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Coordinated Beamforming for Multiuser MISO
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Abstract—This paper studies the coordinated beamforming
design problem for the multiple-input single-output (MISO) inter-
ference channel, assuming only channel distribution information
(CDI) known to the transmitters. Under a given requirement on
the rate outage probability for receivers, we aim to maximize the
system utility (e.g., the weighted sum rate, weighted geometric
mean rate, and the weighed harmonic mean rate) subject to the
rate outage constraints and individual power constraints. The
outage constraints, however, lead to a complicated, nonconvex
structure for the considered beamforming design problem and
render the optimization problem difficult to handle. Although this
nonconvex optimization problem can be solved in an exhaustive
search manner, this brute-force approach is only feasible when
the number of transmitter-receiver pairs is small. For a system
with a large number of transmitter-receiver pairs, computation-
ally efficient alternatives are necessary. Hence, the focus of this
paper is the design of such efficient approximation methods.
In particular, by employing semidefinite relaxation (SDR) and
first-order approximation techniques, we propose an efficient
successive convex approximation (SCA) algorithm that provides
high-quality approximate beamforming solutions via solving a
sequence of convex approximation problems. The solution thus
obtained is further shown to be a stationary point for the SDR
of the original outage constrained beamforming design problem.
Furthermore, we propose a distributed SCA algorithm where
each transmitter optimizes its own beamformer using local CDI
and information obtained from limited message exchange with the
other transmitters. Our simulation results demonstrate that the
proposed SCA algorithm and its distributed counterpart indeed
converge, and promising performance can be achieved for all the
considered system utilities.

Index Terms—Convex optimization, coordinated beamforming,
interference channel, outage probability, semidefinite relaxation.

I. INTRODUCTION

NTER-CELL interference is known to be one of the main
bottlenecks that limit the system performance of a wireless
cellular network where all transmitters share a universal fre-
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quency band. The performance degradation caused by such in-
terference is severe especially for the users at the cell edge and
can only be alleviated when some sort of cooperation is avail-
able between base stations (BSs) [2]. According to the level of
cooperation, the coordinated transmission can be roughly di-
vided into two classes: Network multiple-input multiple-output
(MIMO) and interference coordination [3]. In network MIMO,
all BSs work as a single virtual BS using all the available an-
tennas for data transmission and reception. Each of the BSs re-
quires to know all the channel state information (CSI) and data
streams of users, demanding a large amount of message ex-
change between BSs [4]. Interference coordination, by contrast,
only needs CSI sharing between BSs; based on the shared CSI,
the BSs coordinate with each other in the design of transmis-
sion strategies, e.g., coordinated beamforming [5], [6] or power
allocation [7]. Our interest in this paper lies in the coordinated
beamforming design. To this end, we adopt the commonly used
interference channel (IFC) model [8]-[10]. Under this model,
a Pareto optimal transmission scheme is that the rate tuple of
receivers resides on the boundary of the achievable rate region
[11]. Tt is always desirable to have a Pareto optimal transmis-
sion scheme since, otherwise, the achievable rates of some of
the receivers can be further improved.

Consider a multiple-input single-output (MISO) IFC, where
the transmitters are equipped with multiple antennas while
the receivers, i.e., mobile users, have only single antenna. We
assume that the receivers employ single-user detection wherein
the cross-link interference is treated as noise. Under such
circumstance, analyses in [12]-[14] have shown that the Pareto
optimal transmission strategy is transmit beamforming. While
beamforming is a structurally simple transmission strategy,
finding the optimal transmit beamformers for the MISO IFC is
intrinsically difficult. More precisely, it has been proved [15]
that finding the optimal beamformers that maximize system
utilities, such as the weighted sum rate, the geometric mean
rate, or the harmonic mean rate, is NP-hard in general. As a
result, lots of efforts have focused on characterizing the op-
timal beamformer structures [12], [14], [16] in order to reduce
the search dimension for finding the optimal beamforming
vectors, or on investigating suboptimal but computationally
efficient beamforming algorithms [15]-[17]. Another approach
to studying these resource conflicts encountered in the IFC is
to use Game theory; see [11], [18], [19] for related works.

The aforementioned beamforming designs all assume that
the transmitters have the complete knowledge of CSI. To
provide the transmitters with complete CSI, the receivers
need to periodically send the CSI (e.g., for frequency division
duplexing systems) or training signals (e.g., for time division
duplexing systems) back to the transmitters. In contrast to
the CSI, channel distribution information (CDI) can remain
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unchanged over a relatively long period of time and thus the
amount of feedback information can be significantly reduced.
With CDI at the transmitters, the ergodic rate region of the
K -user MISO IFC has been analyzed and the structure of the
Pareto optimal beamformers has been characterized in [20]. For
a two-user case, an efficient algorithm for finding the Pareto
boundary of the ergodic rate region was presented in [21].
Unlike the ergodic achievable rate where the packet delay is
not taken into consideration, the outage constrained achievable
rate is more suitable for delay-sensitive applications, such
as those involving voice or video data communications. For
such outage constrained achievable rate region, the authors of
[22], [23] presented a numerical method for finding the Pareto
boundary; however, the complexity of this algorithm increases
exponentially with the number of transmitter-receiver pairs.
Developing efficient beamforming design algorithms that can
approach the outage constrained Pareto boundary is therefore
important. While several efficient beamforming algorithms can
be found in [24], [25], a different power-minimization design
criterion was considered, instead of rate utility maximization.

In this paper, we investigate efficient coordinated beam-
forming design algorithms for maximizing the system utility
under rate outage constraints and individual power constraints.
Specifically, we assume that the MISO channel between each
transmitter and receiver is composed of zero-mean circularly
symmetric complex Gaussian fading coefficients where the
corresponding covariance matrix is known to the transmitter.
We formulate an outage constrained coordinated beamforming
design problem, aiming at finding the Pareto optimal beam-
formers that maximize the system utility (e.g., the weighted
sum rate) subject to a pre-assigned rate outage probability
requirement and power constraints. Due to the complicated
nonconvex outage constraints, we propose a successive convex
approximation (SCA) algorithm, where the original problem
is successively approximated by a convex problem and the
beamforming solution is refined in an iterative manner. The
convex approximation formulation is obtained by applying the
convex optimization based semidefinite relaxation (SDR) tech-
nique [26], followed by a logarithmic change of variables and
first-order approximation techniques. We analytically show that
the proposed SCA algorithm can yield a beamforming solution
that is a stationary point for the SDR of the original problem.
We further propose a round-robin-fashioned (block-coordinate)
distributed SCA algorithm where each transmitter optimizes
only its beamformer using local CDI with limited communica-
tion overhead of message exchange with the other transmitters.
It is shown by simulations that the two proposed algorithms
yield near-optimal performance with lower complexity com-
pared with those reported in [22], [23].

The remaining part of this paper is organized as follows. The
system model and the outage constrained coordinated beam-
forming problem are presented in Section II. In Section III, we
present the proposed SCA algorithm and analyze its conver-
gence property. In Section IV, the distributed SCA algorithm is
developed and analyzed. Simulation results that demonstrate the
efficacy of the proposed algorithms are presented in Section V.
Finally, the conclusions are drawn in Section VI.

Notation: The n-dimensional complex vectors and complex
Hermitian matrices are denoted by C™ and H", respectively.
The n % n identity matrix is denoted by L,,. The superscripts
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“T” and ‘ H’ represent the matrix transpose and conjugate trans-
pose, respectively. We denote || - || as the vector Euclidean norm.
A > 0 and a > 0 respectively mean that matrix A is posi-
tive semidefinite (PSD) and vector a is element-wise nonnega-
tive. The trace and rank of matrix A are denoted as Tr(A) and
rank(A), respectively. We use the expression x ~ CA (g2, Q)
if x is circularly symmetric complex Gaussian distributed with
mean g and covariance matrix Q. We denote exp(-) (or simply
e{)) as the exponential function, while In(-) and Pr{-} repre-
sent the natural log function and the probability function, re-
spectively. For a variable a;;,, where i, k € {1,..., K}, {aw},
denotes the set {a;1, ..., aix }, {aik}k# denotes the set {a;z },
excluding a;;, and {a; } is defined as the set containing all pos-
sible a;, i.e., {a11,.. ., a1k, 421, .., 0K K }.

II. SIGNAL MODEL AND PROBLEM STATEMENT

We consider the K -user MISO IFC where each transmitter
is equipped with V; antennas and each receiver with a single
antenna. It is assumed that transmitters employ transmit beam-
forming to communicate with their respective receivers. Let
3;(t) denote the information signal sent from transmitter ¢, and
let w; € C™* be the corresponding beamforming vector. The
received signal at receiver ¢ is given by

K
zi(t) = hiwisi() + > hfwese(t) + nit), (1)
k=1,ki

where hi; € C™ denotes the channel vector from transmitter
k to receiver i, and n;(t) ~ CAN(0,07?) is the additive white
Gaussian noise at receiver i where o7 > 0 is the noise variance.
As can be seen from (1), in addition to the noise, each receiver
suffers from the cross-link interference £i hﬁ-wk sk (t). We
assume that all receivers employ single-user detection where the
cross-link interference is simply treated as background noise.
Under Gaussian signaling, i.e., s;(t) ~ CN(0,1), the instan-
taneous achievable rate of the sth transmitter-receiver pair is
known to be

2
H

r; ({hki}k7 {wk}) = 1Og2 1+

5
Dkpi thzwk‘ +o}

In this paper, we assume that the channel coefficients hy;
are block-faded (i.e., quasi-static), and that the transmitters
have only the statistical information of the channels, i.e., the
CDL. In particular, it is assumed that hy; ~ CAN(0,Q,;) for
all k.4 = 1,...,K, where Q,; > 0 denotes the channel
covariance matrix and is known to all the transmitters. Since
the transmission rate [?; cannot be adapted without CSI, the
communication would be in outage whenever the transmission
rate R, > 0 is higher than the instantaneous capacity that the
channel can support. For a given outage probability require-
ment (€1, ..., €x ), the beamforming vectors {w; } must satisfy
Pr{r;({hsi},,{w:}) < R;} < €. Following [23], we define
the corresponding €;-outage achievable rate region as follows.

Definition 1 [23]: Let P; > 0 denote the power constraint of
transmitter i, for i = 1,..., K. The rate tuple (R1, ..., Ry)
is said to be achievable if Pr{ri({hwi},, {wr}) < R;} < ¢,
i =1,...,K, for some (wy,...,wg) € Wy x -+ x Wg

where €; € (0. 1) is the maximum tolerable outage probability
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. . A - v
of receiver i and W; = {w € CM|||w||> < P,;}. The ¢;-outage
achievable rate region is given by

r= {(Rl,...,Rk)

w, EW,,
i=1,.. K

...../

Given an outage requirement (€q, ..., €x ) and an individual
power constraint (P, ..., Pk), our goal is to optimize {w;,}
such that the predefined system utility function U (Rq, ..., Rx)
is maximized. To this end, we consider the following outage
constrained coordinated beamforming design problem

max U(R;....,RK) (2a)
w;cCNVt R; >0,
2=1,..., K
st Pr{ri ({hui}y, {we}) < Ri} <, (2b)
|lw;|? <P, i=1,....K. (2¢)

Note that, as each user would prefer a higher transmission rate,
a sensible system utility function should be strictly increasing
with respect to the individual rate R; for< = 1,..., K, such
that the optimal (R, ..., Rx) of problem (2) would lie on the
so-called Pareto boundary of R [11]. In this paper, we consider
the following system utility function which captures a tradeoff
between the system throughput and user fairness [27]

1-3
a; R,

B T g<f<oof#],
Us ({Ri}) = Z}xl e sfseadz
YoimiIn(Ry), B=1,

where the coefficients o; € [0,1] for i = 1,...,K with
Zf; «; = 1 represent the user priority, and the parameter
[ € [0, 00) reflects the user fairness. For example, for 5 being
0, 1, 2 and infinity, Us({R;}) corresponds to the weighted sum
rate, weighted geometric mean rate, weighted harmonic mean
rate and the weighted minimal rate, respectively. Hence, for 3
being 0, 1, 2 and infinity, maximizing Uz ({R;}) is respectively
equivalent to achieving the maximal throughput, proportional
fairness, minimal potential delay, and the max—min fairness
of users [28]. It can be verified that Ug(-) is concave in {R;}
for all 5. However, since the outage constraints (2b) have a
complicated structure as will be seen later, solving problem (2)
is still challenging.

One possible approach to solving such a nonconvex problem
is via exhaustive search [22]. In [22], each of the cross-link inter-
ference is discretized into M levels, and given a set of cross-link
interference levels, the maximum achievable rate for each re-
ceiver can be computed [22]. Since there are a total of K (K —1)
cross-user links, one has to exhaustively search over A/ # (5 ~1)
rate tuples. The complexity of this method thus increases ex-
ponentially with K(K — 1), making this approach only viable
when K is small. For a simple example of K = 3 and M = 10,
this method requires searching over 10° rate tuples, which is
computationally prohibitive in practice.

(€))

III. PROPOSED CONVEX APPROXIMATION METHOD

Our goal in this section is to develop an efficient approxima-
tion algorithm that obtains near-optimal solutions of problem
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(2) for any number of transmitter-receiver pairs, K. To begin
with, we note from [24, Appendix I] that the outage probability
function in (2b) can actually be expressed in closed form as

Pr{r; ({hei},, {we}) <Ri}=1- <LXP<M>

wlQw;
w Quwl
H o7 7 )
Quwl+ 2 : 71) Qkiwk’
So, problem (2) can be rewritten as
max U(Ry,...,Rg) (5a)
w,eC™N v, >0,
,l....,K
t (2% — 1)0?
st.pexp | ———
P wl Qw;
(2% — 1)wak~'wk>
X 14 2 <1, (5b)
kl;[i ( wlQ;w;
|lw;|? <P, i=1,....K, (5¢)

where p; 21— €;. Although the outage probability can now be
expressed in closed form, problem (5) is still difficult to solve,
since the constraints in (5b) are still nonconvex and compli-
cated. In the ensuing subsections, we present a convex approx-
imation method to handle problem (5) efficiently.

A. Convex Approximation Formulation

The proposed convex approximation method starts with
applying semidefinite relaxation (SDR), a convex opti-
mization based approximation technique [26]. Specifi-
cally, through SDR, we approximate the quadratic terms
wiQwy = Tr(wwQ,;) in (5b) by the linear terms
Tr(WQ,,;), where the rank-one matrices wk'wf are replaced
by the PSD matrices W, of arbitrary rank(Wy) < N,. The
approximated problem is thus given by

max U(Ry,...,Rx) (6a)
- (2™ — Lo
s.t. pPi €XP (W)
R _ ), .
% H (1 n (2% Trl(%;ré?W;ch)) <1, (6b)
ki (X
THW,) <P, (6¢)
W0, i=1.... K (6d)

We should mention that SDR has been widely used in various
beamforming design problems (see [29] for a review), where, in
most cases, a convex semidefinite program (SDP) approxima-
tion formulation can be directly obtained via SDR and thus can
be efficiently solved. Problem (6), however, is still not convex
yet due to the constraints in (6b). Therefore, further approxima-
tions are needed for problem (6).

In contrast to SDR that essentially results in a larger problem
feasible set, the second approximation is restrictive, in the sense
that the obtained solution must also be feasible to problem (6).
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To illustrate this restrictive approximation, let us consider the
following change of variables:

(7

fori,k = 1,..., K, where xg;, v;, z; are slack variables. By
substituting (7) into (6), one can reformulate problem (6) as the
following problem

{wz}Igg,)}gizo, U(Ry,.... Bx), (8a)
2psos 2 ER,
ki=1,..,K

st pieszzi H (1 4 e*&ﬁzi-ﬁ-mk,‘,-‘rl/i) <1, (8b)

ki

Tr(WiQy;) < e, (8¢)

Tr(W,Q,,) > ¢ (8d)

Ry < logy(1+ %), (8¢)

e <z, Ve K i=1,... K, (8f)

where KCf 2 {1,..., K} \ {i}, and the set S is defined in
9 below Notice that we have replaced the equalities in (7)
with inequalities as in (8c) to (8f). It can be verified by the
monotonicity of the objective function that all the inequalities
in (8b) to (8f) would hold with equalities at the optimal points.
We also note that, for example, if the optimal solution satis-
fies Tr(W,@,;,) = 0 in (8d), then the optimal z;; has to be
minus infinity which is not attainable. Similar issues also occur
in Tr(WQ,,) and xj;. In view of this, in (8) we have enforced

W,,...,Wg to lie in the subset
A Te(W;) < P, Tt(W, Q) > 6
S_{Wl,....WA%Ova_l K

(9)
where & > (). As long as ¢ is set to a small number, the rate loss
due to (9) would be negligible.

It is interesting to see that constraint (8b) is now convex;
constraints (8d) and (8f) are also convex. Constraints
(8¢c) and (8e) are not convex; nevertheless, they are rela-
tively easy to handle compared with the original (6b). Let
(wwf .. wgwi Ry,... Rg) be a feasible point of
problem (8). Define

A _ - = A R
Tri = In (’waka) y Yi = 111(2Rl

fori, k = 1 ..... K.Then, {Z1:}, {7}, {Z} together with { R;}
and W; = 'wl'wH i = 1,..., K, are feasible to problem (8).
Here we conservatively approximate (8c) and (8e) at the point
({Zki}ty izens 10i}). Since both of e and logy(1 + e¥) are
convex, their first-order lower bounds at Z; and ¥; are respec-
tively given by

e (yi — 4i)

Thi g ; Vi
"% (g — Tpi +1) and logy(1+e )+1112-(1—|—e?72‘)'

(11)

Consequently, restrictive approximations for (8c) and (8e) are
given by

Tr(WiQy,) <e”
R; < logy(1 +e¥) +

Flagi — Bk + 1), k€ KS,
7 (yi — i)
2. (1+e¥%)

(12a)
(12b)
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By replacing (8c) and (8e) with (12a) and (12b), we obtain the
following approximation of problem (5):

ow, }Iélgl)é o, U(Rl,...7RK), (133.)
2p5.v5.7; ER,
ki=1,..,K

s.t. p,;e”le H(l e Tt TR L (13b)

ki
TI'(Wkaz) S (‘1 ki — Tpi T 1)7 (13C)
TH(WiQy) > (13d)
o i )
R; <logy(1+¢¥ ——, (13
= ng( +e )+lll2(1+€y’) ( e)
eV < VR e K i=1,... K. (130)

Problem (13) is a convex optimization problem; it can be effi-
ciently solved by standard convex solvers such as CVX [30].
Let (Wl, .. WB) and (Rl, .. RK) denote the optimal
beamforming matrices and achlevable rates yielded by the
approximation problem (13). Since the lower bounds in (11)

may not be exactly tight, it may hold, for (Wl, LW x) and
(Rl,....RK)andforsomeL—1 ., K, that
R; 2 R (TR )
- ((2 A 1>az> 0 <1+<2 1)@(%%)@
Tr(W.Q;,) k#i Tr(W;Q,:)
(14)

i.e., the rate outage probability is strictly less than ¢; and thus
the outage constraint is over satisfied. Alternatively, one can
obtain a tight rate tuple (Ry, ..., Rg ), where I?; > R; for all
¢ =1,..., K, by solving the equations

oxer (2% -1)a7 (2% —1)Te (Wi Q) _
prexp (Tr(ﬁﬁ‘Qu)) H <1+ )_1’
(15)

k#i Tr(W:Qy)
for ¢« = ., K. Note that each equation in (15) can
be efficiently solved by simple line search. The obtained
(Wi,...,Wgk) and (R;,..., Rg) then serve as an approxi-
mate solution for problem (6).

In summary, the reformulation above consists of two approx-
imation steps: a) the rank relaxation of wywf to Wy = 0 by
SDR, and b) constraint restrictions of (8c) and (8e) by (13c)
and (13e). Note that if problem (13) yields a rank-one optimal
(Wi,...,Wg), a rank-one beamforming solution can be
readily obtained by rank-one decomposition of W; = w;wf
forall v = 1,..., K. It is then straightforward to verify by
the restrictiveness of (13c) and (13e) that this rank-one beam-
forming solution (w1,. .., wx) is also feasible to the original
problem (5) [i.e., problem (2)], thereby satisfying the desired
rate outage requirement. In view of this, it is important to
investigate the conditions under which problem (13) can yield
rank-one optimal (W,..., Wg). The following proposition
provides one such condition:

Proposition 1: Assume that (13) is feasible. Then there ex-
ists an optimal (W1, ..., W) satisfying rank(W;) < 1,4 =
1,..., K, provided that the number of users is no larger than
three ie, K < 3.

Proof: Let ({W}, {I;}, {#x}. {4}, {4:}) denote an op-
timal solution of problem (13). Consider

‘g}ax Te(W,Q,;;)
st 8 <Te(W,Q,,) <

(16a)

eV (i —Ti+1), kEKS (16b)
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Tr(W:Q,;;) >0, Te(W;)< P, (16¢)
forall: = 1,..., K. By (9) and (13¢), W is also feasible to
the above problem (16). Moreover, by (13b), (13d), (13e), (13f)
and by the monotonicity of U(R;., ..., Rx), one can show, by
contradiction, that W, is actually optimal to problem (16), for
a111 =1,...,K. LetW be an optimal solution to (16) fors =
e K. Then one can also verify that (W, ..., W) is op-
timal to problem (13). We hence focus on problem (16). Firstly,
since problem (16) is assumed to be feasible and the objective
is to maximize Tr(W,Q,;), the constraint Tr(W;Q.;) > 6 in
(16c¢) is actually irrelevant and can be dropped without affecting
the optimal solution. Secondly, it is easy to observe that, for each
k € K¢, it is either § < Tr(W,Q,;) = e (% — Tap + 1) or
Te(W,Q;1.) = ¢™* (I — Tup + 1) = & at the optimum; that
is, for either case, it is equivalent to having one equality con-
straint in (16b) at the optimum for each & € K¢. As a result,
problem (16) equivalently has only KX constraints. According
to [31, Theorem 3.2], there always exists an optimal solution
W, of problem (16) satisfying

rank(W;) < VK fori=1,..., K. (17)
Therefore, if K < 3, there always exists a rank-one optimal
(W1,...,Wg) for problem (13). [

We should mention that K < 3 is only a sufficient condi-
tion but not a necessary condition. For K > 3, there may exist
other conditions under which a rank-one optimal solution exists
for problem (13). If the optimal (W, ..., W) is not of rank
one, then one may resort to the rank-one approx1mat1on proce-
dures such as Gaussian randomization [26], [29] to obtain an
approximate solution to (2). Note that, in that case, the utility
achieved by the randomized solution would be no larger than
U(Ry,....Rx). Surprisingly, in our computer simulations, we
found that problem (13) is always solved with rank-one optimal
{W}. Some insightful analyses, which explain why problem
(16) is often solved with rank-one optimal W, for randomly
generated problem instances, can be found in [17].

B. Successive Convex Approximation (SCA)

Formulation (13) is obtained by approximating problem (8)
at the given feasible point ({w,w!’}, {R;}), as described in
(10). This approximation can be further improved by succes-
sively approximating problem (8) based on the optimal solution
({W}, {R:}) obtained by solving (13) in the previous approx-
imation. Specifically, let (Wq[n — 1],.... Wg[n — 1]) be the
optimal beamforming matrices obtained in the (n — 1)th itera-
tion, and, similar to (15), let (R;[n — 1], ..., R;[n — 1]) be the
corresponding achievable rate tuple obtained by solving the fol-
lowing K equations

(28 — 1)o?
Tr (W [n— l]Qii)
LU (wk[n - 11Qu)

pi exp

. kl;[l Tr <W [n — ) -
i=1,..., K. (18)
Moreover, let
Frpiln—1]=1n (Tr (Wk [n— I]Qki>> . (19a)
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Giln —1] = In (21'?4["-1] - 1) Cik=1,....K. (19b)

By replacing Z; and g; in (13) with Z;[n — 1] and 3;[n — 1]
in(19)fork € K¢,i=1,..., K, we solve, in the nth iteration,
the following convex optlmlzation problem

({Winl} { R} Gaalnl} . (ilnl} s {200} )

= arg {erelg?%izu U(Ry,...,Rx) (20a)
iz €R
ik=1,...., K
5.t pie” [+ e mitoutoy < (20b)
ki
Tr(WiQ,,) < ™ U (ap — Zpiln — 1]+ 1),
(20c)
Tr(WiQj;) = e, (20d)

il (i — gin — 1])

In2- (14 c¥:ln—1) ’
(20e)

LK. (20f)

R; < log, (Hem%l}) +

VT < g Yk EKS, i=1

Note that the rate Ri[n — 1] obtained by (18) is no less than
Ri[n — 1] foralli = 1,..., K, and thus the former is used to
compute {7;[n — 1]} as the point for successive approximation.
In fact, successive approximation ensures monotonic improve-
ment of the utility U(R1[n], ..., Rx[n]). Let us define

2D
Then, by (18), (19) and (21), one can show that ({ﬁﬂ[n -
U ARiln — U}, {zaln — 10} {50 — U {200 — 1]} s a
feasible point of (20). As a result, we have

U(Rl[n],...,z?K[n]) > U (le[n],...,
> U(]?l[n—l],...,

Zi[n — 1] 2 eiln=t=zuln=1l 5 — 1 K.

Rk|[n) )

Brln — 1]) L Va1, (22)

The proposed successive convex approximation (SCA) algo-
rithm is summarized in Algorithm 1.

Algorithm 1: SCA algorithm for solving problem (2)

1: Given (wwf, ... wxwll) c Sand (Ry,...
are feasible to (6).
Set W [0} = @7’&){{
and set n = 0.
repeat

n =

Obtaln {.L]w [n— 1]} and {#[n — 1]} by (19), and solve
problem (20) to obtain the optimal solution u|[n] 2

({Wiln]}, (Riln]}. {an 0]}, (0]} {2:00]D).
Compute (R1[n], ..., Rk [n]) by solving (18).

until the stopping criterion is met.

8: Obtain w} by decomposition of W;[n] = w(w*)™ forall
1, if W, [n] are all of rank one; otherwise perform Gaussian

randomization [29] to obtain a rank-one approximate
solution of (2).

,RK) that

and R;[0] = R, foralli =1,..., K,

2

C. Convergence Analysis

Convergence properties of Algorithm 1 are given in the fol-
lowing theorem:
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Theorem 1: Suppose that the utility U(Ry,..., Rg) is
differentiable and strictly increasing with respect to R;, for
i=1,...,K. Then, the sequence, {U(Ry[n], ..., Rx[n])}>>,
generated by Algorithm 1, converges, and any limit point of
the sequence {(Wiln], ..., Wgnl]), (Ri[n],..., Rx[n])}5,
is a stationary point of problem (8) as well as a stationary
point of problem (6) with extra constraints Te(W,; Q) > 6 for
i,k=1,...,K (see (9)).

Proof: As discussed earlier, the utility U(Ry[n], ..., Rk[n])
is nondecreasing with . Moreover, due to the individual power
constraints, the sequence {U(Ri[n],...,Rx[n])}o,
is _bounded, which implies the convergence of

U(Rl[n]RI{L’Il]) .

Letafn] £ ({Win]}, {Riln}. {&inln]}, {5:ln)}, {20},
denote the optimal solution of (20). To prove that any limit point
of #[n] is a stationary point of (8), two key observations are
needed. Firstly, we note that the proposed SCA algorithm is in
fact an inner approximation algorithm in the nonconvex opti-
mization literature [32]. In particular, the nonconvex constraints
in (8c) and (8e), i.e.,

\Ilki(Wk,.qui) éTr(Wkai) — "L 0, ke ]C%

®;(Ri,y:) = Ri —logy(1+¢*) <0, i=1,..., K,

s

are respectively replaced by

\I’M (Wk,iljk”i‘ki[’n — 1])
2 TI(W]‘,QM) — eFriln=1] (Tri — :fk,i[n — 1] +1)
<0,

®; (R, yilgiln — 1))

2 R; — log, (1 + e"‘_”[”‘”) +

<0,

(23)

Bl (g, — gi[n — 1))
In2- (14 esiln-1)
(24)

for all & € Kf, ¢« = 1,...,K. One can verify that
\111,1(W]¢,.Lk,|.)jk, [n — l]) and (I)i(R,j, y,|g7 [n — 1]) satisfy

Uy (Wk[n ], Eiln — 1])

= ‘Ilk,' (Wk[n — 1],.7,‘]@[77, — 1]| ﬁcki[n - 1]) =0 (25)
a\Pki(Wk,IL'M) _ O‘I/kz (kalkz| :Eki[n — 1]) (26)
OV (W, ki)

O #hi=Fp;[n—-1]
_ oYy, (Wk,.’l,‘ki|.’]j‘k.,;[n — 1]) @7)
Iy Wpi=Tp[n 1]
o, (}?i i — 1], Giln — 1])

=& (Riln— 1], 5il0 — 1)l galn— 1]) = 0 (28)
OPi(Ri,yi) 9% (Ri, il giln — 1])

OR; N JR; 29)
a(p‘i(Riv yt) — 8®L (R’iv yl|?jl [77, - 1]) (30)
Py Bile—1] Py e 17

forallk € Kfandi =1,..., K.
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Secondly, the restrictive approximations made in (20c) and
(20e) are asymptotically tight as n — oo as stated in the fol-
lowing claim:

Claim 1: It holds true that

lim |£i,[n] —Zix[n—1]|= 0,

n—oe

€2))
(f?t [n] — R; [n]) =0, (32)

lim
n—oo

K.

lim |g;[n]—g[n—1]|= 0,

forallk € K¢,i=1,...,

Claim 1 is proved in Appendix A. Moreover, by the mono-
tonicity of U(Ry,. .., Rx) and due to (9), it is not difficult to
verify that:

Claim 2: The sequence {w[n|}52_, generated by Algorithm 1
is bounded.

Now let us consider the KKT conditions of (20). Denote
Llaln], Alp][{{Zriln — Uhypib o {Biln — 1]}) as the La-
grangian of (20). For ease of explanation, let

A (722 —x; Thi T
Oi({wnit g yir 2i) = pie” ™ [[ (14 emmetmmtony g
ket

denote the constraint function in (20b), and consider the fol-
lowing Lagrangian-stationarity condition:

oL (aln], M)l { {mwiln = U}z } Awln — 11})

O 1
005 ({aglnl}, o], 200))
= Al 0%
) 8‘I/kz (Wk[n], ikz[n” :fk«i[’fbf 1])
+ A%, [n] e =0, Vk#i,
i
(33)

where Aln] = (D[}, ({050} b, D8I} (¢}
{AMn]}, {AF[n]}, {X%,.[n]}) are dual variables associated with
constraints (20b)—(20f), the transmit power constraint and
Tr(W,Q,.) > 4. Since problem (20) satisfies the Slater’s
condition, the dual variables are bounded [33]. Moreover, %[n)
is bounded as well by Claim 2. Therefore, there exists a subse-
quence {n1,...,ne...} C{1,...,n,...} and a primal-dual
limit point, denoted by &* 2 ({W} }, {R?}. {a7,}, {3}, {21))

and A 2 (P LG b L DS H DL P
{A%+1) such that

flim w[ng] = 4, [lim Alne] = A%, (34)
where (4*,A*) is primal-dual feasible to (20). Consider (33)

over the subsequence {#1,...,7y,...}. By taking £ — oo in
(33), and by (27), (31) and (34), we obtain

~ ~ ~ ¥ 2% ~
)\b*d@i ({J/L}J 7 Zz*) o AV, <Wk,35}§1¢)
: 0T ki

=0
aT]“ ’
which is the Lagrangian-stationarity condition of (8) corre-

sponding to x;. By applying similar arguments above to all
the other KKT conditions of (20) and by Claims 1 and 2, we
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end up with the conclusion that it* satisfies the KKT conditions
of problem (8) and thus is a stationary point. .
According to (32), R¥ is also the limit point of {R;[n¢]}2
forall = 1,..., K. Thus, what remains is to show that any
stationary point of (8) is also a stationary point of (6) if the
constraint set (9) is added in (6). This can be proved by carefully
examining the equivalence of the KKT conditions of the two
problems. Due to the space limitation, the detailed derivations
are omitted here. ]
As the SCA algorithm only guarantees to provide a stationary
point, the approximation accuracy depends on the initial point
({W;]0]}, {RR;]0]}). A possible choice is to initialize Algorithm
1 via some heuristic transmission strategies. For example, one
can obtain an initial point ({w;}, {R;}) of problem (5) through
the simple maximum-ratio transmission (MRT) strategy. In this
strategy, the beamforming vectors {w; } are simply set to w; =
v/Pigq; where g; € C™ is the principal eigenvector of Q;; for
i=1,...,K,with||g,|| = 1. The corresponding rate R; canbe
obtained by solving (15) with {W} = {w,wi’}. Analogously,
one can also obtain an initial point by the zero-forcing (ZF)
transmission strategy, provided that the column space of Q;;
not subsumed by the column space of Zk # ik, forall i =
1,..., K.

IV. DISTRIBUTED IMPLEMENTATION

For Algorithm 1, we have implicitly assumed that there ex-
ists a control center in the network, collecting all the CDI of
users and computing the beamforming solution in a centralized
manner. In this section, we propose a distributed version for Al-
gorithm 1, where each transmitter ; only needs to optimize its
own beamformer, using only its local CDI, i.e., {@;;},., and
some information obtained from the other transmitters. Since
each of the subproblems involved has a much smaller problem
size than the original problem (8), even for a centralized im-
plementation, the proposed distributed optimization algorithm
can be used to reduce the computation overhead of the control
center.

The idea of the proposed distributed algorithm is to solve
problem (8) from one transmitter to another, in a round-robin
fashion (i.e., the Gauss-Seidel fashion). Suppose that transmitter
1 optimizes its beamformer first, followed by transmitter 2 and
so on, and let n denote the index of the current round. Then, in
the nth round, transmitter » solves the following problem

(ﬁ;i[n], Ran,dl, ...
maXx

| ;]2 <p;
Ry,...,Ri>0

o (Z5=1)
st. pjexp | —mmn=tt
' wh Q,w;

ot _ 1\ pEhiln—ue]

H
ki wi Q71w7

28 _1)g? 28 —DwH Q, w;
p; exp —( — ) J 1+( = ) : QZ’J
J eTiiln—u;) eEisln—uji]

/_1 ij[’ft—'uki]
X H<1+ Je

kg
k#i

Rl i))

= arg (35a)

(35b)

>s1, JEKS, (35¢)

eTii [n—uji]
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where Ty ;[n — ugi] = 1n('ﬁ)f[n — uk.,;]Qk]-ﬁrk[n — uki]), and
ug; 1s equal to one if £ > ¢ and zero otherwise.

Note that for (35), only 4i;[n] is optimized while
{Zwj[n — uk,]}k# ; are given. Once the beamforming so-
lution of (35) is obtained, {Zix[n]}, are updated according to
the optimal 4;[n] and then passed to all the other transmitters
for their subsequent beamforming optimization.! There are two
interesting points to note here. Firstly, as can be seen from
(35b) and (35c¢), transmitter # not only optimizes its rate 12;, but
also takes into account the rate outage constraints for all the
other users. The constraints in (35¢) indicate that transmitter 4
needs to regulate its own transmission in order not to violate
the outage requirement of the other users. Secondly, to solve
(35), transmitter ¢ only needs the local CDL i.e., {Q;4},-

Similar difficulties arise here as in problem (5) since problem
(35) is not convex. We hence apply the same approximation
techniques in Section III-A to approximate (35). In particular,
we first apply SDR, followed by the reformulation as described
by (7), and the first-order approximations in (12). The resulting
convex optimization problem is given by

(Wilnl, { Buln, i1} Aialnld s Lol il (el i) )
—arg U(Rs....,Rg)

max
W,e8,; Ry, @, PR

E=1.....
H(1+P—L it T [n—up ]ty )< 17 (36b)
k1

pj(g"f'za (1+(27i<” [n—usiltesi+y; )

X H (1—1—6‘”_”“ [”‘“”]H”[”—”""'H”J) <1, jeky

(36a)

s.t. p;e”

k5 kA
(36¢)
Tr(W,Q,;) > ™, (36d)
Te(W,Q, )< ™ U (g — i [n—114+1) , keK$
(36¢)

R;<log, (1_,_637.1[”777*1])
e (g gl i1 j=1,..., K,

1112~(1—|—eJJ[“ b 11)

(36f)
e¥i T 4y el il il < 2, jEKS,  (36g)

where S; 2 {W; = 0|Te(W;) < P, Te(W:Q,.) > 6, k =

Tpj[n —up] = In (Tr (W [n— ukt]Qk,)) , 37)
iln,i—1]=1In (Qf?.v‘[”f“” - 1) ,

for j,k = 1,..., K. Similar to (18), Rj[n,i] > R;[n,i] is
obtained by solving the following equations

(2F5 — 1)o?
P4 €Xp _—]
eZijln—uj)

xH(l—i—

k#j

(3%

R; _ e *kj[""‘"ki]‘i‘i.j[”‘“.ji]) =1, (39)

IIn this paper, we assume that the communication between transmitters for
message exchange is error-free.
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for 3 = 1,..., K. It is worth mentioning that problem (36)
is only solved once and successive approximation is not per-
formed as in Algorithm 1. As long as problem (36) is solved by
transmitter 7, the algorithm directly goes to the next optimiza-
tion problem performed by transmitter ¢ 4+ 1. Successive ap-
proximation is now performed implicitly from one transmitter
to another in a round-robin fashion. We summarize the proposed
distributed SCA algorithm in Algorithm 2.

Algorithm 2: Distributed SCA algorithm for solving problem
2

1: Given an initial beamforming matrix W, [0] at transmitter
i, fore =1,.
Foralli = 1,..., K, transmitter i computes {Z[0]}, by
(37), and pass them fo the other transmitters.
Setn =0
repeat
n=mn+1
for: =1,....K do ~
User i solves (39) to obtain {R;[n, ¢ — 1]}, and
compute {F;[n,i — 1]} followed by solving (36)
to obtain the solution (W

iln] {Biln, i}, {@iklnl b,
{guln, ]}, {2x[n, i]}).

8: User i computes {7;%[n]}, by (37) and passes them
to all the other transmitters.
9:  end for
10: until the predefined stopping criterion is met.

11: Fori = 1,..., K, each transmitter i decomposes W;[n] =

s

ww; , if W,,,[n] is of rank one; otherwise perform
Gaussian randomization to obtain a rank-one approximate
solution.

AR AR .“?

Analogous to Algorithm 1, we can show that Algorithm 2
generates a stationary point of problem (8) as stated in the fol-
lowing theorem.

Theorem 2: Suppose that U(Ry, ..., Rx) is diﬁ‘erentiable
and is strictly increasing with respect to R;, fori =1,..., K.
Then, the sequence {U(Ri[n.i],...,Rx[n,i)}>%, gener-
ated by Algorithm 2 converges to a common value for all
i = 1,..., K. Moreover, for all i, any limit point of the se-
quence {(Wl[n] ..... Win]. Bi[n.i),..., Ri[n, i)}, is a
stationary point of problem (8) as well as a stationary point of
problem (6) (with the extra constraints in (9)).

Different from the proof for Theorem 1, the proof for The-
orem 2 is more involved, since the beamforming vectors of
transmitters are not simultaneously optimized as in Algorithm
1 but are individually optimized in a round-robin manner. The
detailed proof of Theorem 2 is presented in Appendix B.

Remark 1: An important issue concerning distributed opti-
mization algorithms is the communication overhead introduced
by message exchange between transmitters. To address this,
we compare the communication overhead of the proposed
Algorithm 2 with the following two schemes. Scheme 1: All
the transmitters directly exchange their CDI so that the design
problem (2) can be handled independently by each transmitter.
Scheme 2: A control center gathers the CDI from all transmit-
ters, optimizes the beamforming vectors, and distributes the
beamforming solutions to the transmitters. We consider a cel-
lular system where all the transmitters (i.e., BSs) are connected
by dedicated backhaul links (e.g., optical fibers) and the BSs

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 61, NO. 5, MARCH 1, 2013

exchange messages in a point-to-point fashion. Since, in Algo-
rithm 2, transmitter ¢ needs to inform {Z;x[n]}, (K real values)
to all the other K — 1 transmitters in each round, the communi-
cation overhead due to transmitter ¢ is quantified by the amount
of K(K — 1) real values. Hence, the total communication over-
head of Algorithm 2 is N x K x K(K — 1) = K*(K — 1)N
real values, where IV is the number of rounds run by Algorithm
2. For scheme 1, each transmitter needs to send K covariance
matrices (which contain K N2 real values) to all the other K — 1
transmitters. Therefore, the associated total communication
overhead is given by K x (K — 1) x KN? = K*(K — 1)N}
real values. Therefore, for scheme 1, if N < Nf, then the
proposed Algorithm 2 has a smaller amount of communication
overhead. For scheme 2, there are K2 covariance matrices sent
from the transmitters to the control center, and the optimal
solution {w, R¥} passed from the control center to transmitter
i fore = 1,..., K, respectively. Hence, the communication
overhead is K?N? + K(2N; + 1) real values. Therefore, for
scheme 2, the proposed Algorithm 2 has a smaller amount of
communication overhead if N < i]\f}\l)) As we
show in the simulation section, Algorltﬁm 2 in general can
converge in less than 15 rounds for a system with K < 6 and
N = 8.

Remark 2: It should be noticed that, while in general Algo-
rithm 2 is more efficient in terms of computation and communi-
cation overhead, it may result in larger transmission delays and
thus reduced throughput (due to the round-robin optimization
in Algorithm 2) compared to the centralized schemes. Nonethe-
less, since the proposed beamforming design is based on the
users’ statistical channel information, which usually changes
much more slowly compared to the instantaneous CSI, beam-
forming optimization needs not be performed frequently. As
a result, the induced throughput loss should not be a serious
concern.

V. SIMULATION RESULTS

In the section, we demonstrate the performance of the pro-
posed Algorithm 1 and Algorithm 2 for solving the outage con-
strained coordinated beamforming problem in (2). In the simu-
lations, we consider 7 = 0, 5 = 1, and 5 = 2 for the objective
function Uy(Ry, ..., Rk), corresponding to maximization of
the weighted sum rate the weighted geometric mean rate, and

the weighted harmonic mean rate, respectively. All receivers are

. . A
assumed to have the same noise power, i.e., 0} = -+ = 0% =

o2, and all power constraints are set to one, i.e., P, = --- =
Pg = 1. The parameter 6 in (9) is set to 10~°. The channel co-
variance matrices Q,,; are randomly generated. We normalize
the maximum eigenvalue of @,;, i.e., Amax(@Q,;), to one for all
i, and normalize Apax (@) to avaluen € (0,1] forall k € K,
¢t =1,..., K. The parameter 7, thereby, represents the relatwe
cross-link interference level. If not mentioned specifically, all
Q,.; are of full rank, and the outage probability requirements
are set to the same value, i.e., €1 = --- = ex = 0.1, indicating
a 10% outage probability. The stopping criterion of Algorithm
lis

‘U(f?,l[n] B[] = U(Refn=1), ... e[ 1})‘

U(Rl[n_u, ... Ry [7;,_1]) <0ok
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Fig. 1. Simulation results of the proposed SCA algorithm (Algorithm 1), for & = 2, N, = 4, and (a1, az) = (% %), (a) weighted sum rate versus %,
(b) weighted harmonic mean rate versus 1. Each of the results is obtained by averaging over 500 realizations of {@Q,,}.
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Fig. 2. Converge trajectories of the proposed SCA algorithm. K = 2, N, = 4,55 = 0.4; (a) (a1, 002) = (é §)> (b) (01, 02) = (%

obtained using a typical set of randomly generated {Q, . }.

That is, Algorithm 1 stops if the improvement in system utility
is less than 1% of the system utility achieved in the previous
iteration. The simple MRT solution is used to initialize both
Algorithm 1 and Algorithm 2. The convex solver CVX [30] is
used to solve the convex problems (20) and (36).

Example 1: We first examine the approximation performance
of the proposed SCA algorithm, by comparing it with the ex-
haustive search method in [22]. In view of the tremendous com-
plexity overheads of this exhaustive search method, we con-
sider a simple case where only two transmitter-receiver pairs are
present, i.e. K = 2, and set N; = 4. Fig. 1(a) shows the sim-
ulation results for the comparison of the achievable weighted
sum rate between the proposed SCA algorithm and the exhaus-
tive search method against the cross-link interference level 7,
where the weights are given by (a1, a2) = (4, %). Each sim-
ulation curve is obtained by averaging over 500 realizations of
randomly generated {Q;,;}. From this figure, we can observe
that, for Ul—) = 0dDB and 0% = 10 dB, the proposed SCA algo-
rithm can attain almost the same average sum rate performance

0.6
— Pareto Boundary
os| —f— Weighted Sum Rate
’ Weighted Geometric
Mean Rate
0.4r Weighted Harmonic
——
Mean Rate

R, (bits/sec/Hz)

03¢t O Optimal Rate Tuples

0.2 1

0.1 1
o— ©

0.4 O.‘6 O.‘8 1
R, (bits/sec/Hz)

®

L

3 ) The results are

as the exhaustive search method, indicating that the proposed
SCA algorithm yields near-optimal solutions for the outage con-
strained beamforming design problem (2). For &> = 20 dB,
it can be observed that there is a small gap between the rate
achieved by the proposed SCA algorithm and that by the ex-
haustive search method. Nonetheless, this gap is relatively small
and is within 2% of the sum rate achieved by the exhaustive
search method. Fig. 1(b) displays the simulation results under
the same setting as in Fig. 1(a) except that the objective func-
tion is now the average harmonic mean rate. As the mean rate
performance of SCA algorithm is almost the same as that of
the exhaustive search method, its solution is nearly optimal for
problem (2).

To examine how the proposed SCA algorithm converges, we
illustrate in Fig. 2(a) the trajectories of the optimal rate tuple
of problem (20) in each iteration of Algorithm 1, where the
weighted sum rate, the geometric mean rate, and the harmonic
mean rate are all considered. The user priority weights are set
to (a1, 02) = (%, 1), and the Pareto boundary is obtained by
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the exhaustive search method in [22]. One can see from this
figure that, for all rate utility functions, the proposed SCA algo-
rithm first approaches the Pareto boundary and then converges
to the corresponding optimal rate tuple along the boundary. In
Fig. 2(b), we display similar results with an asymmetric user pri-
ority, i.e., (w1, 2) = (%, £). It can be observed that the SCA
algorithm still converges to the optimal rate tuples in a similar
fashion.

Example 2: To further demonstrate the effectiveness of the
proposed SCA algorithm, we evaluate the performance of the
SCA algorithm for the case of K = N; = 4 in this example.
(Since under this setting, the exhaustive search method in [22]
is too complex to implement, and, to the best of our knowl-
edge, there is no existing method for comparison, we can only
compare the proposed SCA algorithm with the heuristic MRT
and ZF schemes.) Fig. 3(a) shows the simulation results of the
average achievable sum rate versus 0% From this figure, one
can observe that the proposed SCA algorithm yields better sum
rate performance than the MRT scheme, especially when U% >
5 dB. For U% < 5 dB, the two methods exhibit comparable per-

formance. In Fig. 3(b), we have shown the simulation results
for K = 4, N; = 8§ and rank(Q,,;) = 2 for all k,¢. Under
this setting, the ZF scheme is feasible and its average sum rate
performance is also shown in Fig. 3(b). It can be observed from
this ﬁgure that the ZF scheme outperforms the MRT scheme for
hlgh or when the cross-link interference is strong (1 = 1).
Nevertheless, as can be seen from Fig. 3(b), the proposed SCA
algorithm still outperforms both the MRT and the ZF schemes.

Fig. 4 demonstrates the simulation results for the weighted
geometric mean rate and the weighted harmonic mean

rate, for K = N; = 4 and for an asymmetric weighting
(1,009,003, 04) = (% é,i 2) Performance comparison

results similar to those in Fig. 3 can also be observed in this
figure. In addition, it is interesting to note from Fig. 4 that, in
contrast to the sum rate performance as shown in Fig. 3, the
weighted geometric mean rates and weighted harmonic mean
rates achieved by the proposed SCA algorithm in Fig 4(a) and

from the fact that user farrness plays a more prominent role
in the geometric mean rate and the harmonic mean rate; and
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Fig. 5. Performance of Algorithm 2, for G%_ = 10 dB and 5 = 0.4; (a) convergence curves versus round number for N, = 8, K = 4,6, and for IV, = 12,
K = 6, averaged over 500 sets of randomly generated {@, . }, (b) comparison with Algorithm 1 for N, = 8, ' = 4 over 30 sets of randomly generated {Q, , }.

thereby in the interference dominated region (i.e., when U% or
7 is large), the geometric mean rate and the harmonic mean rate
cannot increase as fast as the weighted sum rate.

Example 3: In this example, we examine the performance of
the proposed distributed SCA algorithm (Algorithm 2). Fig. 5(a)
shows the convergence behaviors (the evolution of sum rate
at each round) of the distributed SCA algorithm for N, = 8,
K = 4,6, and for N, = 12, K = 6, where % = 10 dDB,
7 = 0.4. Each curve in Fig. 5(a) is obtained by averaging over
500 sets of randomly generated {Q,; }. It can be observed from
Fig. 5(a) that the sum rate performance of the distributed SCA
algorithm is almost the same as its centralized counterpart for
N: = 8, K = 4; whereas there is a gap between the sum rates
achieved by the centralized and distributed SCA algorithms for
Ny = 8, K = 6. One explanation for this gap is that, when the
system is nearly fully loaded (i.e., when K is close to V;), the
distributed SCA algorithm, which updates only the variables as-
sociated with one transmitter at a time, is more likely to get stuck
at a stationary point that is not as good as that achieved by the
centralized SCA algorithm which optimizes all the variables in
each iteration. As also shown in Fig. 5(a), when we increase N,
to 12, the decentralized algorithm again converges to the cen-
tralized solution. Fig. 5(b) shows that, for N; = 8, K = 4 the
distributed SCA algorithm yields performance similar to that
achieved by its centralized counterpart for almost all of the 30
tested problem instances within 10 round-robin iterations.

VI. CONCLUSIONS

In this paper, we have presented two efficient approximation
algorithms for solving the rate outage constrained coordinated
beamforming design problem in (2). In view of the fact that
the original design problem involves complicated nonconvex
constraints, we first presented an efficient SCA algorithm
(Algorithm 1) based on SDR and first-order approximation
techniques. We have shown that the proposed SCA algorithm,
which involves solving convex problem (20) iteratively, can
yield a stationary point of the outage constrained beamforming
design problem, provided that problem (20) can yield a rank-one
beamforming solution. We further presented a distributed SCA
algorithm (Algorithm 2) that can yield approximate beam-
forming solutions of problem (2) in a distributed, round-robin

fashion, using only local CDI and a small amount of messages
exchanged among the transmitters. The distributed SCA al-
gorithm was also shown to provide a stationary point of (2)
provided that problem (36) can yield a rank-one beamforming
solution. Finally, our simulation results demonstrated that the
proposed SCA algorithm yields near-optimal performance for
K = 2, and significantly outperforms the heuristic MRT and
ZF schemes. Furthermore, the distributed SCA algorithm was
also shown to exhibit performance comparable to its centralized
counterpart within 10 rounds of round-robin iterations for most
of the problem instances.

APPENDIX A
PROOF OF CLAIM 1

Since constraint (20e) holds with equality at the optimal
point, we have

e (5[] — Giln — 1))
In2- (1 + 8’71["’71])

f?,;[n] = logy (1 + eyz["*l]) +

< log, (1 + ¥ M) ; (A.1)
similarly, from (20c), we have
emml =Ty (Wl [’iL]Qik)
= 81""“["—1] (’lA"Lk[’Il] — ;Tnik.,[n — 1} + 1)
<Pl (A2)

forallk € K¢, =1,..., K. We also note from (20d) and (19)
that #;;[n] = Z;;[n] for all 7, n. On the other hand, by (18), the
definition of Z;[n], §;[n] in (19), and the fact that (20b), (20f)
hold with equality at the optimum, we can obtain

1 =p; exp (a,?(zgi ["}*i“[”])
<1 (1 4 e—z“{wrzk,,‘,[wr:m{n])
ki
= p; €xXp (03691 ["’}75”1'1[”])

X H (1 4 efjfii[n}+:bk,;,[n}+@4[n]> . (A3)
Y
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Combining the above observations, i.e., (A.2), (A.3) and
#ii[n] = Zi[n], and by the monotonicity of the exponential
function, we obtain that g;[n] > §;[n], which implies

Ri[n] < log, (1 + 6’7"["}) < log, (1 + e¥ M) Ri[n] Vi, n.
(A4)
Suppose that e®+:[" — ¢®+i[" does not converge to zero for
some ¢ and k& € KY. Then there exists an € > () such that,
forall N > 1, etrilnl > eTridnl 4 o¢ for some n 2 N. From
(A 1) to (A.4), we must have ¥ > %[ + ¢ and thus
Ri[n] > Ri[n] + €’, where ¢, ¢’ > 0, which, together with
(22), implies that the utility U(Rl[ ), ..., Ry[n]) diverges as n
goes to infinity however. Therefore, we must have

lim (e‘%’:" (] _ g®in ["']) =0Vi,k, (A.5)
liin (Rz [n] — R; ['n]) =0Vi. (A.6)

Now we use (A.5) to prove (31). It follows from (A.2) and (A.5)
that

lim

n— 00

(eii/c[n] _ eBunln-1] (#ix[n] — Zin[n — 1] + 1)) =0

(A7)
for all < and & € K. Consider the 2nd-order Taylor series ex-
pansion [34] of e®i+["] at Z;1[n — 1], i.e

ef;?ik["r] — ik [n—1] ( zk[n'] — lzk[n — 1} + 1)

_l_eé’[n}EL,k[n]-l—(l Bn]) &, [n—1] (x'ik[7l] _ J_;'i,k:[n _ 1])2 :

where 0 < 6[n] < 1 for all » > 1. Substituting it into (A.7)
gives rise to
lim Onl@skn]+(1=0[n])@se[n—1] (Zix[n] — Zin[n — 1})2 =0.

Since both Z;x[n] and &k [n] are bounded by Claim 2, we con-

clude that (31) is true.
To show (32), we note from (A.1), (A.4) and (A.6) that

litn (ln (1 +exp (gi[n])) — ln (1 + exp (g:[n — 1]))

exp (:ln — 1))
T+ exp (50 — 1)

(g:[n] — gi[n — 1])) =0. (A8

Analogously, by considering the 2nd-order Taylor series expan-
sion of In(1 + e%) at gy[n — 1], i.e.,

(14 )
=1In (1 + 6377'[”71])
exp(pln 1) oo
TFexp Gin— 1) (gln] — 7iln — 1])
exp (B[liifn] + (1~ O 3l — 1)
(1+ exp (0nlinln] + (1 — 6[n)) gl — 1))°
X (§i[n] — giln — 1])°,
where 0 < §[n] < 1 forall » > 1, and substituting it into (A.8),
we obtain
o (@l ol 8]yl 1) (iln] il ~1))* _
(1+exp(6[n): [nH(1—6[n])gi[n—1]))?

Again, since ;[n] and ¢;[n] are bounded by Claim 2, we obtain
(32). ]

n—oc
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APPENDIX B
PROOF OF THEOREM 2

Define z[n,i — 1] = eVelmi=l=mwelr—uec—nl for all k =
., K. Then it can be shown that

wln — 1,4 2 (W,;[n — 1], {R[n,i — 1]}, {Fi[n — 1} s
(el i~ 1y Gl — 11},

is a feasible point of (36). Hence,

U(Rin,i],...,Rg[n,i)) > U(Ry[n,i—1],..., Re[n,i—1])
for allz = 1,..., K. In addition, analogous to (15), we have
R;[n,i] > Rj[n,i] for all ¢, j, n, and thus

U(R:1[n,i],...,Rx[n.i]) > U(Ry[n.i—1],..., Rx[n,i—1]),

for all ¢ = 1,...,K, which implies that the sequence
{U(R,[L, 1], .. RA[I 1]) U(Ri[1,K],...,Rg[1,K)),
U(l1[2,1],..., Rg[2,1]),. } is nondecreasmg. Since it
is also bounded U(Ri[n,i],...,Rg[n,i]), i = 1,...,K,
converge as n. — 00.

Now let us look at the KKT conditions of problem (36). Re-
call the definitions of ¥4, (+) and ®;(-) in (23) and (24) and their
inner approximation properties in (25) to (30). Let

@Ei] (Iii: Yi, Ziy {Tri[n — Ulm]}k;éz)

é [)i(iagzi H (1 + C*leJrii’ki[n*uki]ﬂLyi) -1,
ki

QEL] (‘Tijv Yi» 2 {Trsln — “k'i]}k¢7;>
2 pj(z‘f}zzj (1 + e Tl ["l*uji]erszryj)

(A.9)

X H (1 + e‘iij[”‘“ﬂ]*‘i‘k.f["—um]+yﬂ') -1, jeKkj.

htj
ki

(A.10)

Moreover, let
aln, z']é(ﬁc-, [n],{m[n, 7;]} Aaanlnl}y Ad[ns i} L2elne i]})
be the optimal solution of (36), and let
Aln,i] = (/\b n,il, {\pln, i }k;é. A, 4],
{Akln, L}k;ét {/\ [, ‘}w
{)‘k’[n’z]}k;éi’ [n. 4] { A3 [n. 1] }k> =0,

where  AP[n, 1], {)\}3[11.,.'11]},#{, A[n, ], {ALln ity
{(ALIn ]y, A%[n.d, {AE[n, il}y; denote the dual vari-
ables associated with constraints in (36b) to (36g), and
AF[n,i], Al[n,i], denote the dual variables associated with
constramt Tr(W,;) < P, and Tr(W,Q,,) > &, respectively.
Let LI (4@[n, i), A[n, ]) be the Lagrangian function. The KKT
conditions of (36) are given by (A.11) and (A.12) shown on the
the next page. Note that we have omitted the complementary
slackness conditions for constraints (36b)—(36g) since they are
trivially satisfied at @[n, ¢].

To show the desired results, we also need the following two
claims:

[r2, 1],
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ALY (@[n, i], A[n. 1))
IW
= A[n, i]ly, — (MN[0, i) + A0 d]) @ + Z Ayln, ] W = Al i@y | = 0, (Alla)
ki *
oL (afn, i, Aln, i])
R,
oU (le [n,4],..., Rc[n, 1]) ; 0%, (fzj[m],gj 4| 53[0 — 1]) . .
— Sy e . > 7, .
o +\[[n.i] o >0, (A11b)
AL (a[n, ], A[n, )
Oz
00, (&:i[n]. gsln. i), 2iln. i), {Zriln — wiil} o ” I
= A?[n, ] ( B 2 + X[n, e ) — Nf[n, it im il = o, (A1lc)
AL (@ln, ], A[n, 4])
aIL'i]‘
o 0@3’7] (,%,ij [n], §i[n. 4], Zi[n, ], {Tx[n — “’k‘i}}k;ﬁz‘) oy o, (WL [n], &i[n]| Zijln — 1]) 0V e K
= A7[n, i e + Afln, d] . =0Vj e Ky,
(A.11d)
AL (@[n, i, A[n.1])
i
BG)Ei] <:E'ii [n], Gi[n, 4], Za[n, 4], {Trs[nn — uki]}k#) ‘ 0P, (Rl [re, 4], Gi[n, ]| Giln, i — 1])
= APn, ] : + M[n, ] :
i, Dy; il Ay,
+ ME[n, i]e¥ilmil=@uln] — ¢, (A.1le)
AL (@[n, i, A[n.1])
dy;
o) (f,ij[n.], i), 250 4], {@ng[n — uki}}k#> Y (Rj[n, i, 9500, 4| 7 — 1})
= Al[n, ] E + Ajln, il B
Y Yj
+ AE[n, )e¥slmil =l = g vy e K, (A.119)
AL (u[n,i], Aln, i])
021'
00" (alnl, galn. i1, 41, 1], (7wl — usil} )
= X [n, ] 5 — XE[n.i] =0, (All.g)
Zi
AL (a[n, ], A[n, )
8Zj
00 (55ln], Gl 1), 25, 1) ATes ln — wral )
= A2[n, ] o — X[n,i] =0, j € K5, (A.11h)
2

APln.d] - (Tr (Wi[n]) - Pi) =0, oLl (ﬂ[gg”\[n’mﬁj [n,i] = 0V, (A.122)
oLt (ﬂglﬁ;]]’\[n’l]) ~VAVi['rL] =0, /\?[’/L, i - (6 —Tr (Wl [n]Qik)) = 0Vyj.

(A.12b)
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Claim 3: It holds true that

hm |#i[n] — Tar[n — 1| = 0 Vi, k, (A.13a)

hm |k 1] — Zar[n]| = 0 Vi, k, (A.13b)
lim,, oo |J&[n, 1] — Gx[n — 1, K]| =0 .

{ 1in1'rL4>oc |gk [’Il, I] — Uk [7’1,,1 - 1]| =0 \V/LF k7 (AI3C)

i g [, i] — Gr[n, i]| = 0 Vi, k, (A.13d)

lim,, o ‘Rk[m 1) - Rifn— 1, K]‘ —0

) ) Vi k. (A.13e)
T ‘Rk[m] ~ Ryfn.i— 1}’ —0
— 0Vi, k. (A.130)

lim
n—oo

Ri[n.i] — Re[n,d]

Claim 4: For each i, u[n,i] generated by Algorithm 2 is
bounded for all n.

The proof of Claim 3 is presented in Appendix C. Similar
to Claim 1, (A.13a) to (A.13d) imply that the restrictive ap-
proximations in (36e) and (36f) are asymptotically tight as
n — oc. Since problem (36) satisfies the Slater’s condition,
the dual variable vector A[n,é] is bounded [33]. Moreover,
@[n, ] is also bounded by Claim 4. Now let us consider the
primal-dual solution pair (w[n, ], A[n,i]) forall i=1,..., K.
Since they are all bounded, there exists a subsequence

{n1,...,me...} € {1,...,n,...} and limit points 4[] 2

(W AR, (a5 (Rl) (2200)) and A[) 2 (OO0,
{Ab*[]}k¢,v>\d*[] {AP*H}I@ {/\f*[]}k AF Ll AN [ s
AP=[], {A3*[i]},) = O for all 4, such that

Nl (A4

hm alng, i) = w[i], hm A[ne, i) =

f—oc

fori = 1,..., K. By (A.13¢) and (A.13f), we see that both
Ry[ne.i] and Ry[ng, 4] converge to the same limit point, and
they are the same for all 4, i.e.,

Rl =Ri2)=- =RIK]| 2R k=1,...,K. (A.15)

Analogously, by (A.13a) to (A.13d), we have that

.....K, (A.16)

B2 = = 6K 2 4
22 LK. (A7)

Then, it follows from the inner approximation properties in
(25)t0 (30), (A.13a), (A.13c), and (A.14) to (A.17) that the KKT
conditions in (A.11) and (A.12) converge along the subsequence
{7’1,1....77’1,(7...} to

oLk (& [i], A'[il)

oW,
= AN, — (A + A7) Qs
6‘1’&, W €;
+ Z A?M% —AiQu | = 0,
ki *

(A.18a)
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Py (@*[i], A*[4])

IR
(i) o ()
S w20
(A.18D)
oLl (@[], X*[4])
0.’1,‘;{
0l (% ox 2% fax .
— APH[i] oor! (&t 02,2, (41} k#)
: 0xi;
+ /\d*[z-]ei“ AB i ]eyl =0, (A.18c)
QLM (a* [i], X" [i])
8$,;j
NG ey
90 ( SN {Jz‘y‘}k >
= ] : ~
J dTU
oW (ij"fg)
+ A ] o =0Vj e ke (A.184d)
%)
oLl ('&* i), A* [z])
9y,
CHETEREN
= Ab[i) ( :
Jy;
o®; (R2,9;)
+ )\i;k[z]— /\g*[ } y7 If :O v‘]/ (AlSe)

dy;
oLl (], X*[d])
9z

90! (
br -
= /\j*[’ﬂ]

s,

- .

82’]'
(A.18f)
and
A*[q] - (Tr (W ) - P,-) =0, (A.192)
LU (W], N [d)) =,

St R;=0Vj,  (A.19b)

OLE (@ [, N T0]) ox
W W, =0, (A.19¢)
A<l - (5 _ Ty (vafQik)) =0Yj.  (A.19d)

It can be observed from (39) that, for p; < 1, Rj[n.i] is strictly
greater than zero for all ¢, j, n; therefore, RY > 0 for all j,

which indicates that M = 0 for all 4, j by (A.19b).
Substituting this into (A. 18b) forallz =1,..., K, givesrise to

AP = = MK]
~ ~ - —1
U (R; o R;,) 9D, (Rj y;)
- OR, OR;
Ay fx
2 i=1,... K. (A.20)
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In addition, one can verify that

{a.),.)

ool ( L2

dy;

oKl - Sx 2 N
AW ERCA N

aalll (ax ox
ool (ﬂﬁy?f}z}
02‘7‘

[K]
sol (55

sk ) ook
J;'(v 25 {‘Lk]‘}k;ﬁK)

b
3Zj

which, together with (A.18e) (A.18f) and (A.20), lead to

[ | = %
Fl = A
Finally, by (A.18), (A.19), (A 20) and (A.21), we conclude

that ({W; }, { Ry}, {7, g 40k} 4203) and ({773 X},
A [}, 03 N H ) {AP*[’I?]L{)\Z*['I?]}) satisfy the
KKT conditions of problem (8). The proof is completed. ]

P2
ETK] = A5V

(A21a)
(A.21b)

(L

APPENDIX C
PROOF OF CLAIM 3

The ideas of the proof are similar to that of Claim 1. Because
constraints (36e) and (36f) hold with equality at the optimum,
we have

Tipn Tip e P : 1 Gun.t
el < P Rifnyi] < ol (1—|—e”‘”[ =]) (A.22)

n

forallk € K, i =
have

., K. Also by (36¢), (36g) and (39), we

1= pPjexp ( ()'J/[n,’i]—i’” [”‘U_ji,])
X (1 + ciij][niuﬂH‘i'lj[n]+@j[n,i])
X H (1 + e T [n—ujil+Ze; [’n—uki]+£@/[n,i])

LE]
kA£G

=p; CXp ( 77 [n.4]— f’ii{nfujz})
% (1 + e Fisln—usil 47 ]+ [mi])

% (1 4 o Tiiln—ugilm [nrﬂtk:f]-i-ﬂj[n,i]) ,
k#i
for all j € K¢. Using the above equation and (A.22)
and the monotonicity of exponential function, we obtain
gi[n. i < g;[n,1]. Thus,

A 1 N .
ini] <—In {1+ ,yj[”“])
Rj[n,1] ) In (1 e

1 N . ,
<o (1 + eyj["wl) =R;[n,i]Vj € K¢, (A.23)
n
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Similarly, by (36b), (36g) and (39), we have

A 1 N .
4] < i [n.i]
Ri[n, i < 1112111 (1+6 )

— ;T/i[n.i]) — 0 [
— (1 te Ri[n.i].  (A24)
Using the same arguments as in obtaining (A.3) to (A.6) in
Appendix A, we can show that (A.13f), (A.13b), (A.13d),
(A.13c) and
lim |2;5[n] — Zgx[n — 1] = 0Vi, k € Kf, (A.25)
which is (A.13a) for & # 4, are true. What remains is to prove
(A.13e) and hm |#0:[n] — Zii[n — 1]] = 0 Vi,
It follows from (A.13c), (A.13d) and the triangle inequality
that
lim |Fx[n, 1]

n—oo

—gk[n — 1, K][ =0,

lim |gg[n, i — ge[n,i — 1]| =0 Vi, k,

n—oc

which, by the definition in (38), is equivalent to (A.13e). By
considering (39) for transmitter ¢ — 1, and the fact that (36b)
holds with equality at the optimal point for transmitter ¢, we can
obtain

Since both {g;[n,i]} —, and {%:[n.i — 1]}, are bounded,
and by (A.13c), we obtain from the above equation that

lim |Z;[n] — Zuln — 1| = 0 Vi.

n—oc

Thus the proof of Claim 3 is complete. [ |
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