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ABSTRACT Heterogeneous network (HetNet), employing massive multiple-input multiple-output (MIMO),
has been recognized as a promising technique to enhance network capacity, and to improve energy efficiency
for the fifth generation of wireless communications. However, most existing schemes for coordinated
beamforming (CoBF) for a massive MIMO HetNet unrealistically assume the availability of perfect channel
state information (CSI) on one hand, and cascade of each antenna with a distinct radio-frequency chain in
massive MIMO is neither power nor cost-efficient on the other hand. In this paper, we consider a massive
MIMO-enabled HetNet framework, consisting of one macrocell base station (MBS) equipped with an analog
beamformer, followed by a digital beamformer, and one femtocell base station (FBS) equipped with a digital
beamformer. In the presence of Gaussian CSI errors, we propose a robust hybrid CoBF (HyCoBF) design,
including an analog beamforming design for MBS, and a digital CoBF design for both MBS and FBS.
To this end, an outage probability-constrained robust HyCoBF problem is formulated by minimizing the
total transmit power. The analog beamforming mechanism at MBS is a newly devised low-complexity beam
selection scheme by selecting analog beams from a discrete Fourier transform matrix codebook. Then,
a conservative approximate CoBF solution is obtained via semidefinite relaxation and an extended Bernstein-
type inequality. Furthermore, a distributed implementation for the obtained CoBF solution using alternating
direction method of multipliers is proposed. Finally, numerical simulations are provided to demonstrate the
efficacy of the proposed robust HyCoBF algorithm.

INDEX TERMS Heterogeneous network (HetNet), massive MIMO, hybrid coordinated beamform-
ing (HyCoBF), semidefinite relaxation (SDR), alternating direction method of multipliers (ADMM).

I. INTRODUCTION be equipped with hundreds of antennas to simultaneously

One primary objective of fifth generation (5G) of wireless
communications is to support the ever-increasing network
services, including Mobile Internet, Internet of Things (IoT)
and Vehicular Ad-hoc Network (VANET). To meet various
demands in 5G wireless communication systems (e.g., high
data rates, extremely low latency and high energy efficiency),
a 5G wireless network may employ advanced deployments,
such as massive multiple-input multiple-output (MIMO)
and superdense heterogeneous deployment of cells [1], [2].
In a massive MIMO enabled 5G heterogeneous net-
work (HetNet), the macrocell base station (MBS) can

serve tens of user equipments (UEs), and the remain-
ing degrees of freedom (DoF) of massive MIMO can
be used to mitigate the inter-tier interference. Moreover,
ultra dense femtocell base station (FBS) deployment can
effectively increase network capacity by more than two
order of magnitude and offload the wireless data from
the MBS [3]. Besides, millimeter wave (mmWave) with
short wavelength enables massive MIMO to pack more
antennas into highly directional footprint and to readily
adjust beamforming [4], making massive MIMO practically
feasible.
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Although massive MIMO enabled HetNet is a promis-
ing technique for meeting 5G system requirements, there
are still quite some unresolved challenges [2]. Firstly, radio
resource management (RRM) for HetNet plays a crucial
role in achieving the desired system performance. In other
words, all the available radio resources (e.g., bandwidth,
transmission power, and antennas) ought to be maximally and
efficiently exploited, and meanwhile the targeted quality of
service (QoS) for active users must be guaranteed with a min-
imum amount of radio resources, by means of advanced inter-
cell/tier and intra-cell interference management schemes.
In addition, the deployment of reliable backhaul networks
with the designed resource management schemes is also a
very important issue. Secondly, it may not be realistic to
assume the availability of instantaneous channel state infor-
mation (CSI) of each user in massive MIMO enabled HetNet.
Particularly, in a multicell setup, pilot contamination
imposes a fundamental performance bottleneck for the mas-
sive MIMO systems [5]. Thirdly, 3GPP Long-Term Evo-
lution (LTE) Release 13 has specified that each base
station (BS) can have at most 64 antennas and at most 8
radio frequency (RF) chains [6], because deploying many RF
chains in massive MIMO may not be a practical solution due
to expensive hardware cost and low energy efficiency.

A judicious approach for reducing hardware cost and train-
ing overhead is hybrid beamforming (HyBF), constituted by
analog beamforming in the RF domain, and digital beam-
forming (with a much smaller dimension than the former)
in the baseband domain, having received enormous attention
in recent years [7]. In fact, it has been shown that HyBF
design, depending on available CSI (instantaneous versus sta-
tistical CSI), beamformer structure (full-connected, partial-
connected, or switched), and carrier frequency (centimeter
wave versus millimeter wave), can achieve the same perfor-
mance as the fully digital (FD) design, when the number of
RF chains is twice more than that of data streams [8], [9].

Assuming that full instantaneous CSI is available, some
HyBF designs have been proposed, in the context of both
full-connected and partial-connected structures for mmWave
systems [9]-[13]. In [14] and [15], two-stage hybrid pre-
coding for frequency-division duplex (FDD) massive MIMO
systems, where the analog precoder is only adaptive to
channel statistics and the digital precoder is designed by
effective low-dimensional channel. Furthermore, to reduce
the number of required RF chains, the so-called beamspace
MIMO and the switched-beam selection have been recently
proposed in mmWave/massive MIMO systems [16]-[20].
By employing the discrete lens array (DLA) (which induces
negligible performance loss), a conventional spatial chan-
nel can be transformed to a beamspace channel so as to
capture the channel sparsity at mmWave frequencies. Since
each beam corresponds to a single RF chain in beamspace
MIMO [17], [18], only a small number of beams can be
selected according to the sparse beamspace channel for
reduction of required RF chains. For switched-beam schemes
(e.g., Butler method [21]), a fixed number of beams are
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generated and pointed to different predetermined directions
to cover the whole cell [19], [20].

In view of significant system throughput gains over the
conventional single-cell design and a limited amount of infor-
mation exchange (e.g., scheduling, power allocation) among
the coordinated BSs, the multicell coordinated beamforming
(CoBF) has been studied extensively both in academia and
industry recently [22], [23]. Nevertheless, CSI is never per-
fectly known and the CSI uncertainty may vary from one
BS to another, depending on the bandwidth of the network
backhaul. To tackle CSI errors, two major types of robust
transmit designs have been studied. One is the worst-case
robust design, where CSI errors are constrained in a bounded
set, and the other is the outage-constrained robust design,
where CSI errors are modeled in a probabilistic fashion. The
main bottleneck for the latter consists in intractable or even
no explicit expression for the probabilistic constraint [24].

When an explicit expression exists for the probabilistic
constraint, CoBF algorithms have been proposed such as
using successive convex approximation (SCA) in [25] and
using block successive upper bound minimization in [26]. For
the case of no explicit expression for the probabilistic con-
straint, Monte Carlo sampling based approaches [27]-[29]
have been proposed by generating channel realizations fol-
lowing the distribution of the channel uncertainty to obtain an
approximate outage constraint. However, its computational
complexity is high and its performance is sensitive to the
accuracy of channel distribution information in some scenar-
ios. The second approach is to find a restrictive (i.e., con-
servative) convex approximation to each outage constraint in
terms of signal-to-interference-plus-noise ratio (SINR) [30],
thereby obtaining an approximate CoBF solution with good
performance and low complexity. Moreover, [31], [32] also
studied the same problem for more specific scenarios. On the
other hand, the distributed CoBF algorithm design has also
been studied for practical applications [25], where multiple-
input single-output (MISO) interference channel (IFC) is
considered, but the corresponding design for interference
broadacst channel (IBC) within the HetNet scenario still
remains an open problem.

In this paper, we consider the hybrid coordinated beam-
forming (HyCoBF) within the HetNet scenario, as illustrated
in Figure 1, where a large-scale antenna MBS equipped with
an analog beamformer cascaded with a digital beamformer,
and a conventional multiple-antenna FBS equipped with a
digital beamformer, serve their respective users. The pro-
posed HyCoBF design includes a beam selection algorithm
for the analog beamformer at MBS and a digital CoBF
design for both MBS and FBS. To the best of our knowl-
edge, there is no existing work, that studies the HyCoBF
in massive MIMO enabled HetNet such that the HyCoBF
design is robust against CSI uncertainty under the preas-
signed outage probability constraints. We formulate such
problem as a total power minimization problem, subject to
preassigned users’ outage probability constraints. However,
this problem is almost intractable due to no closed-form
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expressions for probabilistic outage constraints (induced by
the CSI uncertainty), and due to a high-dimensional combi-
natorial optimization problem involved in the analog beam
selection problem [24].

Because none of the existing beam search algorithms, such
as greedy-pursuit algorithms [18], sum-rate-maximization
based beam allocation algorithms (for a switched-beam based
massive MIMO system) [19], and interference-aware (IA)
beam selection methods (that consider multiuser interfer-
ence) [17], can be applied due to complicated interference
links involved in HetNet. Motivated by a well-known detec-
tion scheme for seismic events in geophysical signal pro-
cessing, called the single most likely replacement (SMLR)
detector [33], the proposed low-complexity analog beam
selection algorithm tries to search for the best subset from the
columns of a discrete Fourier transform (DFT) matrix code-
book by enhancing the total channel power of macrocell user
equipments (MUEs) and reducing the interference channel
power of femtocell user equipments (FUEs) in the meantime.

With the designed analog beamformer applied, the power
minimization problem (only for the digital CoBF design)
is still hard to solve, due to no closed-form expressions
for the probabilistic constraints. By virtue of semidefi-
nite relaxation (SDR) technique, we reformulate the digital
CoBF problem into a semidefinite program (SDP), where
an extended Bernstein-type inequality is derived for finding
conservative convex approximations to the original noncon-
vex probabilistic constraints. Furthermore, we develop a dis-
tributed implementation for the obtained digital CoBF by the
alternating direction method of multipliers (ADMM) [34].
Finally, some numerical simulations are presented to demon-
strate the efficacy of the proposed HyCoBF design.

The rest of this paper is organized as follows.
In Section II, we present the system model and the problem
formulation. The HyCoBF design (for both analog beam
selection algorithm and robust digital CoBF) is proposed in
Section III. In Section IV, we present a distributed implemen-
tation for the robust digital CoBF using ADMM. Simulation
results are then provided in Section V to demonstrate the
efficacy of the proposed HyCoBF design. Finally, some
conclusions are drawn in Section VI.

Notation: R", R (R% ., R"), §" (§4), C*", H" and
C™m>n" stand for the sets of n-dimensional real vectors, non-
negative (positive, non-positive) real n-vectors, real symmet-
ric (positive semidefinite) matrices, complex n-vectors, n X n
Hermitian matrices and m x n complex matrices, respectively.
I,, and e(i), respectively, denote the n x n identity matrix,
and the i-th unit column vector of proper dimension. The
superscripts ‘T’ and ‘H’ represent the matrix transpose and
conjugate transpose, respectively. || - || and || - || denote the
vector Euclidean norm and matrix Frobenius norm, respec-
tively. The trace of matrix A is denoted as Tr(A). sup (C),
AT and Amax(A) denote the supremum of a nonempty set C,
the pseudoinverse and the maximum eigenvalue of matrix A.
A > 0 means that A is a positive semidefinite (PSD) matrix
and A'/2 > 0 is a square root of A; Re{-} and Im{-} represent
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real and imaginary parts of the argument; .4 \ B denotes the
set by eliminating the elements of A N B from A; ZTx =
{1,..., K}and {ar} ({wi}, {Wr}) denotes the set of all scalars
ay, (vectors wy, matrices Wy ) with the subscript k£ covering all
the admissible integers that are defined in the context; CA/(-)
denotes the complex Gaussian distribution; In(-), Pr{-} and
E{-} stand for the natural log function, probability function,
and expectation operator, respectively.

.

FUE j
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FIGURE 1. Illustration of a two-tier heterogeneous network, where the
MBS employs large-scale antennas and the FBS employs conventional
multiple antennas.

Il. SYSTEM MODEL AND PROBLEM FORMULATION

A. SYSTEM MODEL

We consider the time-division duplex (TDD) downlink mul-
tiuser transmission with full spectrum reuse in HetNet, which
consists of an MBS equipped with large-scale Nygs anten-
nas, an FBS equipped with Nppg antennas, K single-antenna
MUEs and J single-antenna FUEs, as illustrated in Fig. 1.
Instead of adopting FD beamforming, for which each antenna
is connected with one distinct RF chain, we consider HyCoBF
at MBS with Ngrr RF chains, where Nygs > Nrr > K.
Specifically, the HyBF vector for MUE k at the MBS is given
by Vw, € C¥MBs where V € CMBSXMRF and w;, e CNrF
denote the analog beamforming matrix and digital beamform-
ing vector, respectively.

Typically, the analog beamformer is implemented using a
phase-shifter network with constant modulus for each entry
of V. In contrast to the full-connected HyBF structure, the
HyBF with a selection structure is more economical and
energy efficient [19] and hence is considered in this work. The
analog beamformer can be implemented using a RF switch,
followed by a fixed DFT beamformer using RF phase-shifter
network [15]. Let F € CNMBs*NMBs be the Nyps-point DFT
matrix, and

B2 {bell,... Nups}"™ | bi # by, Vi#j), (1)

where b; denotes the ith component of b, collects all per-
mutations of any subset of {1, ..., Nms} with cardinality
NgrE. The selected analog beamforming matrix V and the RF
switch matrix A(b) consisting of Nrp unit column vectors of
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dimension Nyps can then be conveniently expressed as

A(b) = [e(b1), ....e(bng)], b € B,
V =FA() € CNMBS XNRF’ )

which contains Nrg distinct columns of F. Let sy and sg;
denote the transmit signals intended for MUE k and FUE j,
respectively. Without loss of generality (w.l.0.g.), assume that
E{|st|2} = 1 and E{|spx|?} = 1. Then, the received signal
of MUE « is given by

K
ymk = Wi Vwisu + Z hh i VWisa
I=1,15k
J
+ Y wss + n 3)
=1

where Wy € CMMBS and hpyy € CNess, respectively,
denote the channel vector from MBS and FBS to MUE «k,
nyk ~ CN(O, aﬂzdk) is the additive white Gaussian noise
(AWGN) at MUE k with noise variance aﬁz,]k > 0,and u; €
CNBs is the beamforming vector for FUE j at FBS. Similarly,
the received signal of FUE j is given by

J

H H
YFj = hFFjlljSFj + Z hFFjumSFm
m=1,m#j

K
+ D s VWisi + ngj, )
k=1

where hyr; € CMBS and hpr; € CMNBS, respectively,
denote the channel vectors from MBS and FBS to FUE j, and
ngj ~ CN(0, agj) is the AWGN at FUE j. Then, the SINRs of
MUE k and FUE j can be expressed as

SINRj = | ZM"VW" i
= :
> |h T YWil? + Z I w12 + o
I=1,l# |h | (Sa)
u;
SINRjj = — e .
—12 |hFF]“m|2 + Z |hMFjVWk|2 + UF]
m=lmz (5b)

B. PROBLEM FORMULATION

Due to the channel reciprocity of TDD systems, the downlink
CSI can be estimated! from the uplink pilot symbols trans-
mitted from the users [35]. However, besides the CSI esti-
mation error, some more CSI uncertainties are also inevitable
due to delays in CSI acquisition, partial CSI acquisition and
hardware impairment, etc. With regard to imperfect CSI, the
actual channels of MUEs and FUEs can be modeled as [36]

b = Dok + ennk, hyp = ﬁMFj +eyr, (6a)

hrr; = hpp; + eprj, hpyre = hpye + epae, (6b)
where flMMk, flMFj S (CNMBS, and flppj, leMk € CNFBs gre the
given channel estimates and known to MBS and FBS, and
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CSI errors ey, emrj € CMVBS and eppj, epx € CVFBS are
modeled as

exmk ~ CN (0, Cox) . emrj ~ CN (0, Curj) . (Ta)

errj ~ CN (0. Crry) . emar ~ CN (0, Cragi) . (7b)

in which all Cyy and Crp; are positive definite. Thus, the

outage constrained robust HyCoBF design problem can be
formulated as

min Z IVwell® + Y lhwl)? (8a)

V. twil. JELy

.. Pr(SINRMk > ) > 1 — oy, Yk € Tg,  (8b)
Pr(SINRf; > yrj) = 1 — pFj, Vj €1y, (8c)
V e {FA(b) | b € B} (cf. (2)), (8d)

where yy and yg; are target SINRs for MUEs and FUEs,
respectively, oy and pp; denote the associated outage prob-
abilities, respectively.

1ll. PROPOSED OUTAGE CONSTRAINED HyCoBF DESIGN
Solving the HyCoBF design problem (8) is a daunt-
ing task, partly because the nonconvex probabilistic con-
straints (8b) and (8c) do not have closed-form expressions
in general [24]; partly because the analog beam selection
constraint (8d) makes the reformulation of (8) into a tractable
convex problem almost formidable. We handle this problem
by decoupling the design of V (analog beamforming) and
the joint design of w; and w; (digital CoBF), and they are
presented in the following subsections, respectively.

A. ANALOG BEAMFORMING ALGORITHM

Motivated by the fact that SINRs of MUEs are larger
for larger received signal power, and SINRs of FUEs are
larger for smaller inter-cell interference power, we propose a
new beam selection criterion named power ratio maximiza-
tion (PRM), by maximizing the ratio of the total channel
power of MUE:s to the total inter-cell interference channel
power from MBS to FUEs, as follows:

V* = FA(b*) (cf. (2)), )
I, FAMD)|2 }
b*:armaxj £ My R 10
s { ®) ||HH Famz |
where B was defmed in (1) HMM = [hMMl, R ﬁMMK]

and HMF £ [hMFl, .. hMF/] Obviously, the aim of (10)
is to select Nrp best distinct beams from a total of Nygs
beams, by maximizing .7 (b). However, obtaining the global
optimum of (10) is computationally prohibitive. For instance,
supposing that Nygs = 128 and Nrg = K = 16, the num-
ber of possible beam selection combinations is of the order
O(10%%). In view of this, a low-complexity beam selection

1Essentially, for a quasi-stationary fading channel, MBS can only estimate
partial CSI in a hybrid-structured TDD massive MIMO system with the
received pilot or training signal due to limited RF chains. However, it can
repeatedly obtain other partial CSI within a coherence interval until the full
CSI estimates are obtained.
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Algorithm 1 Proposed Analog Beam Selection Algorithm
(PRM)

1: Given Hysyr, Hyr;

2: Initialize b = (by, b, ..., bngg) € B,
and let S = Iyype \ {01, b2, ..
3: Compute 7 (b) by (10);
4: repeat
5. Obtain jy = argmaxjes J(be(j), € =1,..., NRrF,
Where bE(]) é (bl EECICIRIEY b@*] 9j7 b€+] EERICIRIEY bNRF);
6:  Obtain [ = argmax{J (b¢(j¢)), £ =1, ..., NrRr};
7: If j(bl(]l)) > J(b), uPdate b:= bl(jl)’ S = INMBs\
{b1, ..., bnge}; and T (b) := T (b (1));
8: until 7(b;(j;)) < J(b).
9: Output selected analog beamforming matrix V* =
FA(b).

B bNRF};

algorithm for solving (10) is proposed, by employing the
idea of SMLR used in seismic deconvolution for detecting
a Bernoulli-Gaussian signal with nonzero magnitudes [33].
The proposed algorithm is summarized in Algorithm 1, that
updates only one component in b by maximizing 7 (b) at
each iteration. The associated objective value 7 (b) increases
monotonically whenever b is updated, so the convergence
can be guaranteed. The computational cost mainly consists
in calculating 7 (b) Nrr X (NMMBs — NRrr) times (in step 5 of
Algorithm 1) at each iteration. Surely, an initial beam switch
vector b is needed to initialize the Algorithm 1. A fast beam
selection algorithm proposed in [17], that selects best Nrp
distinct beam indices according to row magnitudes of ﬁZMF,
can be used to obtain the initial b for Algorithm 1.

B. OUTAGE CONSTRAINED DIGITAL CoBF:

CONSERVATIVE APPROXIMATION

Even when the analog beamformer V* is given, problem
(8) is still intractable due to the probabilistic constraints
((8b) and (8c)) that do not have closed-form expressions in
general. It is noticeable that problem (8) can be thought of as
a dimension-reduced problem with effective channel ﬁf;;?k =
(VO by € CVRF and b = (V) hyy € CVF for
MBS. Applying SDR (i.e., replacing WkaH by Wy > 0 and
ujujH by U; > 0) [37] to problem (8) yields

min 32 Tr (V'Wev) + 3T ()

Wit {U;
(Wi (U kelg JjE€Ly

(11a)

s.t. Pr {S?QMMkal + 85 Qrai82 + 2Re {8 vaa )

+ 2Re(85 rpmk} + ek > 0] >1— pmk, Vkelk,
(11b)
Pr [5{1QMFj81 + 84 Qrrid2 + 2Re{ 84 rup;)

+ 2Re{8 rpp) + cy > o} > 1 — pgj, Vi€ . (11¢)
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Wi >0, Vk ek, U; =0, Vjel, (11d)

where V* is the analog beamformer obtained by Algorithm 1,
81 ~ CN(0, Ingg), 82 ~ CN(0, Iy ), and the remaining
parameters in (11) are defined in (12) at the top of next page.

A good approach, as proposed in [30], for handling
(11b) and (11c), is to find conservative convex approxima-
tions to the constraints (11b) and (11c). Such approach can
safely approximate the two probability inequalities by con-
vex ones so that the resulting algorithm is computationally
tractable. Specifically, the Bernstein-type inequality [38] for
finding such conservative convex approximations has been
applied to robust digital beamforming design under similar
constraints as in problem (11) for the single-cell case [30].
However, the Bernstein-type inequality in [30] is not directly
applicable to problem (11), mainly owing to different antenna
deployments at MBS and FBS, resulting in channel vectors
of different dimensions. In view of this, we need an exten-
sion form of the Bernstein-type inequality as derived in the
following lemma.

Lemma 1: Let §; ~ CN(0,Ing), 82 ~ CN(0, Ingg),
Qume € HY, Qe € HVBS, rypy € CVRF, rpyy €
CNeBs | and define

A
8181, Quamt, 'imr) = 84 Quank 81 + 2Refrly 81}, (13)
A
82082, Qrutk. ¥ru) = 85 Qraeda + 2Re{rf 82} (14)
Then, the following inequality holds true, Vk € Zk,

Pf{g1(51, Qumic, *mmar) + 82(82, Qrna, TryK)

> Y(n(1/popr) | Quamk, *samr, QFpax s I'FMk)}
(15)

where T : R4y — R is defined as

Y(In(1/omi) | Qumpar s *spar» QEmic, TEMK) 2 Tr(Qpumik)
+ Tr(Qrmr) — In(1/ ppa) - 2T (Quanak, Qemar) — i

\/ 1Quaae 17 + 21 esnae 1> + Qe 7 + 2l ermic 12,
(16)

in which appe = +/2In(T/pp) and AT (Qumm, Qrvk) =
max{Amax(—Qmmk)> Amax(—Qrmk ), 0}.
The proof of Lemma 1 is relegated to Appendix A.

By virtue of Lemma 1, problem (11) can be approximated
as the following convex SDP and the detailed derivations are
relegated to Appendix B:

min Py + Pr (17a)

(Wi {Uj},

Py Pr .ty tp

s.t. (Wi}, {Uj}, tur, Pyr) € Cu, (17b)
(Wi, (Ujh, tp, Pr) € Cp, (17¢)
Wi =0, Vk eIk, U =0, Vjely, (17d)

where Cy; and Cr defined in (41) and (43) in Appendix B
denote the conservative convex approximations to the con-
straint sets associated with (11b) and (11c), respectively;
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=1/2 1/2 A 172 1/2 1/2 1/2 1/2 1/2
Qumk = CIV;MkBkCIV;Mk’ QFMk = CF?\/IkDCFél/Ik’ QFFJ CF;«“]F CFQ‘]’ Qurj = CA/;F]GCA/;F]’ (12a)
A ~
MMk = C]lt/;[akBkhE\;kav TEME = CFMthFMka rppp = CFF/F hrrj; twr = Cﬂnghﬁjg, (12b)
A
ek = (hf“;i?k) Bih 4 b, Dhey —oiy; cr 2 bl Fihpr + (h}jf;j) thf,fg of: (12¢)
2 cyumk £ crmk £ crEj 2 cyrFj
J .
Be 2yl Wi — Z,ﬂ WiD2-3" U (124)
A1y : K )
F; =y 'Uj - Zl#Ul’ G —ZH W, (12¢)
~ A *\H H '~ o\ H * .
Comne 2 B[V esnnefip V)] = (V) Cone V* (ef. (Ta); (121)
~ A * * * *
Cury 2 B[V enmeli V)| = (V) CuV* (ef. (Ta)). (129)

ty € R¥X t ¢ RY, Py (denoting transmit power of
MBS), Pr (denoting transmit power of FBS) are auxiliary
variables. Note that W} and U (the solution of problem (17))
may not be rank-one matrices. If they are of rank one, i.e.,
Wi = w; (w;)H and Uy u (u;)H. Then, given the
reference point V = V* (obtained by Algorithm 1), the block
minimizer of (8) with respect to the remaining block variables
(i.e., {wg} and {u;}) can be directly obtained as wj and u;‘,
otherwise, Gaussian randomization [37] can be employed to
obtain a rank-one approximate solution.

Off-the-shelve convex solvers (e.g., CVX) can be used to
obtain the centralized solution of problem (17). As previ-
ously mentioned, distributed solution to (17) is essential and
indispensable to HetNet (due to frequent reconfiguration and
scalability). Next, we present a distributed algorithm, for
MBS and FBS to solve (17) with only local CSI and limited
information exchange in a cooperative fashion.

IV. DISTRIBUTED ROBUST DIGITAL CoBF USING ADMM
Note that the two convex constraint sets Cp and Cp
(cf. (41) and (43)) in problem (17) are coupled. We need to
reformulate the feasible set of problem (17) into a pair of
uncoupled constraint sets, denoted as Cps (cf. (19)) and Cr
(Ef' (20))1. and some linear equality constraints that couple
Cy and Cr, so that ADMM can be employed for efficient
distributed algorithm design, as detailed in Subsection IV-A.
Some implementation issues and complexity analysis are then
discussed in Subsection I'V-B.

A. DISTRIBUTED CoBF ALGORITHM
Let us define the following vector variables:

r 2 [a7 b7 y"]" e RIKH), (18a)
a2 [aMpl, <y QMFJ s QFM1s - - - » aFMK] e R+ (18b)
b 2 [tmr1, ... turrs temns - e ] € REFD . (18¢)
v 2 (it tvaies tr1, -ty € RETD, (18d)

Then the feasible set of problem (17) can be equivalently re-
expressed as follows:

5 A
Cu = { Py, T AWk {apk b {tvamarc}) |
ammk + armk + n(opr )t — oy

T
—opk H [tpmrc s tEbx ] H >0,Vk e Ix

VeC(QMMk) <t Yk € Tg
V2r -
vec(Qur) || _ .
’ turi, Vj € I,
‘[ \/ErMFj = ImFj, V] J

Ik Inge + Qumnare = 0, tyie > 0, Vk € Tk
tFilnge + Qur = 0,15 >0, Vi eIy
avivk = Tr(Qumk ) + emm» Yk € T
amF; 2 Tr(Qur) + cmrj, Vj € Iy
Py 2 Y Tr(V WLV,

kelk
T 2T, W =0, Vk € IK},

e { (Pr. Tr. (U}, {arri), {trri}) |

arrj + apmr; + In(pg)iF; — o

(19)

Cr
2
Fj

T .
—Brj H tFEjs trj | H >0,Vjel;

[

V2rEE;

|: vec(Qruk) ]

V2 i
tFilnegs + QFrj = 0, tr; > 0,Vj € Iy

i Nggs + Qrmr = 0, tix > 0, Vk € Ig
arr; 2 Tr(Qrrj) + crrj, Yj € Iy

armk = TrQewy) + cru, Yk € T

Pr= Y Tr(U)),

kEIK
TF éT,Uj EO,VjGIJ}.

<trrj,Vj €1y

< trmk, Yk € Ik

(20)
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As a result, problem (17) is equivalent to the following
problem:

min Py + Pr (21a)
W,U,é

SLW 2 Py, Tar AW lasa ) () € Cyr. (21D)

uz (P, tr, (Ui}, {arrs} (trrj}) € Cr, (21c)
3=1’M =TF. (2ld)

Note that the auxiliary variable § serves as a public variable
for MBS and FBS to update their local variables indepen-
dently in the distributed algorithm to be presented next.

According to ADMM, the proposed distributed robust
CoBF algorithm tries to solve the following penalty terms
augmented problem:

. c

min Py + Pr + — {18 — wll* + I8 — zp|?
W, U 2

Xy . Xr

+(pm — Pu)* + (pr — Pr)* } (22a)

stW 2 Py, T, AWL), dammne), (i) € G (22D)
e (Pr. w7, (U, {apgsh (trrj}) € Cr, (22¢)
Xu 2 (8, pm) = (Ty. Py) € RAEFHL (22d)
Xp £ (8, pr) = (zp, Pp) e RIETDHL (22e)

where ¢ > 0 is a preassigned penalty parameter, pys and pr
are auxiliary variables. The corresponding ADMM for solv-
ing (22) actually solves the dual optimization problem of (22),
which is also a max-min problem defined as

max { min _ (gyOWV, X, vur, im)
um,1r€ER WeCp UeCE,
UM,VF€R3(K+J) XM,XF€R3(K+J)+1
+grU, Xr,vp, ,U«F))} (23)

where

eV, /\C«’M, VM, M)
2 Py + E{ns —tull* + (om — Pu)?}

+ v — i)+ oy — Py),  (24a)
gr, Xg, VE, LF)
2 Pr+ 5{”6 —trl* + (pr — Pp)*}

+vE( — TF) + ur(pr — Pr),  (24b)

in which {vys, up} and {vr, pur} are the dual variables asso-
ciated with constraints (22d) and (22e), respectively. The
resulting iterative distributed algorithm is summarized in
Algorithm 2, that can yield a global optimal solution of (17)
after convergence by the following theorem (whose proof is
given in Appendix C):

Theorem 1: Assume that problem (17) is solvable and
strictly feasible (i.e., strong duality holds). Every limit point
Wi(g) and Uj(g) generated by Algorithm 2 is an optimal
solution of problem (17).

In Algorithm 2, steps 4-6 update the primal variables W,
U, Xy, and X by solving the inner minimization problem
of (23). Specifically, the primal variables YV, U are updated
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Algorithm 2 Proposed Distributed Robust CoBF Algorithm

1: Input a set of the initial variables {§(0), v7(0), vr(0),

um0), ur(0), par(0), pr(0)} that are known to both
MBS and FBS; choose a penalty parameter ¢ > 0 and
an over-relaxation parameter 6 € (1, 2).

2: Setg =0.

3: repeat
MBS and FBS update primal variables W(g + 1) and
U(g + 1) by (25a) and (25b), respectively, and then
further update {tp (¢ + 1), Py(g + 1)} in W(g + 1)
and {tr(qg + 1), Pr(qg + 1)} in U(qg + 1) by (26a) and
(26b), respectively;

5: MBS and FBS exchange local iterates 7/(g + 1) and
Tr(g+ 1)

6: MBS and FBS update §(g + 1) using (28a), and then
update pys(g + 1), and pr(g + 1) by (28b) and (28c),
respectively;

7: MBS updates {vy(g + 1), up(g + 1)} by (29a) and
(29b), and FBS updates {vr(g+1), ur(g+1)} by (29¢)
and (29d);

8: Setg:=gq+1;

9:  Set ¢ := min{qgc, 1};

10: until the predefined stopping criterion is met.

11: Output W; = Wi(g+1), Uj’f =Uj(g+1),Vk eIy, j €
7; (yielded in step 4) and the associated beamformers
Wy, uj*.

in step 4 by solving the following convex subproblems:

W(g+1) =arg min gV, Xu(q), vm(q), nm(q)),(25a)

ECM

Ug+1) = arg Lrlmél grU, Xp(q). vi(q), nr(q),  (25b)
eCr

where ¢ denotes the iteration number. Moreover, let
2y = [14,(q+ 1), Pu(g+ D" andzp = [t}(q+1), Pr(g+
1)]T. Then, over-relaxation strategy [34] for faster conver-
gence is performed by

[th (g + 1), Pu(g+ D" = 0z + (1— I8 (@), pm (@],
(26a)

[th(g+ 1), Pu(g+ DI := 0zp+ (1—0)[8" (@), pr(®]”,
(26b)

where 6 € (1,2) is the over-relaxation parameter. Step 5 is
interchange of local iterates Tj/(g+ 1) and T r(g+ 1) between
MBS and FBS. Step 6 solves the convex subproblems:

(Xu(g+ 1), Xp(g+ 1)
= arg min {gM (W(g + 1), Xu, vu (@), um(9))
X, X

+gr (Ul + 1), Xe, vr(@, 1 (@) |- @7)
thereby yielding the closed-form solutions:
$(g+1) = QN (F(g+ 1) —F(g)/e), (282)
pm(g@+1) = Pyu(g+1) — nuu(q/c, (28b)
pr(g+ 1) = Ppg+ 1) — ur(@/ec, (28¢)
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where T(q + 1) = [t},(g + 1), th(g + D]” and ¥(g) =
vl (@), vE(@)]T, and R is defined in (45¢) in Appendix C.
Finally, in step 7, the dual variables {v{,,, Uy} and {vIT,, Ur}
are updated using

vi(g+ 1) = vy(q) +cB(g+1) —ti(g+ 1)), (292)
um(g+1) = pm(@) +cpulg+1) — Pu(g+1)), (29b)
ve(g+1) = vp(q) +c@@(g+ 1) —Tp(g+ 1)), (29¢)
ur(g+1) = up(@) +c(prl@+1) —Pr(g+1)).  (29d)

B. COMPLEXITY AND INFORMATION

EXCHANGE OVERHEAD ANALYSIS

The dominant computation complexity of Algorithm 2
consists in step 4 where the two convex subproblems
(25a) and (25b) can be solved by using the primal-dual
interior-point method (IPM), thereby involving linear matrix
inequality (LMI), second-order cone (SOC) and equality con-
straints. The worst-case complexity analysis for solving a
conic problem defined in (46) by the primal-dual IPM is
summarized in Appendix D [39]. Because the complexity
induced by equality constraints are negligible compared to
that of the inequality constraints, we apply this analysis to
(25a) and (25b) by ignoring the complexity induced by equal-
ity constraints. Next, we focus on the complexity analysis for
(25a).

Before presenting the complexity analysis for subprob-
lem (25a), we need to reformulate it into the same problem
form as (46). By epigraph representation and Schur comple-
ment, problem (25a) can be written as the following SDP:

min Py + gm + 1) + 5 (@) E(q) — Th)

+ 1 @y (@) = Por) (30a)
s.LW 2 (P, tar, (Wi, {ane), () € Car. (30b)

| 8(q) —
>0, (30c¢)
| B — )" 1
1 pu(q) — Py
> 0. (30d)
| pmM(@) — Py 1

Secondly, we need to convert the complex SDP (30) into the
corresponding real SDP, which maintains the same problem
type except for doubled problem dimension. For simplicity,
our complexity analysis for solving (30) assumes w.l.0.g. that
it is a real SDP.

By (19), the inequality constraints in (30b), (30c), and
(30d), consist of K + J LMI constraints of size 1; 2K + J
LMI constraints of size Nrg; two LMI constraints of size
3(K + J) + 1 and 2, respectively, (i.e., p = 3K + 2J + 2,
cf. (46b)); K + J SOC constraints of size NI%F + Nrg+ 1 and
K SOC constraints of size 6 (i.e., m = p+ 2K + J; cf. (46¢)).
Moreover, the number of decision variables of problem (30)
is on the order of (4K + 2J )Nl%F £ 7. Hence, the complexity
order of the primal-dual IPM for solving (25a) is given by

Csay = VPK) - (Crom + Cract) - In(1/€). (by (49))  (31)
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FIGURE 2. Feasibility rates of the various methods versus target SINR y,
fOfNMBs = 16, NRF = 4,K =4; NFBS = 2,.’ = 2; p= 0.],
&2 € {0.001, 0.002}.

where € denotes the solution accuracy, and

@(K) = 2K + J)Ngrg + 8K + 6J + 3, (by (47))
Crorm = (2K + J)(N3g + iiN2p)
+ABK +J)+ 1> + P BK +J) + 1)?
(K A+ I A1) + (8 + i)
7 (K + ) (NEe + Nee 1)2
+ 367K, (by (48a))
Craet = 71°. (by (48b))

Similarly, one can obtain the complexity order of the primal-
dual IPM for solving (25b), C25p), by interchanging K with J,
and replacing Nrp with Nggs in (31). Thus, the total complex-
ity order of Algorithm 2 is approximately fier x (C(252) +
C25p)), where i is the number of outer iterations spent
before convergence of Algorithm 2.

On the other hand, the information exchange overhead of
Algorithm 2 can be easily seen to be the exchange of local
iterates ), of MBS and T of FBS in step 5 at each iteration.
In LTE-Advanced based cellular systems, this information
exchange of 6(K + J) real values can be achieved by X2
interface (wired fiber connection).

V. SIMULATION RESULTS

In this section, we present some simulation results to demon-
strate the effectiveness of the proposed HyCoBF algorithm,
constituted by Algorithm 1 for analog beam selection, and
Algorithm 2 for digital CoBF, where problem (25) (for the
distributed solution) is solved by using the off-the-shelf con-
vex optimization parser software, CVX [40]. The simulation
results for the centralized solution (obtained by solving (17)
using CVX) are also provided for justifying the performance
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FIGURE 3. Histograms of the actual SINR satisfaction probabilities of various methods at target SINR y =9
dB, for Nygs = 16, Ngg = 4, K = 4; Npgs = 2,J = 2; p = 0.1, €2 = 0.002.

of the proposed HyCoBF design. The simulation settings are
as follows. Users’ noise powers are identical, i.e., akz
o2 o, Vk € Ik, ¥Yj € 1Ij; target SINRs for all
MUESs and FUEs are identical, i.e., ymx = yr = v, Vk €
Ik, Vj € I;; SINR outage probabilities are also identically
set to pyr = pr; = p = 0.1 for all k£ and j, i.e., SINR
satisfaction probabilities are higher than 90%. Both MBS and
FBS are assumed to be able to track the large-scale fading
while the small-scale components for CSI errors are complex
Gaussian distributed with zero mean and identical covariance
matrices Cyppr = CMFj = SZINMBS and CFFj = Crur
%Iy s> Where €2 > 0 denotes the variance of each com-
EonentAof channAel error vectors. Channel estimates of ﬁMMk,
hryg, hppj and hyg; are randomly generated according to the
standard circularly symmetric complex Gaussian distribution
with variances determined by large scale fading due to path
loss and shadowing effect. The simulation results are obtained
by averaging over all 500 channel realizations for which all
the methods under test yield feasible solutions.

A. PERFORMANCE OF THE PROPOSED HyCoBF DESIGN

We first investigate the feasibility rate of the proposed
HyCoBF design. As Algorithm 1 is used for analog beam
selection, the obtained design is denoted as HyCoBF-PRM,;
as magnitude maximization based beam selection is used
instead [20], the corresponding design is denoted as
HyCoBF-MM. The results of feasibility rate obtained by
calculating the percentage proportions (i.e., feasibility rates)
of feasible solutions over the generated 500 channel real-
izations, are illustrated in Fig. 2, where the corresponding
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results for the robust FD design (for which Nygs = Nrr,
denoted as ‘“Robust FD”’) are also provided. One can see,
from this figure that, the proposed designs for £2 = 0.001
(dashed lines) yield much higher feasibility rates than for
€2 = 0.002 (solid lines). It can be observed that the robust
FD outperforms the proposed HyCoBF design for Nrg = 4
RF chains equipped at the MBS, simply because the latter
has less DoF at the MBS, thereby leading to lower feasibility
rates. Moreover, the HyCoBF-PRM performs better than the
HyCoBF-MM for SINR from 1 dB to 15 dB, while for SINR
higher than 15 dB, their feasibility rates are comparable.
The conservatism in terms of satisfaction probability for
the various methods is evaluated by histograms (counted over
all feasible channel realizations associated with the results
shown in Fig. 2) versus actual SINR satisfaction probabil-
ities. The actual SINR satisfaction probability, defined as
the minimum of actual SINR satisfaction probabilities of all
the MUEs and FUEs by applying the designed beamformers
(i.e., V*, w; at MBS and ujf at FBS) to probability function
in (8b) and (8c), was obtained by calculating the relative fre-
quency over 10,000 randomly generated CSI errors (cf. (7)).
Fig. 3 shows the obtained histograms for y = 9 dB and &> =
0.002. From this figure, one can see that the non-robust FD
design (that treats all the given channel estimates as perfect
channels) does not achieve the target SINR satisfaction prob-
ability due to its actual SINR satisfaction probabilities below
40% (average satisfaction probability is only around 21%) for
all the channel realizations. This justifies that the non-robust
FD design is quite sensitive to CSI errors. It can be seen that
HyCoBF-PRM, HyCoBF-MM and robust FD designs indeed
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TABLE 1. For some results in Fig.2, counts of rank-one solutions and all the feasible solutions for each simulation case for 2 ¢ {0.01, 0.002} and

y €{1,5,9, 13} dB are shown here.

2 0.01 0.002
~ (dB) I 5 9 13 I 5 9 13
Robust FD | (447, 447) | (396, 396) | (286, 286) | (102, 102) | (490, 490) | (481, 481) | (460, 460) | (401, 401)
HyCoBF-PRM | (418, 418) | (250, 250) | (63, 63) | (35,35) | (413, 413) | (402, 402) | (336, 336) | (191, 191)
35 35
4

[\
at

Total transmit power (dBm)

HyCoBF-PRM
--- HyCoBF-MM

1 3 5 7 9 11 13

t

7 (dB)

FIGURE 4. Total transmit power of the proposed HyCoBF versus target
SINR VY for NMBS =16, NRF = {4, 8, 16}, K = 4; NFBS = 2,1 =2; p= 0.1,
€2 = 0.002.

have higher than 90% SINR satisfaction probability over all
feasible channel realizations. In spite of both of HyCoBF-
PRM design and HyCoBF-MM design over meet the target
satisfaction probability (as shown in Figure 3), the former
(for which the PRM beam selection scheme is initialized by
the MM beam scheme) also yields higher feasibility rate (as
shown in Fig. 2) than the latter, implying that the former is
also more power efficient than the latter as shown in Fig. 4.

As discussed in the Section III-B, when the designed W}
and U? are not of rank one, one may need to find approximate
rank-one solutions from them by Gaussian randomization.
Therefore, we examine the proportion of rank-one solutions
out of those feasible solutions associated with the results
shown in Fig. 2. Numerically, W} and U]’.‘ are regarded as
rank-one matrices if the following conditions hold:

Amax (WE) 9909, M = 0.9999,
T (W) T (v;)
kelIx, jel;. (32)

As shown in Table I, each entry is a pair (p, g) in which p
(g) denotes the number of realizations for which the obtained
solutions are feasible (feasible and rank one) for each simu-
lation case for y € {1, 5,9, 13} (dB) and = {0.01, 0.02}.
Due to p = ¢ for all the entries in Table I, all the yielded
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FIGURE 5. Total transmit power of the HyCoBF-PRM (“A” for Ngg = 4,
“y¢" for Ngg = 8, and “+" for Njg = 16); non-robust FD design (denoted
as “(Q") and robust FD design (denoted as “[(1”), for K =4 and J = 2;
p=0.1, and (a) NMBS =16, NFBS =2, €2 € {0.001, 0.002}, (b) NMBS =64,
Negs € (2, 4}, €2 = 0.002.

ot

feasible solutions are of rank one, indicating that the desired
HyCoBEF strategy is also a single stream transmission scheme,
thus suitable for practical deployment.

VOLUME 5, 2017



G. Xu et al.: Outage Constrained Robust Hybrid CoBF for Massive MIMO Enabled Heterogeneous Cellular Networks

IEEE Access

Total transmit power (dBm)

Total transmit power (dBm)
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FIGURE 6. Total transmit power of the proposed HyCoBF-PRM (“+" for centralized solutions, and “v" and “Q" for distributed solutions obtained using
Algorithm 2 after 15 and 25 iterations, respectively) versus 50 randomly generated channel realizations, for Nyygs = 16, Ngg = 4, K = 4; y =9 dB, p = 0.1,

€2 = 0.002, and (a) NFBS =J=2, (b) NFBS =J=4.

Next, let us examine the transmit power performances of
the proposed HyCoBF-PRM by the averaged transmit powers
over the channel realizations for which all the designs yield
feasible solutions. Fig. 5(a) shows the power performances of
the proposed HyCoBF-PRM design, and the corresponding
results for the robust FD design as well as the non-robust FD
method. It can be observed that the power performances of
all the designs under test are better for smaller y, and that
the transmit powers of the non-robust method are the least.
As expected, the proposed HyCoBF-PRM design performs
better for larger Nrr and smaller ¢Z; and its performance for
Nrr = NMmBs = 16 is the same as that of robust FD design.
Let us emphasize that the SINR outage probabilities (i.e., (8b)
and (8c)) for the non-robust FD method are never satisfied
over all feasible channel realizations (cf. Fig. 3). Compared
with the robust FD design, the extra power consumption of
the proposed HyCoBF-PRM design for Nrr = 8 is quite
small for both £2 = 0.001 and &2 = 0.002, demonstrating its
promising performance for this case.

The corresponding simulation results (not including the
robust FD design) for Nvgs = 64, Nrp € {4, 8, 16},
Npgs € {2,4} and €2 = 0.002 are shown in Fig. 5(b).
It can be seen from this figure that the relative performances
among all the designs under test remain the same as shown
in Fig. 5(a). Moreover, the total transmit powers for the
proposed HyCoBF-PRM for Nrr = 8 and Nrg = 16 are
comparable, indicating that the MBS has almost achieved the
“best” performance for this case of Nyigs = 64, whereas
increasing Npps (i.e., more spatial DoF) can further reduce
the total transmit power by more than 5 dB for this case.
These results demonstrate the efficacy of the proposed
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FIGURE 7. Typical convergence curves of Algorithm 2 under Ny;gs = 16,
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HyCoBF-PRM design, and the performance dependence and
perspective over different values of Nyps, Nrr and Nrps.

B. PERFORMANCE OF THE PROPOSED DISTRIBUTED
DIGITAL CoBF DESIGN

To examine the performance of the proposed distributed
CoBF design (Algorithm 2), we set the initial input
values {3(0), v (0), vr(0), um(0), ur(0), ppr(0), pr(0)} all
to zero, the over-relaxation parameter 6 = 1.8, and for less
dependence on the initial values [34], the augmented penalty
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parameter c(q) is iteratively updated by rules described in
steps 8 and 9 of Algorithm 2 (with c(0) = 107%) [41].
According to Theorem 1, Algorithm 2 will converge to the
global optimum of (17) as g increases. From Fig. 6, it can be
observed that Algorithm 2 can yield near-optimal solutions
within 25 iterations for different simulation settings over
different channel realizations.

To further look into the convergence behavior of
Algorithm 2, the normalized power accuracy defined as

|P* (q) — P*|
P*

where P* is the centralized solution (obtained by solving
(17)); P*(q) = P}; (q9) + P} (g) is the total power at iter-
ation g, where P}, (¢) and P}, (g) are obtained in step 4 of
Algorithm 2. A typical convergence curve for each simulation
case shown in Fig. 6 is shown in Fig. 7. As can be seen
from this figure that Algorithm 2 yields a solution with the
normalized power accuracy smaller than 0.01 within 30 iter-
ations. Moreover, only in a few tens of iterations, Algorithm
2 can yield a solution with the normalized power accuracy
less than 1073, One can also see that higher normalized
power accuracy (e.g., 1077) needs more iterations due to the
fluctuating convergence behavior, and that the convergence
speed is slower for larger network scale. Nevertheless, these
simulation results well demonstrate the convergence of Algo-
rithm 2, as proved in Theorem 1.

Normalized power accuracy = ,  (33)

VI. CONCLUSION

Within the umbrella of the massive MIMO enabled HetNet,
we have presented an outage constrained robust HyCoBF
design for the 5G wireless communications, in the presence
of of Gaussian CSI errors. The proposed HyCoBF design is
a cascade of a low-complexity analog beam selection mecha-
nism (Algorithm 1) followed by a robust digital CoBF design.
The former obtains the analog beamformer by maximizing
the ratio of the total channel power of all the MUEs to the
total interference channel power impinged on FUEs. With
the designed analog beamformer by Algorithm 1, the later
obtains the digital beamfomers at MBS and FBS by solving
a conservative convex approximation problem, by the use of
SDR and an extended form of Bernstein-type inequality. Fur-
thermore, by using ADMM, we have presented a distributed
robust digital CoBF algorithm (Algorithm 2). The conver-
gence property of the proposed distributed algorithm, which
yields the same solution as the centralized version, has been
demonstrated theoretically (Theorem 1) and numerically.
Our simulation results have demonstrated that the proposed
conservative convex approximation can yield promising
performance and, most importantly, it can achieve accept-
able performance comparable to the FD beamforming
scheme with much smaller number of RF chains. Although
the proposed algorithm can solve the SDR based robust
CoBF problem within polynomial time, the computational
cost of the IPM may still be too expensive as the problem
size increases, such as in the scenarios with large number
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of antennas and/or dense wireless networks. As a future
research, it is worth studying other variations of ADMM for
distributed CoBF design for faster convergence.

APPENDIX A
PROOF OF LEMMA 1
To prove Lemma 1, we need the following Lemma:

Lemma 2: [38, Lemma 0.1] Leta = [a1,...,ap4q]" €
RPYe and b = [by, ..., bpygl" € RPT be real vectors,
z = [z1,. ..,zp+q]r € RPTY be a real random vector,
where z1, ..., 2,414 are independent identically distributed

(i.i.d.) real random variables following the standard normal
distribution N(0, 1), and define
ptq
g= Y aiz +2biz. (34)
=1
Then, given n > 0, the following concentration result holds
true:

pt+a
Pr ngag—L/ﬁ Za?+2b%—2na_ <e 7,
=1 =1

(35)

where a~ £ sup{sup{—a; | 1 < £ < p + g}, 0}.

To employ the real-valued Bernstein-type inequality (35)
in proving the complex-valued inequality (15), we define the
following real-form counterparts:

o=z g e
o3[ )=
1= Jx[imtnt] <¥

= 5[ ¥

i =2 [iﬁ}gﬂ ~ N0, 1),

_ Re{82} ] _
) = \/§|:Im{82}1| N(O, Iq)»

where p £ 2Ngp and ¢ £ 2Npgs. Moreover, by the
eigenvalue decomposition of the real symmetric matrices
Qi = UjAUT and Q, = U,A,U7 (where U; and U, are
orthogonal matrices, and A; and A, are diagonal matrices),
we can re-express g1 (cf. (13)) and g» (cf. (14)) in the same
form as (34):

2181, Quank, tamk) = 71 QuZy + 28] 7y

P
=7 M7 +2¥] 7 = Zhlki%k + Xz, (36)
k=1
2082, Qrak, trmi) = 7 Qo + 285 7
q
=D Ay + 2007 = ) hoiy; + Wiy, (37)

J=1
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where Ay is the kth diagonal element of Ay, hy; is the jth

diagonal element of A», Z) = [Z11,...,Z1p]7 £ Ulz ~
NQO.L), % = [Z21,.... 24" £ Ulzy ~ N(0,1)), T =

711, ... ,71p]T e Ulrf'l, andT) = [/, ... ,72q]T e Ugf‘z.

By substituting a £ [h1..., hip, hai, ..., hog]? € RPT,
b2 ¥, ¥117 e RPT, and z = [2] , 217 into (35), we have
the following inequality, V) > 0:

p q p

~ ~ o~ ~ ~ ~

Pr E iz + 2reZie + E hajz5; + 2aj2a) < E hig
k=1 j=1 k=1

q
+Zh2j —2nsup{
j=1

sup {—hik}, sup {—h2j},0}
k=1,...p Jj=1,...q

P q
=20 | Y B+ 2+ (42 < e
k=1 j=1

(38)

Furthermore, one can easily verify the equalities that
21 Qizi + 2t7Z) = 8 Quandy + 2Re{rfl, 81}, 20 Qoo +
2t12 = 84 Qpands + 2Re{l‘§Mk52}, Ieamx 1? = 2IF [1* =
20T )12, epmcll* = 2%l = 20IF201% Tr(Qumk)_ =
Yo hue = TeQu), TrQp) = XL, hyy = Tr(Qo),
1Quallz = 2% k= 20Qul7. 1Qmulf =
23 = 20QallE and AT(Qumk. Qru) =
0}; these, together with (38) and n = In(1/ppx) > O (since
0 < pmr < 1), directly imply that the probability inequality
(15) holds true. [ |

APPENDIX B

CONSERVATIVE CONVEX APPROXIMATION PROBLEM
(17)

Since Y (cf. (16)) is monotonically decreasing, its inverse
mapping Y~! : R — R, is well defined. Then, by applying
Lemma 1 and the fact that e~ (M) = 0 (where cpy is
given in (12¢)), we have the following inequality:

Pf{gl(&, Qum, *mmar) + 82(82, Qrnar, Trmr)
+emk = 0} > 11— YOm0, (39)

implying that e~ Y (=m0 < pumk 1S a conservative approxi-
mation to (11b), which can be equivalently expressed as

Tr(Qumak) + Tr(Qrumk) + InCom) - A (Quantk, Qrmar)

- (XMk\/”QMMkH;zw + 20eamnk 12 + 1Qemi 1% + 2[rpask |12
+oemk =0 (40)

Following a similar reformulation procedure for the single-
cell case as reported in [30] and [42], the convex constraint
(40) can be expressed in the following form:

Cu 2 | (tWa). (U} tor tawnae). {arunc), Pur)|
apmk + armk + InCopi)tmk — %241(
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—apk H [tvanare, taai)” H >0,Vk € Ix

vec(Qumr)
<t ,Vk € T,
H[ V2 vk } = MMk K
vec(Qrak)
< trmk, Yk € I
H: V2rppi ] = Mk K

ik INge + Qumk = 0, Vk € Ik

tvicNggs + Qrmk = 0, tix > 0, Vk € Tk

avk 2 TrQuamx) + e, Yk € T

apme £ TrQpmx) + cru, Vk € Ig

Pu 2 Y T (VWeev)h) | (41)

kEI](

where tys é [tvanets - s taMEK S LEM Ly -+ -5 LEMEK S IM1s - - - »
k1’ € R3X (auxiliary variables), and cap and cppy are
given in (12c). Similarly, we can show that the following
inequality is a conservative approximation to (11c):

Tr(Qrr) + Tr(Qur) + In(pr) - AT (Qrrj, Qur))

- ﬁFj\/ 1QrrilIF + 21errill? + 1 QurlI 7 + 2lIrur;l2
+cr =0 42)

where BF; 2 /2In(1/ PFj), which can be represented as the
following form:

A
Cr = i ((Wih (U3, te, {arr}, {amrs}, Pr)|
arrj + apmri + In(pp)tr — O-szi

T .
— Brj H [1Frj, tmry] ” >0,Vjel

vec(QFr))

< trpi,
|: \/EI‘FF]' = I
vec(Qur)) .

< tyurj,Vj € L
|: ﬁ rur = IMFj, V] J

tFilnggs + Qrrj = 0, V) € Iy
trilnge + Quri = 0,15 > 0,Vj € Iy

A .

arri = Tr(QFrj) + crrj, Vj € Iy
A .

amr; = Tr(Qumry) + curj, Vj € Iy

Pr2 Y Tr(U) } (43)

J€ZLy

. . A
where cprj and cypj are given in (12¢), and trp = [trF1,

e s tFFT s tIMEL - - - IMET S, BFL, - - - IFJ]T [S R collects all
the auxiliary variables in the derivation of (43). |
APPENDIX C

PROOF OF THEOREM 1
Let us consider the following structured convex optimization
problem:

min_ F (x) + G (z) (44a)

xeR",zeR™
st.xe Sy, ze Sy, (44b)
AX =z, (44¢)
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where A is an m x n matrix, and F : R"” — R and
G : R™ — R are convex functions; and & C R” and
S C R™ are nonempty convex sets. Assume that (44) is
solvable and strong duality holds. Problem (21) (which is
equivalent to problem (17)) can be re-expressed in the same
form as (44) by the following correspondences:

x = [8", pu,prl’, z =17}, Tk, Py, Prl", (452)

Fix) =0, G(z) =Py + Pr, (45b)

A= [50’ . ] 2 £ hcan, Bacenl’, (450

Sy & ROKHH2, (45d)
Sy £ 2| (Pur. Tur, (Wi {awmi}, () € Ci,

(P, tr, {Uj}, {arrs} {trrj}) € Cr). (45¢)

Since ATA = Is(k+7)+2 1is invertible, and both

5M and C~F are convex sets, the ADMM based distributed
algorithm (Algorithm 2) can be guaranteed to converge and
the yielded solution is globally optimal to problem (17)
by [41, Lemma 2]. [ |

APPENDIX D

SUMMARY OF WORST-CASE COMPLEXITY FOR
A CONIC PROGRAM BY PRIMAL-DUAL IPM
Consider the following conic problem:

min ¢’x
xeR”

(46a)

n
s.t. Zx,-Ajl-—f—Bi € S]i forj=1,...,p, (46b)
i=1

Tx—b elb forj=p+1,...,m. (46¢)

wherec € R"; AL B/ e Skifori=1,...,nandj=1,...,p;
T e RE*" and b e R¥; LY is the SOC of dimension
oz lie, I8 = {xeRY|xgz [+ 422}
Note that linear constraint a”’x — b > 0 is equivalent to the
LMI constrainta’x —b € Ry =Sk fork = 1.

According to [39], the worst-case complexity of a generic
IPM for solving (46) consists of two parts:

1) Iteration Complexity: For obtaining an e-suboptimal
solution of (46), the number of required iterations is on the
order of /o(K) - In(1/¢), where K = ]_[5;1 SIK x [T,y LY
is a cone measuring the geometric complexity of the conic
constraints with respect to (46b) and (46¢), and

p
9(K) = kj+2(m—p). (47)
j=1

2) Per-iteration Complexity: In each iteration of IPM,
a search direction is found by solving a system of 7n linear
equations in 7 unknowns, where 7 is the total number of pri-
mal and dual variables. The computational cost is dominated
by (i) the formation of the corresponding 7 x 1 coefficient
matrix H of 7 linear equations, and (ii) the factorization of
the coefficient matrix . The cost of forming and that of
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factorizing the coefficient matrix H for (46) are, respectively,
on the order of

p p m
Crom =7y kK +#*Y ki+7ii » k', (48)
j=1 j=1

j=p+1
—_———
due to (46b) due to (46¢)
Cract = 71°. (48b)
Therefore, the worst-case complexity order for
solving (46) is given by
VO(K) - (Ciorm + Cract) - In(1/€). 49)
|
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