complex Gaussian random vector with
zero mean and covariance matrix C � 0.

B. System Model

We consider a two-tier heterogeneous network that includes
both macrocell coverage and localized femtocells. Consider
the system model illustrated in Fig. 1. The macrocell base
station (MBS), equipped with NM antennas, communicates
with a single-antenna MUE. The closed access FBS, equipped
with NF antennas, serves a single-antenna FUE which shares
the MUE spectrum during the downlink transmission of MBS
and FBS. The MUE belongs to tier-1 with a higher priority
for QoS guarantee while the FUE is in tier-2 whose service
can be characterized as “best-effort” in nature. The channel
between MBS and FUE is denoted by hFM ∈ C

NM ; that
between FBS and FUE is denoted by hFF ∈ CNF ; and that
between FBS and MUE is denoted by hMF ∈ CNF .
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Fig. 1. System model.

The transmit signal at the FBS is given by

x(t) = wF · sF (t), (1)

where sF (t) ∈ C is the information-bearing signal intended
for the FUE, which is generated from a Gaussian random
codebook with zero mean, and wF ∈ CNF is the associated
beamforming vector. Let the transmit signal at the MBS be
wM · sM (t). Therefore, the received signal at the FUE can be
expressed as

y(t) = hH
FFwF sF (t) + hH

FMwMsM (t) + nF (t), (2)

where the first term is the intended signal for FUE, the second
term is the interference from macrocell, and nF (t) ∈ C is
additive noise at FUE with power σ2

F > 0. The QoS of
the FUE is measured in terms of its SINR. Without loss of
generality, suppose that E[|sF (t)|2] = 1 and E[|sM (t)|2] = 1.
Then the SINR at FUE can be represented as

SINRF =
|hH

FFwF |2
|hH

FMwM |2 + σ2
F

, (3)

and the interference power at the MUE from the femtocell can
be seen to be |hH

MFwF |2.

C. Optimal Beamforming with Perfect CSI

The FBS aims to design its beamforming vector wF such
that the transmit power is minimized, subject to an SINR
constraint on the FUE and an interference power constraint
on the MUE, i.e.,

|hH
FFwF |2

|hH
FMwM |2 + σ2

F

≥ γF and |hH
MFwF |2 ≤ εM , (4)

where γF ≥ 0 and εM ≥ 0 are the preset target values.
Mathematically, the problem can be formulated as

min
wF∈CNF

‖wF ‖2 (5a)

s.t.
|hH

FFwF |2
|hH

FMwM |2 + σ2
F

≥ γF , (5b)

|hH
MFwF |2 ≤ εM . (5c)

Although problem (5) is not convex, it can be equivalently
reformulated into a convex SOCP [6], [8], i.e.,

min
wF∈CNF

‖wF‖2 (6a)

s.t. hH
FFwF ≥

√
γF

(|hH
FMwM |2 + σ2

F

)
, (6b)

|hH
MFwF |2 ≤ εM , (6c)

Im
{
hH
FFwF

}
= 0, (6d)

and thus can be efficiently solved by using interior-point based
solvers, e.g., SeDuMi [14] or CVX [15].

D. Optimal Beamforming with Imperfect CSI

Typically, femtocells are connected to macrocell network
via a wired broadband backhaul link such as digital subscriber
line (DSL) [18], and thus we assume that the beamforming
vector at the MBS, wM , is perfectly known to the FBS. In
contrast to the assumption of the perfect CSI hFF , hFM ,
and hMF made in the conventional formulation in (5), in our
work, we specifically consider two cases based on the available
channel information at the FBS:

1) No CSI feedback: The FBS has no instantaneous channel
estimate sent back from the FUE, and the FBS knows
only the statistical information of the channels:

hFF ∼ CN (0,Ch,FF ), hFM ∼ CN (0,Ch,FM ),

hMF ∼ CN (0,Ch,MF ), (7)

where channel covariance matrices Ch,FF , Ch,FM , and
Ch,MF are positive definite. This model is more advis-
able for a fast fading system [19], where the feedback
channel is unable to provide a reliable estimate of the
current CSI, and thus no instantaneous CSI estimate is
fed back to FBS.

2) Partial CSI feedback: The FBS receives estimated CSI
hFF and hFM from FUE, but knows only the statistical
information of hMF ∼ CN (0,Ch,MF ) (due to the lack
of feedback link from MUE). Specifically, the true CSIs
hFF and hFM are modeled as

hFF = ĥFF + eFF and hFM = ĥFM + eFM , (8)

where ĥFF ∈ CNF and ĥFM ∈ CNM are the channel es-
timates of hFF and hFM , respectively, and eFF ∈ CNF

and eFM ∈ CNM denote the corresponding estimation
error vectors. Assume that

eFF ∼CN (0,Ce,FF ) and eFM ∼CN (0,Ce,FM ). (9)

The model given by (8) is suitable for slow fading
channels [19].

In the presence of CSI uncertainty, the beamforming so-
lution to problem (5) will no longer guarantee the QoS
requirement in (4) universally. To mitigate this QoS outage,
our goal is to design the beamforming vector at the FBS,
wF , such that the outage occurs below a small probability
threshold. Mathematically, we come up with the following
robust beamforming design problem:
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min
wF∈CNF

‖wF ‖2 (10a)

s.t. Prob

{ ∣∣hH
FFwF

∣∣2∣∣hH
FMwM

∣∣2 + σ2
F

≥ γF

}
≥ 1− ρF ,

(10b)

Prob
{|hH

MFwF |2 ≤ εM
} ≥ 1− ρM , (10c)

where ρF and ρM denote the preset maximum tolerable outage
probabilities for SINR and interference power constraints,
respectively.

We note that problem (10) is almost intractable since
constraints (10b) and (10c) may not be convex and have no
closed-form expressions in general. In Section III and Section
IV, we will solve problem (10) for the No CSI feedback and
Partial CSI feedback cases, respectively.

III. NO CSI FEEDBACK SCENARIO

In this section, we will show that problem (10) under
the channel model in (7) can be formulated as a convex
optimization problem by using SDR. To this end, we first
find closed-form expressions for the probability functions in
(10b) and (10c). For the probability function in (10b), one can
observe that the random variables |hH

FFwF |2 and |hH
FMwM |2

are independently exponential distributed with parameters
1/(wH

F Ch,FFwF ) and 1/(wH
MCh,FMwM ), respectively, and

the closed-form expression has been shown in [20, Appendix
I]. Therefore, constraint (10b) can be equivalently written as

exp

( −γFσ2
F

wH
F Ch,FFwF

)
wH

F Ch,FFwF

wH
F Ch,FFwF + γFwH

MCh,FMwM

≥ 1− ρF . (11)

The probability function in (10c) is in fact a cumulative distri-
bution function (CDF) of an exponential random variable with
parameter 1/(wH

F Ch,MFwF ). Therefore, constraint (10c) can
be represented as

wH
F Ch,MFwF ≤ εM/ ln(1/ρM ). (12)

As a result, problem (10) can be equivalently expressed as

min
wF∈CNF

‖wF ‖2 (13a)

s.t. exp

( −γFσ2
F

wH
F Ch,FFwF

)
×

wH
F Ch,FFwF

wH
F Ch,FFwF + γFwH

MCh,FMwM
≥ 1− ρF ,

(13b)

wH
F Ch,MFwF ≤ εM/ ln(1/ρM ). (13c)

Although problem (13) is still not convex due to nonconvex
constraint (13b), the problem has a more tractable form than
problem (10).

We now handle problem (13) by SDR [16], [21], [22].
Specifically, we define a positive semidefinite matrix WF =
wFw

H
F and then relax the nonconvex rank-one constraint on

WF . This yields the relaxed problem (14), shown at the top
of the next page. The relaxed optimization problem in (14)
is now convex (by the second-order condition of convexity),

and can be efficiently solved using off-the-shelf optimization
software.

If the obtained solution of problem (14), denoted by W �
F ,

is of rank one, then we can simply perform the rank-one
decomposition W �

F = w�
F (w

�
F )

H , and output w�
F as the

optimal beamforming solution to problem (10), or equivalently
problem (13). If W �

F has rank higher than one, one can
apply some rank-one approximation procedure [22] to obtain
a feasible beamforming solution for problem (13).

Next let us present a special case of independent identically
distributed (i.i.d.) channels for hFF and hMF , and show that
the power minimization problem (13) can be exactly solved
in this case. Then, we investigate the feasibility condition for
problem (13).

A. Spatially i.i.d. hFF and hMF

Assume that the channels hFF and hMF are spatially i.i.d.,
i.e., [see (7)]

Ch,FF = σ2
h,FF INF and Ch,MF = σ2

h,MF INF . (15)

This assumption is advisable for the case that FBS is located in
a rich-scattered environment and the antennas at the FBS are
spatially separated enough to be uncorrelated. Then, problem
(13) can be simplified to the following power minimization
problem:

min
PF∈R

PF � ‖wF ‖2 (16a)

s.t. g(PF ) � exp

(
−γFσ2

F

σ2
h,FFPF

)
×

σ2
h,FFPF

σ2
h,FFPF + γFwH

MCh,FMwM
≥ 1− ρF , (16b)

PF ≤ εM
σ2
h,MF ln(1/ρM )

, (16c)

PF ≥ 0. (16d)

Since the function g(PF ) in constraint (16b) is strictly increas-
ing in PF , the optimal transmit power, denoted by P �

F , can be
found by bisection [16]. In the bisection search, one can set
the upper bound on PF , denoted by PF,max, to [by (16c)]

PF,max =
εM

σ2
h,MF ln(1/ρM)

, (17)

and the lower bound PF,min = 0. The optimal PF is the one
such that constraint (16b) is active. The resulting bisection
algorithm for finding the optimal PF to problem (16) is
summarized in Algorithm 1. The optimal transmit beamformer
is determined as w�

F =
√
P �
FuF , where uF ∈ CNF is an

arbitrary column vector with ‖uF ‖ = 1.

B. Feasibility Condition for Problem (13)

Although problem (13) can be efficiently solved by using
SDR [see (14)], it may not be feasible if the parameters, e.g.,
ρF , γF , ρM , and εM , are poorly chosen such that the feasible
set under constraints (13b) and (13c) becomes empty. To this
end, a sufficient and necessary condition under which problem
(13) is feasible is given in the following proposition.
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min
WF∈HNF

Tr(WF ) (14a)

s.t. Tr(Ch,FFWF )≥(1−ρF )
(
Tr(Ch,FFWF ) exp

(
γFσ

2
F

Tr(Ch,FFWF )

)
+γFw

H
MCh,FMwM exp

(
γFσ

2
F

Tr(Ch,FFWF )

))
,

(14b)

Tr(Ch,MFWF ) ≤ εM/ ln(1/ρM ), (14c)

WF � 0. (14d)

Algorithm 1 Bisection search for finding P �
F to problems (16)

and (29).

1: Set PF,min = 0 and PF,max = εM/(σ
2
h,MF ln(1/ρM ));

set a solution accuracy ε > 0;
2: repeat
3: find the value of g(PF ) in (16b) [or f(PF ) in (29b)]

for PF = (PF,min + PF,max)/2;
4: if g(PF ) ≥ 1 − ρF [or f(PF ) ≥ 1 − ρF ], then update

PF,max = PF ; otherwise, update PF,min = PF ;
5: until PF,max−PF,min ≤ ε; then output PF as the desired

transmit power.

Proposition 1 Problem (10) under no CSI feedback scenario,
or equivalently problem (13), is feasible if and only if

exp

(
−γFσ

2
F ln (1/ρM )

λmaxεM

)
×

λmaxεM
λmaxεM + γFwH

MCh,FMwM ln (1/ρM)
≥ 1− ρF , (18)

where λmax > 0 is the maximum eigenvalue of
C

−1/2
h,MFCh,FFC

−1/2
h,MF .

Proof: See Appendix A. �

Remark 1 Following similar derivations in Proposition 1
with Ch,FF and Ch,MF replaced by hFFh

H
FF and

hMFh
H
MF , respectively, we can show that problem (5) is

feasible if and only if

λmaxεM ≥ γF
(|hH

FMwM |2 + σ2
F

)
, (19)

where λmax > 0 is the principal generalized eigenvalue for
the matrix pair (hFFh

H
FF ,hMFh

H
MF ).

Remark 2 Consider the case that only the statistical infor-
mation of wM (rather than the exact wM ) is known to FBS,
e.g., wM is selected from a codebook W . Let pi denote the
probability that the MUE picks the ith beamforming vector
wM,i ∈ W and feeds back its index using B bits to the MBS.
Then constraint (10b) averaged over the codebook W under
the channel model (7) can be expressed as [see (11)]

exp

( −γFσ2
F

wH
F Ch,FFwF

)
×

2B∑
i=1

pi
wH

F Ch,FFwF

wH
F Ch,FFwF +γFwH

M,iCh,FMwM,i
≥1−ρF . (20)

Applying SDR to (20) gives rise to

2B∑
i=1

pi
Tr (Ch,FFWF )

Tr (Ch,FFWF ) + γFwH
M,iCh,FMwM,i

≥ (1− ρF ) exp

(
γFσ

2
F

Tr (Ch,FFWF )

)
, (21)

which is still a convex constraint (by the second-order con-
dition of convexity). Thus, problem (14) with constraint (14b)
replaced by (21) remains convex for this case.

IV. PARTIAL CSI FEEDBACK SCENARIO

In the previous section, we have presented the transmit
power minimization problem when the FBS has no instan-
taneous CSI feedback from the FUE, but knows the statistical
information of the channels. Obviously, when the FBS can
obtain its downlink CSI from the FUE, its transmit power
performance will be improved expectantly. In this section,
we will discuss the transmit power minimization problem
for the partial CSI feedback case that the FBS acquires
imperfect channel estimates of hFF and hFM modeled by
(8), but knows only the statistical information of hMF ∼
CN (0,Ch,MF ) (due to the lack of feedback link from MUE).
For this case, problem (10) can be written as

min
wF∈CNF

‖wF ‖2 (22a)

s.t. Prob

{ |(ĥFF +eFF )
HwF |2

|(ĥFM+eFM )HwM |2+σ2
F

≥γF
}
≥1−ρF ,

(22b)

Prob
{|hH

MFwF |2 ≤ εM
} ≥ 1− ρM . (22c)

Again, problem (22) is difficult to solve since the probability
function in (22b) has no closed-form expression and may not
be convex in general.

To proceed, we first formulate constraint (22b) into a
tractable form. One can show that under (9) the random
variables

XFF =
2|(ĥFF +eFF )

HwF |2
wH

F Ce,FFwF
, XFM =

2|(ĥFM+eFM)HwM |2
wH

MCe,FMwM

(23)

are noncentral chi-squared distributed [23] with two DoF and
noncentrality parameters ζFF and ζFM , respectively, where

ζFF =
2
∣∣∣ĥH

FFwF

∣∣∣2
wH

F Ce,FFwF
and ζFM =

2
∣∣∣ĥH

FMwM

∣∣∣2
wH

MCe,FMwM
. (24)
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E

[
Prob

{
XFF ≥ 2γF

wH
F Ce,FFwF

(
wH

MCe,FMwM

2
xFM + σ2

F

) ∣∣∣∣ XFM = xFM

}]
≥ 1− ρF

⇒ E

[
Q1

( √
2|ĥH

FFwF |√
wH

F Ce,FFwF

,

√
γF

(
wH

MCe,FMwMXFM + 2σ2
F

)
wH

F Ce,FFwF

)]
≥ 1− ρF , (25)

Therefore, according to (23) and (24) and using the total
probability theory with respect to XFM , constraint (22b) can
be equivalently expressed as in (25), shown at the top of the
next page, where Q1(α, β) denotes the first-order Marcum’s
Q-function [24], defined as

Q1(α, β) =

∫ ∞

β

x exp

(
−x

2 + α2

2

)
I0(αx)dx (26)

in which I0(·) is the zeroth-order modified Bessel function of
the first kind.

In what follows, we will solve problem (22) with constraint
(22b) replaced by (25). We first consider the special case
of Ch,MF = σ2

h,MF INF and Ce,FF = σ2
e,FF INF , and

then present a bisection-based method for obtaining the exact
solution. Then, we discuss how to handle problem (22) for the
case of general channel and error covariance matrices.

A. Spatially i.i.d. hMF and eFF

When Ch,MF = σ2
h,MF INF and Ce,FF = σ2

e,FF INF ,
constraint (22b) can be equivalently expressed as [see (25)]

E

[
Q1

(√
2|ĥH

FFuF |
σe,FF

,

√
γF (wH

MCe,FMwMXFM + 2σ2
F )

σ2
e,FF ‖wF ‖2

)]

≥ 1− ρF , (27)

where uF denotes the normalized beamforming vector wF ,
i.e., uF � wF /‖wF ‖. Furthermore, it has been shown in
[25, Theorem 1] that Q1(α, β) is strictly increasing in α ≥
0 for β > 0, and is strictly decreasing in β ≥ 0 for α ≥
0. According to this fact, one can see that constraint (27)
must be active when the optimal solution to problem (22) is
achieved; otherwise, one can obtain a lower transmit power
‖wF ‖2. Also, the optimal u�

F can be easily seen to be u�
F =

ĥFF /‖ĥFF‖, for which the function on the left-hand side of
constraint (27) can be represented by

f(PF � ‖wF ‖2) =
1

2

∫ ∞

0

Q1

(√
2‖ĥFF ‖
σe,FF

,

√
γF (wH

MCe,FMwMxFM+2σ2
F )

σ2
e,FFPF

)

× exp

(
− xFM + ζFM

2

)
I0(

√
ζFMxFM )dxFM , (28)

where ζFM is defined in (24). As a result, problem (22) can
be equivalently expressed as

min
PF∈R

PF (29a)

s.t. f(PF ) ≥ 1− ρF , (29b)

PF ≤ εM
σ2
h,MF ln(1/ρM )

, (29c)

PF ≥ 0. (29d)

Since f(PF ) is an increasing function of PF , again one
can use the bisection method to find the optimal P �

F for
which f(P �

F ) = 1 − ρF . By setting the upper bound on
PF to PF,max = εM/(σ

2
h,MF ln(1/ρM )) [see (29c), which

is the same as (16c)] and setting PF,min = 0, one can
obtain the optimal PF to problem (29) using Algorithm 1.
Once the transmit power P �

F is obtained, the optimal transmit
beamformer w�

F is determined as w�
F =

√
P �
F ĥFF /‖ĥFF‖.

Remark 3 For Ch,MF=σ
2
h,MF INF and Ce,FF=σ

2
e,FF INF ,

the optimal transmit beamformer w�
F=

√
P �
F ĥFF /‖ĥFF‖ to

problem (22) is feasible if and only if

f(εM/(σ
2
h,MF ln(1/ρM ))) ≥ 1− ρF , (30)

where the function f(·) is defined in (28). This result can be
straightforwardly shown by utilizing the monotonicity of f(·).

B. Spatially Correlated hMF , eFF , and eFM

We now consider problem (22) when channel vector hMF

and error vectors eFF and eFM are correlated complex Gaus-
sian distributed. Although constraint (22b) can be represented
by (25), problem (22) is still difficult to solve. To proceed, we
will follow the relax-and-restrict (RAR) approach in [26] to
tackle problem (22). More specifically, we first apply SDR
to problem (22), and then conservatively approximate the
SDR problem by tractable (convex) constraints based on a
Bernstein-type inequality [27].

To illustrate the method, let us express

eFF = C
1/2
e,FFvFF and eFM = C

1/2
e,FMvFM , (31)

where C
1/2
e,FF � 0 and C

1/2
e,FM � 0 are the positive semidef-

inite square roots of Ce,FF and Ce,FM , respectively, and
vFF ∼ CN (0, INF ) and vFM ∼ CN (0, INM ). Let

ĥ =

[
ĥFF

ĥFM

]
, C1/2 =

[
C

1/2
e,FF 0

0 C
1/2
e,FM

]
and v =

[
vFF

vFM

]
,

(32)

where v ∼ CN (0, INF+NM ) since vFF and vFM are statis-
tically independent. Applying SDR to problem (22), we have

min
WF∈HNF

Tr(WF ) (33a)

s.t. Prob
{
vHΦ(WF )v+2Re

{
vHη(WF )

}≥s(WF )
}

≥ 1− ρF , (33b)

Tr(Ch,MFWF ) ≤ εM/ ln(1/ρM ), (33c)

WF � 0, (33d)
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where

Φ(WF ) � C1/2WC1/2, η(WF ) � C1/2Wĥ, (34a)

s(WF ) � σ2
F − ĥHWĥ, (34b)

in which

W �
[ 1
γF

WF 0

0 −wMwH
M

]
. (35)

However, problem (33) is still intractable since the proba-
bility function in (33b) does not have closed-form expression
in general due to indefinite W . It has been shown in [26]
that the constraint in the form (33b) can be conservatively
approximated by tractable convex constraints based on a
Bernstein-type inequality [27] as follows:

Tr (Φ(WF )) −
√
2δx− δy ≥ s(WF ), (36a)√

‖Φ(WF )‖2F + 2‖η(WF )‖2 ≤ x, (36b)

yINF+NM +Φ(WF ) � 0, (36c)

y ≥ 0, (36d)

where δ � − ln(ρF ). Specifically, the constraints in (36) can
be represented as in (37), shown at the top of the next page,
which is a convex constraint set with respect to (WF , x, y),
and the constant ξFM in (37b) is defined as

ξFM �

γF

√
‖C1/2

e,FMwMwH
MC

1/2
e,FM‖2F + 2‖C1/2

e,FMwMwH
M ĥFM‖2.

(38)

To minimize the transmit power Tr(WF ), one can in-
fer from (37) that y must be the principal eigenvalue of
C

1/2
e,FMwMwH

MC
1/2
e,FM , i.e., y = ‖C1/2

e,FMwM‖2, when the
optimal WF is achieved. As a result, by (33) and (37) with
y replaced by ‖C1/2

e,FMwM‖2, a tractable approximation to
problem (22) is given by

min
WF∈H

NF ,
x∈R

Tr(WF ) (39a)

s.t.
1

γF
Tr
((
Ce,FF + ĥFF ĥ

H
FF

)
WF

)−√
2δx

≥σ2
F +wH

M

(
(1+δ)Ce,FM+ĥFM ĥH

FM

)
wM ,
(39b)

1

γF

∥∥∥∥∥∥∥
⎡
⎢⎣ vec

(
C

1/2
e,FFWFC

1/2
e,FF

)
√
2vec

(
C

1/2
e,FFWF ĥFF

)
ξFM

⎤
⎥⎦
∥∥∥∥∥∥∥ ≤ x, (39c)

Tr(Ch,MFWF ) ≤ εM/ ln(1/ρM ), (39d)

WF � 0, (39e)

where δ � − ln(ρF ) and ξFM is defined in (38). Problem
(39) is convex, and can be efficiently solved to yield a global
optimal WF .

If the obtained solution W �
F is not of rank one, then

the rank-one approximation procedure [22] can be applied
to obtain a feasible (conservative) beamforming solution to
problem (22).

V. OPTIMAL TRANSMISSION STRATEGY

A. Problem Generalization

In the original beamforming problem (10), it was implicitly
assumed the transmitted signal x(t) at FBS [see (1)] has zero
mean and rank-one covariance matrix wFw

H
F . In spite of

low implementation complexity of the designed beamformer
at the FBS, the system performance may not be optimal in
the sense of minimum transmit power. In this section, we
consider a more general linear precoding matrix PF such
that the covariance matrix of the transmit signal x(t) is
given by QF = E[x(t)x(t)H ] = PFP

H
F

1. We can directly
optimize the covariance matrix QF � 0 such that transmit
power Tr(QF ) is minimized while satisfying the QoS and
interference constraints. Mathematically, the problem can be
reformulated as

min
QF∈HNF

Tr(QF ) (40a)

s.t. Prob

{
hH
FFQFhFF∣∣hH

FMwM

∣∣2 + σ2
F

≥ γF

}
≥ 1− ρF ,

(40b)

Prob
{
hH
MFQFhMF ≤ εM

} ≥ 1− ρM , (40c)

QF � 0. (40d)

Obviously, the optimal transmission power obtained by solving
problem (40) will be lower than that obtained by solving
problem (10), due to the transmit signal has higher DoF for the
former. Similar to problem (10), problem (40) is not tractable
either because of the intricate probability functions in (40b)
and (40c).

B. Spatially i.i.d. hFF and hMF (No CSI Feedback)

Let us consider the case that the FBS knows only the
statistical information of the downlink channels and both the
channels hFF and hMF are spatially i.i.d. [see (15)], as
considered in Section III-A for beamforming design.

To solve problem (40), let us express

QF =Tr(QF )Q̃F , hFF =σh,FF ·vFF , hMF =σh,MF ·vMF

(41)

where Q̃F � 0, Tr(Q̃F ) = 1; vFF ∼ CN (0, INF ); and
vMF ∼ CN (0, INF ) are power normalized counterparts of
QF , hFF , and hMF , respectively. With the expressions in

1The detailed discussion on the signal processing for generating a signal
with covariance matrix QF at the FBS can be found in [28]. This technique
can be found in several published works, e.g., [28]–[30] to improve system
performance under the single-user MISO scenario.
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1

γF
Tr
((

Ce,FF + ĥFF ĥ
H
FF

)
WF

)
−
√
2δx− δy ≥ σ2

F +wH
M

(
Ce,FM + ĥFM ĥH

FM

)
wM , (37a)

1

γF

∥∥∥∥∥∥∥∥

⎡
⎢⎢⎣
vec

(
C

1/2
e,FFWFC

1/2
e,FF

)
√
2vec

(
C

1/2
e,FFWF ĥFF

)
ξFM

⎤
⎥⎥⎦
∥∥∥∥∥∥∥∥
≤ x, (37b)

yINF+NM +

[
1
γF

C
1/2
e,FFWFC

1/2
e,FF 0

0 −C
1/2
e,FMwMwH

MC
1/2
e,FM

]
� 0, (37c)

y ≥ 0, (37d)

(41), problem (40) can be equivalently written as

min
Q̃F∈H

NF ,
PF∈R

PF � Tr(QF ) (42a)

s.t. Prob

{
vH
FF Q̃FvFF ≤ γF

σ2
h,FFPF

×
(|hH

FMwM |2 + σ2
F

)} ≤ ρF , (42b)

Prob

{
vH
MF Q̃FvMF ≤ εM

σ2
h,MFPF

}
≥ 1− ρM ,

(42c)

Q̃F � 0, Tr(Q̃F ) = 1, PF ≥ 0. (42d)

We should point out that constraint (42c) actually provides
an upper bound on PF for which problem (42) is feasible.
Therefore, to minimize the transmit power PF , we only need
to consider constraints (42b) and (42d).

Let us first consider problem (42) with constraint (42c)
relaxed, i.e.,

min
Q̃F∈H

NF ,
PF∈R

PF (43a)

s.t. Prob

{
vH
FF Q̃FvFF ≤ γF

σ2
h,FFPF

×
(|hH

FMwM |2 + σ2
F

)} ≤ ρF , (43b)

Q̃F � 0, Tr(Q̃F ) = 1, PF ≥ 0. (43c)

One can observe that constraint (43b) must be active when the
optimal Q̃F and PF are achieved. To proceed, we need the
following lemma, and the proof is presented in Appendix B.

Lemma 1 Minimizing the probability function in (43b) with
respect to Q̃F under the constraints in (43c) will minimize
PF .

According to Lemma 1, the optimal Q̃F is obtained by
solving

min
Q̃F�0,

Tr(Q̃F )=1

E

[
Prob

{
vH
FF Q̃FvFF ≤ γF

σ2
h,FFPF

×

(z + σ2
F )

∣∣∣∣ |hH
FMwM |2 = z

}]
, (44)

where the expectation is taken with respect to the exponential
random variable |hH

FMwM |2. With the optimal Q̃F , denoted
by Q̃�

F , the optimal P �
F to problem (43) can be obtained by

solving

E

[
Prob

{
vH
FF Q̃

�
FvFF ≤ γF

σ2
h,FFPF

×

(z + σ2
F )

∣∣∣∣ |hH
FMwM |2 = z

}]
= ρF . (45)

However, the optimal transmission strategy Q�
F = P �

F Q̃
�
F [see

(41)] for problem (43) may not be feasible to problem (42)
because it may not satisfy the probability constraint (42c).
Due to this concern, in the next subsection, we will propose a
feasibility condition under which Q�

F is feasible and optimal
to problem (42).

We now concentrate on solving problem (44). Consider
the eigenvalue decomposition of Q̃F = UΛUH , where
U ∈ CNF×NF is a unitary matrix and Λ ∈ RNF×NF is
a diagonal matrix with eigenvalues λ1, . . . , λNF ≥ 0 being
the diagonal elements. Since any unitary transformation of
a Gaussian random vector will not make any change in its
probability density distribution, the expectation function in
(44) can be equivalently written as

E

[
Prob

{
vH
FFΛvFF ≤ γF

σ2
h,FFPF

×

(z + σ2
F )

∣∣∣∣ |hH
FMwM |2 = z

}]

= E

[
Prob

{ NF∑
i=1

λi|vi|2 ≤ γF
σ2
h,FFPF

×

(z + σ2
F )

∣∣∣∣ |hH
FMwM |2 = z

}]
, (46)

where vi denotes the ith entry of vFF . Moreover, it has
been shown in [30], [31] that for a given transmission DoF
equal to d, i.e., the number of positive eigenvalues in Q̃F ,
the probability function in (46) is minimized by uniformly
allocating the total power over d DoF, namely,

Prob

{
1

d

d∑
i=1

|vi|2 ≤ γF
σ2
h,FFPF

(z + σ2
F )

}

≤ Prob

{ d∑
i=1

λi|vi|2 ≤ γF
σ2
h,FFPF

(z + σ2
F )

}
, (47)
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for all z ≥ 0, where λi > 0, i = 1, . . . , d, and
∑d

i=1 λi = 1.
According to (47), one can easily show that the optimal

Q̃F to problem (44), or equivalently problem (43), can be
expressed by

Q̃�
F = U�Λ(d�)(U�)H , (48)

where d� denotes the optimal DoF (to be presented below);
U� ∈ CNF×NF can be any arbitrary unitary matrix and
Λ(d�) ∈ RNF×NF is a diagonal matrix with the first d�

diagonal elements being nonzero and equal to 1/d� (due to
Tr(Q̃�

F ) = 1).
The optimal d� is obtained as

d� = argmin {PF (d), d = 1, . . . , NF } , (49)

where PF (d) is the power by numerically solving (45), which
can be equivalently expressed as

E

[
Prob

{
χ2
2d≤

2dγF
σ2
h,FFPF

(z+σ2
F )

∣∣∣∣ |hH
FMwM |2=z

}]
=ρF

⇒ 1

(d− 1)!wH
MQFMwM

∫ ∞

0

Γ

(
d,

dγF
σ2
h,FFPF

(z + σ2
F )

)
×

exp

(
− z

wH
MQFMwM

)
dz = ρF , (50)

where χ2
d denotes the central chi-square random variable with

d DoF, and Γ(α, β) is lower incomplete gamma function,
defined as

Γ(α, β) =

∫ β

0

tα−1 exp (−t) dt. (51)

As a result, the optimal transmission strategy for problem (43)
can be expressed as [see (41)]

Q�
F = PF (d

�)Q̃�
F . (52)

On the other hand, constraint (42c) with d = d� can be
represented by

Prob

{
1

2d�
χ2
2d� ≤ εM

σ2
h,MFPF

}
≥ 1− ρM

⇒ PF ≤ εM

σ2
h,MFF

−1
2d�(1 − ρM )

� P̄F (d
�), (53)

where F−1
d (·) is the inverse function of Fd(·), and

Fd(x) � Prob

{
1

d
χ2
d ≤ x

}
, (54)

which is a continuous, monotonically increasing, and invert-
ible function. Thus, as long as the condition PF (d

�) ≤ P̄F (d
�)

is satisfied, the transmission strategy in (52) is also optimal
to problem (42).

Remark 4 We should emphasize that when PF (d
�) >

P̄F (d
�), the transmission strategy in (52) is not feasible to

problem (42) any more. For this case, one can determine the
transmission DoF by solving (50) for d = 1, . . . , NF , and
then choose the transmission DoF with the minimum power
satisfying (53). However, the obtained QF is a suboptimal
solution to problem (42) since there may exist a non-uniform
power allocation strategy such that constraint (53) is satisfied
with lower power. The optimal solution for this case is still
an open problem.

C. Feasibility Condition for Transmission Strategy (52)

Next, we present a sufficient condition under which the
transmission strategy in (52) is feasible, and thus is optimal
to the optimization problem (42). To proceed, we need the
following lemma:

Lemma 2 [31] For positive integers d ≥ 1 and  ≥ 1, let
x(d, d+) represent the point at which the CDFs Fd(x), which
is defined in (54), and Fd+�(x) intersect, and

p(d, d+ ) = Fd(x(d, d + )) = Fd+�(x(d, d+ )). (55)

Then p(d, d+ ) is unique, greater than 0.5, and decreases to
0.5 as d increases.

Values of p(d, d+ ) for d ≥ 1 and  ≥ 1 can be computed
numerically, and some concrete values of p(d, d+2) are listed
in Table I. By Lemma 2, the following proposition can be
proven.

Proposition 2 The transmission strategy in (52) is a feasible
solution to problem (42) if

exp

(
− γFσ

2
Fσ

2
h,MFF

−1
2θ (1− ρM )

σ2
h,FF εM

)
×

σ2
h,FF εM

σ2
h,FF εM+γFσ2

h,MFw
H
MCh,FMwMF

−1
2θ (1−ρM)

≥1−ρF
(56)

holds true, where

θ =

⎧⎨
⎩

n, ∀(1− ρM ) ∈ [p(2n, 2n+ 2), p(2n− 2, 2n)),
n = 1, . . . , NF − 1,

NF , ∀(1− ρM ) ∈ [0, p(2NF − 2, 2NF )),

in which p(0, 2) � 1.

Proof: See Appendix C. �

VI. SIMULATION RESULTS

For ease of showing the simulation results, the proposed
transmission strategies together with the associated CSI sce-
narios and optimization problems are summarized in Table II.
The reader can refer to this table in all the simulation examples
to be presented.

We consider FBS and MBS each equipped with four
transmit antennas, i.e., NF = NM = 4. Let maximum
tolerable outage probabilities ρF = ρM = 0.1, i.e., the SINR
requirement at FUE and the interference power constraint on
MUE must be satisfied with higher than 90% probability.
Assume σ2

F = 0.01 and εM = −3 dB. The beamforming
vector wM at MBS is randomly generated uniformly on the
unit-norm sphere ‖wM‖2 = 1.

In the simulations, the SDR-based problems (14) and (39)
are solved using CVX [15]. For each obtained W �

F , we
first check whether or not it is of rank one. If yes, then
the beamforming solution w�

F can be simply obtained via
rank-one decomposition, i.e., W �

F = w�
F (w

�
F )

H . Otherwise,
Gaussian randomization procedure [22] is adopted to generate
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TABLE I. Some values of p(d, d+ 2) defined in (55).

d 2 4 6 8 10 12 14 16
p(d, d+ 2) 0.7153 0.6663 0.6407 0.6243 0.6125 0.6036 0.5965 0.5907

TABLE II. Summary of the proposed transmission strategies.
CSI scenario Transmission strategy

Perfect CSI (Naive CSI) Solving problem (6)

No CSI
Solving problem (14);

or solving problem (16) using Algorithm 1 (for i.i.d. hFF and hMF )
Partial CSI Solving problem (29) using Algorithm 1 (for i.i.d. hMF and eFF )

Partial CSI (RAR) Solving problem (39)
No CSI (OTS) Solving problem (42) (for i.i.d. hFF and hMF )

a feasible w�
F . Numerically, the obtained WF is considered

to be of rank one if
λmax(WF )

Tr(WF )
≥ 0.9999, (57)

i.e., the largest eigenvalue of WF is at least 104 times larger
than any of the other eigenvalues.

Example 1: In this example, we illustrate the impact of CSI
uncertainty on the achievable SINR for FUE, i.e., the value of
SINRF in (3). We consider channel vectors hFF , hMF , and
hFM to be i.i.d. complex Gaussian with zero mean and covari-
ance matrices Ch,FF = σ2

h,FF INF , Ch,MF = σ2
h,MF INF ,

and Ch,FM = σ2
h,FMINM , respectively. Considering the

indoor scenario for FBS where the channel strength of hMF

and hFM are much lower than that of hFF due to penetration
losses [3], we set σ2

h,FF = 1, and σ2
h,MF = σ2

h,FM = 0.01.
The target SINR γF is set to 15 dB.

Let us first consider the partial CSI feedback scenario. The
CSI error vectors eFF and eFM are assumed to be spa-
tially i.i.d. complex Gaussian with zero mean and covariance
matrices Ce,FF = σ2

e,FF INF and Ce,FM = σ2
e,FMINM ,

respectively, where σ2
e,FF = σ2

e,FM = σ2
e = 0.002. We

generate a set of presumed CSI ĥFF ∼ CN (0, (σ2
h,FF −

σ2
e)INF ), ĥMF ∼ CN (0, (σ2

h,MF − σ2
e)INF ), and ĥFM ∼

CN (0, (σ2
h,FM − σ2

e)INM ). Using the presumed CSI, the
optimal beamforming solution to problem (22), or equivalently
problem (29), is obtained by using Algorithm 1. To provide
a comparison of the proposed RAR approach to problem
(22), we also solve problem (39). The optimal beamforming
solution to the conventional perfect-CSI-based problem (5) is
also obtained by using the presumed CSI as if they were true
channel vectors.

The achievable SINR values of FUE are obtained over 105

randomly generated realizations of the CSI errors eFF and
eFM . Figure 2 displays the distribution of the achievable SINR
values of the FUE, where “Partial CSI” denotes the results
obtained by solving problem (29) using Algorithm 1; “Partial
CSI (RAR)” denotes the results obtained by solving problem
(39); and “Naive CSI” denotes the results obtained by solving
problem (6). From this figure, one can see that the robust
beamforming designs, i.e., problem (29) (“Partial CSI”) and
problem (39) (“Partial CSI (RAR)”), can meet 10% outage
probability, while the results using the conventional perfect-
CSI-based beamforming design yields 54.5% outage proba-
bility. This reveals that the perfect-CSI-based conventional
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Fig. 2. Probability distributions of achievable SINR values of FUE
for partial CSI feedback scenario at γF = 15 dB. σ2

e,FF =
σ2
e,FM = 0.002. The SINR outage probabilities of “Partial CSI

(RAR)”, “Partial CSI”, and “Naive CSI” are 1.3%, 10%, and 54.5%,
respectively.

beamforming design is quite sensitive to CSI errors. Moreover,
the SINR satisfaction probability using “Partial CSI (RAR)”
is nearly 99%, which indicates that the proposed RAR design
criterion may be too conservative in trying to meet the SINR
requirement (at the cost of higher transmit power).

Next, let us show some results of the distribution of
achievable SINR of FUE when FBS knows only the statistical
CSI, obtained over 105 realizations of true i.i.d. channels
hFF ∼ CN (0, σ2

h,FF INF ), hMF ∼ CN (0, σ2
h,MF INF ), and

hFM ∼ CN (0, σ2
h,FMINM ), where σ2

h,FF = 1 and σ2
h,MF =

σ2
h,FM = 0.01. The optimal beamforming solution to problem

(10) under no CSI feedback scenario, or equivalently problem
(16), is obtained by using Algorithm 1. We also consider
optimal transmission strategy for this case, i.e., problem (42).
One can show that the transmission strategy in (52) is optimal
to problem (42) according to Proposition 2, and the optimal
DoF d�, defined in (49), can be obtained numerically as
d� = NF . Figure 3 shows the distribution of the achievable
SINR of FUE, where “No CSI” denotes the results obtained
by solving problem (16) using Algorithm 1; and “No CSI
(OTS)” denotes the results obtained by solving problem (42)
using the optimal transmission strategy in (52) with d = NF ,
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Fig. 3. Probability distributions of achievable SINR values of FUE
for no CSI feedback scenario at γF = 15 dB. σ2

h,FF = 1 and
σ2
h,MF = σ2

h,FM = 0.01. Both the SINR outage probabilities of
“No CSI” and “No CSI (OTS)” are 10%.

where “OTS” stands for the optimal transmission strategy.
From this figure, we can also see that both methods can
achieve 90% SINR satisfaction probability. In addition, the
mean SINR value of the FUE using the optimal transmission
strategy is 19.85 dB, which is lower than the corresponding
value 25.45 dB using the optimal beamforming strategy, and
this indicates that FBS can save transmit power in achieving
the same desired SINR performance when using the optimal
transmission strategy.

Example 2: In this example, we compare the transmit
power performance of the proposed methods. All the pa-
rameter settings in generating CSI are the same as those
in Example 1. We show the results of the average transmit
power obtained by the proposed methods over 500 chan-
nel realizations. The obtained results are shown in Fig. 4.
Specifically, when FBS uses the proposed beamformer, the
performance difference in terms of transmit power between
the case that FBS knows only the statistical information of
channels (“No CSI”) and the case that FBS has partial CSI for
σ2
e = 0.002 (“Partial CSI”) is around 11 dB, verifying that the

proposed beamformer is more power efficient when more CSI
information is provided. Moreover, for the scenario of no CSI
feedback, the transmit power difference between the beam-
forming strategy (“No CSI”) and the optimal transmission
strategy (“No CSI (OTS)”) is around 5.6 dB. Thus, the optimal
transmission strategy can significantly save transmit power
than the optimal beamforming strategy, illustrating a typical
performance-complexity tradeoff. In addition, for the scenario
of partial CSI, the difference between the transmit power
obtained by using the exact beamforming solution to problem
(22) (“Partial CSI”) and that obtained by using RAR approach
(“Partial CSI (RAR)”) is within 2 dB, which indicates that
the proposed RAR approach is not too conservative for this
case. This is consistent with a similar observation reported in
[26]. As a reference, we also plot the transmit power of the
“Naive CSI” method in the figure, in order to illustrate of how
much additional transmit power may be needed for the robust
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Fig. 4. Transmit power performance for spatially i.i.d. channel
distributions. σ2

h,FF = 1, σ2
h,MF = σ2

h,FM = 0.01, and σ2
e,FF =

σ2
e,FM = σ2

e .

methods to accommodate the outage specification. In all the
simulation instances, the solutions to the SDR-based problem,
i.e., results labeled by “Partial CSI (RAR)”, are always rank-
one.

Example 3: In this example, we examine the transmit power
performance for spatially correlated channels. Let Ch,FF =
σ2
h,FFCh, Ch,MF = σ2

h,MFCh, and Ch,FM = σ2
h,FMCh,

[Ch]m,n = �|m−n|, (58)

where � = 0.9, σ2
h,FF = 1 and σ2

h,MF = σ2
h,FM = 0.01.

Other parameter settings are the same as those associated with
Fig. 4. Figure 5(a) shows the average transmit power of the
proposed methods for the spatially correlated channels. In this
figure, curves “No CSI” and “Partial CSI (RAR)” denote the
results obtained from solving problem (14) and problem (39),
respectively. We should mention that the proposed methods of
“Partial CSI” [problem (29)] and “No CSI (OTS)” [problem
(42)] are not applicable for this example (see Table II). We
also show the corresponding simulation results for � = 0.01 in
Fig. 5(b). From Fig. 5(a) and Fig. 5(b), we can observe similar
performance trends as seen in Fig. 4, while the performance
difference in terms of transmit power under no CSI feedback
scenario and under partial CSI feedback scenario will be
reduced as the channels become spatially more correlated (i.e.,
larger �). In all the simulation instances, the solutions to the
SDR-based problems are always rank-one.

VII. CONCLUSIONS

We have presented several robust transmit beamforming
designs, i.e., transmit signal with one DoF, as summarized
in Table II, for FBS equipped with NF antennas, formulated
as an outage constrained optimization problem (10), provided
that either statistical CSI, i.e., no CSI feedback from FUE,
or partial CSI is known to FBS. For the scenario of no
CSI feedback [modeled by (7)], the optimal beamformer of
problem (10) is obtained by solving (14) using off-the-shelf
convex solvers, together with the feasibility condition given
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Fig. 5. Transmit power performance for correlated channel distributions. σ2
h,FF = 1, σ2

h,MF = σ2
h,FM = 0.01, and σ2

e = 0.002.

in Proposition 1. For the case of spatially i.i.d. channels hFF

and hMF , the optimal beamformer can be exactly obtained
using the computationally efficient Algorithm 1. Furthermore,
the optimal transmission strategy, i.e., transmit signal with
maximum DoF equal to NF , together with its feasibility
condition given in Proposition 2, has also been presented as the
trade-off of complexity and performance (in terms of transmit
power) for this case.

For the scenario of partial CSI feedback [modeled by (8)
and (9)], the desired beamformer at FBS, a conservative
beamforming solution to problem (10), is obtained by solving
problem (39) using convex solvers. For the case of spatially
i.i.d. channel hMF and channel error eFF , the optimal beam-
former can also be exactly obtained using Algorithm 1. Then
we have shown some simulation results for evaluating the
performance of the proposed methods, also verifying that the
designed beamformer with more accurate CSI (e.g., partial
CSI feedback) performs better than with only statistical CSI,
and that the optimal transmission strategy outperforms the
designed beamformer at the expense of larger DoF required,
i.e., higher complexity.

APPENDIX A
PROOF OF PROPOSITION 1

Let λ ∈ R and x ∈ CNF be, respectively, the generalized
eigenvalue and generalized eigenvector for the matrix pair
(Ch,FF ,Ch,MF ), i.e.,

Ch,FFx = λCh,MFx. (A.1)

Denoting the principal generalized eigenvalue and eigenvector
by λmax and xmax, respectively, we have

yHCh,FFy ≤ λmaxy
HCh,MFy, ∀y ∈ C

NF (A.2)

where the equality holds when y = αxmax, α ∈ C, i.e.,

xH
maxCh,FFxmax = λmaxx

H
maxCh,MFxmax. (A.3)

Furthermore, one can easily show that the general-
ized eigenvalues in (A.1) are the eigenvalues of matrix

C
−1/2
h,MFCh,FFC

−1/2
h,MF [32]. Now, we are ready to prove the

main result.
First, we prove that if (18) holds true, then problem (10), or

equivalently problem (13), is feasible. Let wF be the principal
generalized eigenvector for matrix pair (Ch,FF ,Ch,MF ) such
that constraint (13c) is active. Then, according to (A.3), we
have

λmaxεM = ln(1/ρM )wH
F Ch,FFwF . (A.4)

Substituting (A.4) into (18) leads to constraint (13b), and thus
problem (13) is feasible.

Next, we show that if problem (13) is feasible, then (18) is
true. Let wF be a feasible point to problem (13). Since the
function on the left-hand side (LHS) of (13b) is increasing in
wH

F Ch,FFwF , one can show that w̃F � awF , where a ≥ 1
is chosen such that (13c) is active, must also be feasible to
problem (13), i.e.,

exp

( −γFσ2
F

w̃H
F Ch,FF w̃F

)
w̃H

F Ch,FF w̃F

w̃H
F Ch,FF w̃F + γFwH

MCh,FMwM

≥ 1− ρF , (A.5a)

w̃H
F Ch,MF w̃F = εM/ ln(1/ρM ). (A.5b)

According to (A.2), we have

w̃H
F Ch,FF w̃F ≤ λmaxw̃FCh,MF w̃F = λmaxεM/ ln(1/ρM ).

(A.6)

Since the function on the LHS of (A.5a) is increasing in
w̃H

F Ch,FF w̃F , by (A.6), one can conclude that (18) holds
true. The proof is hence complete. �

APPENDIX B
PROOF OF LEMMA 1

The probability function in (43b), i.e.,

ψ(Q̃F , PF ) � Prob

{
vH
FF Q̃FvFF ≤ γF

σ2
h,FFPF

×
(|hH

FMwM |2 + σ2
F

)}
(A.7)
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is parameterized by Q̃F and PF .

Remark 5 We will show later in (46) that ψ(Q̃F , PF ) can be
expressed as an expectation of a cumulative distribution func-
tion (CDF) of weighted sum of exponential random variables.
The weighted sum of exponential random variables is known
as a hypoexponential random variable [33], and the CDF
is continuous and monotonically decreasing in PF . Therefore,
the function ψ(Q̃F , PF ) is monotonically decreasing, and thus
is invertible with respective to PF .

Since constraint (43b) must be active when the optimal Q̃F

and PF are achieved, constraint (43b) can be expressed
without loss of optimal solution of problem (43) as

ψ(Q̃F , PF ) = ρF . (A.8)

Therefore, the power satisfying the equality of constraint
(43b), or equivalently (A.8), can be expressed as

PF (Q̃F , ρF ) = ψ−1(Q̃F , ρF ). (A.9)

On the other hand, let

ψ(Q̃�
F , PF ) = min

Q̃F�0,Tr(Q̃F )=1
ψ(Q̃F , PF ), (A.10)

where Q̃�
F denotes an optimal solution to the minimization

problem2. It has been shown that ψ(Q̃�
F , PF ) is a continuous

and monotonically decreasing function of PF [31], [34], and
thus ψ(Q̃�

F , PF ) is invertible.
Letting P ′

F be a nominal value of PF and

α = ψ−1(Q̃�
F , ρF )− P ′

F and β = ψ−1(Q̃F , ρF )− P ′
F ,

(A.11)

we have

ψ(Q̃�
F , P

′
F + α) = ψ(Q̃F , P

′
F + β) = ρF . (A.12)

If we can show α ≤ β, i.e., ψ−1(Q̃�
F , ρF ) ≤ ψ−1(Q̃F , ρF ),

by (A.9), we have PF (Q̃
�
F , ρF ) ≤ PF (Q̃F , ρF ), which is the

desired result.
We now need to show that α ≤ β which can be proved

by contradiction. Supposing that α > β is true, due to that
ψ(Q̃F , PF ) is a decreasing function of PF and (A.12), we
have

ψ(Q̃F , P
′
F + α) < ψ(Q̃F , P

′
F + β) = ρF . (A.13)

However, according to (A.10) and (A.12), we have

ψ(Q̃F , P
′
F + α) ≥ ψ(Q̃�

F , P
′
F + α) = ρF , (A.14)

which contradicts with (A.13), and therefore we conclude α ≤
β. The proof is thus complete. �

2Precisely speaking, the transmit covariance matrix Q̃�
F depends on PF

via d�; see (48) and (49). However, without affecting the analysis, we will
omit the dependence between Q̃�

F and PF for notational brevity.

APPENDIX C
PROOF OF PROPOSITION 2

We prove Proposition 2 by considering problem (42) with
DoF d = 1, which is the same as problem (16). To present the
proof, let us first consider the following problem [i.e., problem
(16) with (16c) replaced by (A.15c)]:

min
PF∈R

PF (A.15a)

s.t. exp

( −γFσ2
F

σ2
h,FFPF

)
σ2
h,FFPF

σ2
h,FFPF + γFwH

MCh,FMwM

≥ 1− ρF , (A.15b)

PF ≤ εM

σ2
h,MFF

−1
2θ (1− ρM )

� P̄F (θ), (A.15c)

PF ≥ 0, (A.15d)

where

θ � argmax{F−1
2d (1− ρM ), d = 1, . . . , NF }

=

⎧⎨
⎩

n, ∀(1 − ρM ) ∈ [p(2n, 2n+ 2), p(2n− 2, 2n)),
n = 1, . . . , NF − 1,

NF , ∀(1 − ρM ) ∈ [0, p(2NF − 2, 2NF )),
(A.16)

which has been proven in [34] using Lemma 2. With
Ch,FF , Ch,MF , λmax, and ln(1/ρM ) replaced by σ2

h,FF INF ,
σ2
h,MF INF , σ2

h,FF /σ
2
h,MF , and F−1

2θ (1 − ρM ), respectively,
(18) becomes

exp

(
− γFσ

2
Fσ

2
h,MFF

−1
2θ (1 − ρM )

σ2
h,FF εM

)
×

σ2
h,FF εM

σ2
h,FF εM+γFσ2

h,MFwMCh,FMwMF
−1
2θ (1−ρM)

≥1−ρF ,
(A.17)

which is exactly (56). Therefore, if (A.17) holds true, problem
(A.15) is feasible by Proposition 1. If problem (A.15) is
feasible, then problem (16) is also feasible since the feasible
set of constraint (A.15c) is a subset of constraint (16c) due to
F−1
2θ (1−ρM ) ≥ F−1

2 (1−ρM ) = ln(1/ρM ) [by the definition
in (A.16) and (54)], i.e.,

P̄F (θ) ≤ εM
σ2
h,MF ln(1/ρM )

. (A.18)

That is to say, problem (42) with DoF d = 1 is feasible if
problem (A.15) is feasible.

In the following, we show that the optimal transmit power
to problem (42) with DoF d = 1, denoted as PF (1) [which
is obtained by solving (50)], must be less than or equal to
P̄F (θ), i.e.,

PF (1) ≤ P̄F (θ). (A.19)

Since one can always find a feasible power to problem (A.15),
say P̃F , which is also feasible to problem (42) with DoF d = 1
[due to (A.18)], if PF (1) > P̄F (θ) holds true, then we have
P̃F ≤ P̄F (θ) < PF (1), which is a contradiction to that PF (1)
is the optimal (minimum) power to problem (42) with DoF
d = 1.

Since PF (1) ≥ PF (d
�) [by (49)] and P̄F (θ) ≤ P̄F (d

�) [by
(A.15c) and (A.16)], according to (A.19), we have PF (d

�) ≤
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P̄F (d
�), which implies that the transmission strategy in (52)

is feasible to problem (42) [by (53)]. �
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