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Abstract—In this paper, we consider a two-tier heterogeneous
network that locally consists of a multi-antenna macrocell base
station and a multi-antenna femtocell base station (FBS) each
serving separate single-antenna users. We investigate an optimal
transmission strategy with maximum degree of freedom for transmit power minimization of the FBS under outage-based qualityof-service (QoS) constraints for the femtocell user equipment
(FUE) and macrocell user equipment (MUE). Specifically, we
examine the scenario that the FBS receives no instantaneous
channel estimate from the FUE, and relies on only statistical
information of downlink multiple-input single-output (MISO)
channels. Although the outage constrained problem has no
closed-form probabilistic constraints and may not be convex
in general, we propose a transmission strategy and prove its
optimality under a given condition. Our simulation results
also demonstrate that the proposed transmission strategy can
significantly save power compared to beamforming strategies.

I. I NTRODUCTION
Femtocells, which can function as operator-certified home
base stations, are low power cellular access points and have
been recognized as a cost-effective way to strengthen cellular
network coverage and quality of service (QoS) to mostly
indoor data users [1], [2]. In this paper, we consider a twotier heterogeneous network where a multi-antenna macrocell
base station (MBS) and a multi-antenna femtocell base station (FBS) simultaneously communicate with their respective
mobile user equipments while sharing a common spectrum.
Spectral sharing between the femtocell user equipment (FUE)
and the macrocell user equipment (MUE) will inevitably lead
to mutual interference. Such interference may significantly
degrade link QoS within the femtocell and the macrocell [3].
Because FBS plays a supporting role in cellular coverage, femtocell interference management is a critical issue in femtocellaugmented heterogeneous networks [1]–[5].
In this paper, we consider an FBS transmit covariance
matrix design aiming to optimize FBS transmit power performance under a signal-to-interference-plus-noise ratio (SINR)
constraint on the FUE and an interference power constraint on
the MUE. When the FBS has perfect channel state information
(CSI), it has been shown that beamforming, i.e., rank-one
transmit covariance matrix, is an optimal transmission strategy
in terms of transmit power minimization [6]. The optimal
beamformer can be obtained by solving a convex secondorder cone program (SOCP) reformulated from the problem in
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[4]. However, using beamforming strategy is not necessarily
optimal with only imperfect CSI knowledge at the FBS.
Our work here assumes that the FBS has no instantaneous channel estimate feedback from the FUE. In particular, the FBS knows only the statistical information of the
downlink channels. Specifically, each downlink channel is
assumed to undergo independent and identically distributed
(i.i.d.) Rayleigh fading. Due to channel fading, the SINR and
interference performance may suffer from outage. To mitigate
this outage, we investigate an optimal transmission strategy for
transmit power minimization such that the the outage occurs
below a (small) preset probability threshold. The probabilistic
constraints in general have no closed-form expression, and
can be hard to handle. Perhaps because of this reason, optimal transmission strategy for the outage constrained problem
remains unknown thus far. In this work, we propose a new
transmission strategy and show its optimality provided that a
given condition holds true. The simulation results show that the
proposed transmission strategy can significantly save transmit
power compared to beamforming strategies.
II. S YSTEM M ODEL AND P ROBLEM S TATEMENT
We consider a two-tier heterogeneous network whose coverage comprises both macrocell and localized femtocells. The
MBS, equipped with NM antennas, communicates with a
single-antenna MUE. A closed access FBS, equipped with NF
antennas, serves a single-antenna FUE which shares the MUE
spectrum during the downlink transmission by MBS and FBS.
The MUE belongs to tier-1 with a higher priority for QoS
guarantee while the FUE provides tier-2 service characterized
as “best-effort”.
Let sM (t) ∈ C denote the information signal for MUE.
The transmit signal at the MBS is given by wM · sM (t) where
wM ∈ CNM is the beamforming vector for sM (t). To improve
femtocell system performance, we consider the transmit signal
at FBS, denoted by x(t) ∈ CNF , which has zero mean and
covariance matrix QF  0 (positive semidefinite). Therefore,
the received signal at the FUE can be expressed as
H
y(t) = hH
F F x(t) + hF M wM sM (t) + nF (t),

(1)

and hF M ∈ C , respectively, denote
where hF F ∈ C
the channel vectors from FBS to FUE and from MBS to
NF

NM

FUE, whereas nF (t) ∈ C is the additive noise at FUE with
power σF2 > 0. The first term in (1) is the intended signal for
FUE, and the second term is the interference from macrocell.
Assume that sM (t) has zero mean and E[|sM (t)|2 ] = 1. Then
the SINR at FUE can be obtained from (1) as
SINRF =

hH
F F QF hF F
,
2
2
|hH
F M wM | + σF

min

PF  Tr(QF )

s.t. Prob vFHF Q̃F vF F ≤

Q̃F ∈HNF ,PF ∈R

min

Tr(QF )
(3a)


hH
F F QF hF F
s.t. Prob
≥ γF ≥ 1 − ρF , (3b)
|hH
wM |2 +σF2

 HF M
(3c)
Prob hMF QF hMF ≤ M ≥ 1 − ρM ,

QF ∈HNF

(3d)

where ρF and ρM denote the preset maximum tolerable outage
probabilities for SINR and interference power constraints,
respectively. However, problem (3) is intractable since the
probability functions in (3b) and (3c) have no closed-form
and may not be convex in general.
III. O PTIMAL T RANSMISSION S TRATEGY
To solve problem (3), let us write
QF = Tr(QF )Q̃F , hF F = σF F · vF F , hMF = σMF · vMF ,
(4)
where Q̃F  0, Tr(Q̃F ) = 1; vF F ∼ CN (0, INF ); and
vMF ∼ CN (0, INF ) are power normalized counterparts of
QF , hF F , and hMF , respectively. With the expressions in
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(5a)

γF
×
σF2 F PF

H
2
2
(5b)
(|hF M wM | + σF ) ≤ ρF ,


M
H
≥ 1−ρM , (5c)
Q̃F vMF ≤ 2
Prob vMF
σMF PF

(2)

and the interference power at the MUE from the femtocell can
NF
be seen to be hH
denotes the
MF QF hMF where hMF ∈ C
channel vector between FBS and MUE.
Typically, femtocells are connected to macrocell network via
a wired broadband backhaul link such as digital subscriber line
(DSL) [7], and thus we assume that the beamforming vector at
the MBS, wM , is perfectly known to the FBS. In this work, we
consider the scenario that the FBS receives no instantaneous
channel estimate from the FUE and only knows statistical
channel information. In particular, the channel vectors hF F ,
hF M , and hMF are assumed to be circularly symmetric
complex Gaussian distributed with zero mean and covariance
matrix σF2 F INF (an NF × NF identity matrix), σF2 M INM ,
2
INF , respectively, i.e., hF F ∼ CN (0, σF2 F INF ),
and σMF
2
hF M ∼ CN (0, σF2 M INM ), and hMF ∼ CN (0, σMF
INF ).
Let γF ≥ 0 and M ≥ 0 be the preset target SINR value
at the FUE and the preset interference power threshold at the
MUE. Due to channel fading, the QoS may suffer from outage,
i.e., it would have nonzero probability for SINRF < γF
and hH
MF QF hMF > M . To mitigate this QoS outage, our
goal is to design the transmit covariance matrix, QF , such
that the outage probability is kept below a small threshold.
Mathematically, the problem can be reformulated as

QF  0,

(4), problem (3) can be equivalently written as

Q̃F  0, Tr(Q̃F ) = 1, PF ≥ 0.

(5d)

We should point out that constraint (5c) actually provides
an upper bound on PF for which problem (5) is feasible.
Therefore, to minimize the transmit power PF , we need only
consider constraints (5b) and (5d).
Let us first consider problem (5) without constraint (5c),
min

Q̃F ∈HNF ,PF ∈R

(6a)

PF


s.t. Prob vFHF Q̃F vF F ≤

γF
×
σF2 F PF

2
2
(|hH
F M wM | + σF ) ≤ ρF , (6b)

Q̃F  0, Tr(Q̃F ) = 1, PF ≥ 0.

(6c)

One can observe that constraint (6b) must be active when the
optimal Q̃F and PF are achieved. Then the resulting equality
constraint implies that minimizing the probability function in
(6b) (which is a monotonic non-increasing function of PF )
will minimize PF . For this reason, the optimal Q̃F is obtained
by solving


γF
E Prob vFHF Q̃F vF F ≤ 2
×
min
σ
Q̃F 0,Tr(Q̃F )=1
F F PF



2
(z + σF2 )  |hH
w
|
=
z
, (7)
M
FM
where the expectation is taken with respect to the exponential
2
random variable |hH
F M wM | . With the optimal Q̃F , denoted


by Q̃F , the optimal PF to problem (6) can be obtained by
solving


γF
×
E Prob vFHF Q̃F vF F ≤ 2
σF F PF



2
= ρF . (8)
(z + σF2 )  |hH
F M wM | = z
However, the optimal transmission strategy QF = PF Q̃F for
problem (6) may not be feasible to problem (5) because it may
not satisfy the probability constraint (5c). Due to this concern,
in the next subsection, we will propose a feasibility condition
under which QF is feasible and optimal to problem (5).
We now concentrate on solving problem (7). Consider
the eigenvalue decomposition of Q̃F = U ΛU H , where
U ∈ CNF ×NF is a unitary matrix and Λ ∈ RNF ×NF is a
diagonal matrix with eigenvalues λ1 , . . . , λNF ≥ 0 being the
diagonal elements. Since unitary transformation of Gaussian
random vector will not change their joint probability density

distribution, the expectation function in (7) can be equivalently
written as


 H
γF
2 
2
(z+σ
)
F  |hF M wM | = z
2
σF F PF




NF

γF
2
= E Prob
λi |vi |2 ≤ 2
(z+σF2 )  |hH
,
F M wM | = z
σF F PF
i=1
(9)


E Prob vFHF ΛvF F ≤

where vi denotes the ith entry of vF F . Moreover, it has
been shown in [8], [9] that for a given transmission degrees
of freedom (DoF) equal to d, i.e., the number of positive
eigenvalues in Q̃F , the probability function in (9) is minimized
by uniformly allocating the total power over d DoF, namely,
Prob

1
d

d

|vi |2 ≤

i=1

d

λi |vi |2 ≤

≤ Prob
i=1

γF
(z + σF2 )
σF2 F PF
γF
σF2 F PF

(z + σF2 ) ,

(10)

for all z ≥ 0, where λi > 0, i = 1, . . . , d, and di=1 λi = 1.
According to (10), one can show that the optimal Q̃F for
problem (7) [or, equivalently, problem (6)] can be written as
Q̃F = U  Λ(d )(U  )H ,

(11)

where d denotes the optimal DoF (to be presented below);
U  ∈ CNF ×NF can be an any arbitrary unitary matrix and
Λ(d ) ∈ RNF ×NF is a diagonal matrix with the first d
diagonal elements being nonzero and equal to 1/d (due to
Tr(Q̃F ) = 1).
The optimal d is obtained as
d = arg min {PF (d), d = 1, . . . , NF } ,

(12)

where PF (d) is the power by numerically solving (8), which
can be equivalently expressed as





2dγF
2
E Prob χ22d ≤ 2
(z +σF2 )  |hH
w
|
=
z
= ρF
FM M
σF F PF


∞
1
dγF
⇒
Γ d, 2
(z + σF2 ) ×
2
2
(d − 1)!σF M wM  0
σF F PF


z
(13)
exp − 2
dz = ρF ,
σF M wM 2
where  ·  denotes Euclidean norm; χ2d denotes the central
chi-square random variable with d DoF; and Γ(α, β) is lower
incomplete gamma function, defined as
Γ(α, β) =

β
0

tα−1 exp (−t) dt.

(14)

As a result, the optimal transmission strategy for problem (6)
can be expressed as [see (4)]
QF = PF (d )Q̃F .

(15)
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On the other hand, constraint (5c) with d = d can be
represented by


1 2
M
Prob
χ
≤
≥ 1 − ρM

2
2d 2d
σMF
PF
M
⇒ PF ≤ 2
(16)
 P̄F (d ),
−1
σMF F2d (1 − ρM )
where Fd−1 (·) is the inverse function of Fd (·), and


1 2
χd ≤ x ,
Fd (x)  Prob
d

(17)

which is a continuous, monotonically increasing, and invertible
function. Thus, as long as the condition PF (d ) ≤ P̄F (d ) is
satisfied, the transmission strategy in (15) is also optimal to
problem (5).
Remark 1 We should emphasize that when PF (d ) >
P̄F (d ), the transmission strategy in (15) is not feasible to
problem (5) any more. For this case, one can determine the
transmission DoF by solving (13) for d = 1, . . . , NF , and
then choose the transmission DoF with the minimum power
satisfying (16). However, the obtained QF is a suboptimal
solution to problem (5) since there may exist a non-uniform
power allocation strategy such that constraint (16) is satisfied
with lower power. The optimal solution for this case is still an
open problem.
A. Feasibility Condition for Transmission Strategy (15)
Next, we present a sufficient condition under which the
transmission strategy in (15) is feasible, and thus is optimal
to the optimization problem (5). To proceed, we need the
following definition:
Definition 1 For positive integers d ≥ 1 and
≥ 1, let
x(d, d+ ) represent the point at which the CDFs Fd (x), which
is defined in (17), and Fd+ (x) intersect. The quantity
p(d, d + ) = Fd (x(d, d + )) = Fd+ (x(d, d + ))

(18)

represents the corresponding probability value of x(d, d + ).
It has been shown in [8] that p(d, d + ) is unique, greater
than 0.5, and decreases to 0.5 as d increases, and precise
values of p(d, d + ) for d ≥ 1 and ≥ 1 can be computed
numerically. Using the quantities in Definition 1, we can prove
the following proposition.
Proposition 1 The transmission strategy in (15) is a feasible
solution to problem (5) if


−1
2
γF σF2 σMF
F2θ
(1 − ρM )
exp −
×
σF2 F M
σF2 F M
≥ 1−ρF (19)
−1
2
2
σF F M +γF σMF σF2 M wM 2 F2θ
(1 − ρM )

holds true, where
⎧
∀(1 − ρM ) ∈ [p(2n, 2n + 2), p(2n − 2, 2n)),
⎨ n,
n = 1, . . . , NF − 1,
θ=
⎩
NF , ∀(1 − ρM ) ∈ [0, p(2NF − 2, 2NF )),

Next, we show that the optimal transmit power to problem
(5) with DoF d = 1, denoted as PF (1) [which is obtained by
solving (13)], must be less than or equal to P̄F (θ), i.e.,

in which p(0, 2)  1.

Since one can always find a feasible power to problem (21),
say P̃F , which is also feasible to problem (5) with DoF d = 1
[due to (24)], if PF (1) > P̄F (θ) holds, then we have P̃F ≤
P̄F (θ) < PF (1), which is a contradiction to PF (1) being the
optimal (minimum) power to problem (5) with DoF d = 1.
Since PF (1) ≥ PF (d ) [by (12)] and P̄F (θ) ≤ P̄F (d ) [by
(21c) and (22)], according to (25), we have PF (d ) ≤ P̄F (d ),
which means that the transmission strategy in (15) is feasible
to problem (5). The proof is thus complete.


Proof: We prove Proposition 1 by considering problem (5)
with DoF d = 1, which can be equivalently expressed as [10]:
min PF

(20a)


γF σ 2
σF2 F PF
s.t. exp − 2 F
≥ 1−ρF ,
2
σF F PF σF F PF +γF σF2 M wM 2
(20b)
M
,
(20c)
PF ≤ 2
σMF ln(1/ρM )
PF ≥ 0.
(20d)

PF ∈R

To present the proof, let us first consider the following problem
[i.e., problem (20) with (20c) replaced by (21c)]:
min PF

(21a)


2
2
γF σ
σF F PF
s.t. exp − 2 F
≥ 1−ρF ,
σF F PF σF2 F PF +γF σF2 M wM 2
(21b)
M
(21c)
 P̄F (θ),
PF ≤ 2
−1
σMF F2θ
(1 − ρM )
(21d)
PF ≥ 0,

PF ∈R

where
−1
θ  arg max{F2d
(1 − ρM ), d = 1, . . . , NF }
⎧
∀(1 − ρM ) ∈ [p(2n, 2n + 2), p(2n − 2, 2n)),
⎨ n,
n = 1, . . . , NF − 1,
=
⎩
NF , ∀(1 − ρM ) ∈ [0, p(2NF − 2, 2NF )),
(22)

which has been proven in [11]. We will use the following
lemma [10]:
Lemma 1 Problem (21) is feasible if and only if


−1
2
F2θ
(1 − ρM )
γF σF2 σMF
×
exp −
σF2 F M
σF2 F M
≥ 1−ρF . (23)
−1
2
σF2 F M +γF σMF
σF2 M wM 2 F2θ
(1 − ρM )
If problem (21) is feasible, i.e., (23) holds true, then problem
(20) is also feasible since the feasible set of constraint (21c)
−1
is a subset of constraint (20c) since F2θ
(1 − ρM ) ≥ F2−1 (1 −
ρM ) = ln(1/ρM ) [by the definition in (22)], i.e.,
M
.
(24)
P̄F (θ) ≤ 2
σMF ln(1/ρM )
That is to say, problem (5) with DoF d = 1 is feasible if
problem (21) is feasible.
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PF (1) ≤ P̄F (θ).

(25)

IV. S IMULATION R ESULTS
We consider FBS and MBS each equipped with four transmit antennas, i.e., NF = NM = 4. Let maximum tolerable
outage probabilities ρF = ρM = 0.1, requiring that the SINR
constraint at FUE and the interference power constraint on
MUE be satisfied over 90% of the time. Assume σF2 = 0.01
and M = −3 dB. The beamforming vector wM at MBS
is randomly generated uniformly on the unit-norm sphere
wM 2 = 1. Considering the indoor scenario for FBS where
the channel strength of hMF and hF M are much lower than
that of hF F due to penetration losses [3], we set σF2 F = 1,
2
and σMF
= σF2 M = 0.01.
In our first example, we show the distribution of achievable SINR of FUE, i.e., the value of SINRF in (2), obtained over 105 realizations of true i.i.d. channels hF F ∼
2
CN (0, σF2 F INF ), hMF ∼ CN (0, σMF
INF ), and hF M ∼
CN (0, σF2 M INM ). The target SINR γF is set to 15 dB. One
can show that the transmission strategy in (15) is optimal
to problem (3), or equivalently problem (5), according to
Proposition 1, and the optimal DoF d , defined in (12), can
be obtained numerically as d = NF . Figure 1 shows the
distribution of the achievable SINR of FUE, where “Optimal
Transmission Strategy” and “Optimal Beamforming Strategy”
denote the results from using the transmission strategy in (15)
with d = NF and d = 1, respectively. The
 optimal transmit
beamformer can be determined as wF  PF (1)uF , where
PF (1) is the transmit power obtained by solving (13) with
d = 1, and uF ∈ CNF is an arbitrary column vector
with uF  = 1. From this figure, we can see that both
methods can achieve 90% SINR satisfaction probability. In
addition, the mean SINR value of the FUE using the optimal
transmission strategy is 19.85 dB, which is lower than the
corresponding 25.45 dB from using the optimal beamforming
strategy, and this indicates that FBS can save transmit power
while achieving the same desired SINR performance when
using the optimal transmission strategy.
Next, we compare the transmit power performance of the
optimal transmission strategy and the optimal beamforming
strategy under different target SINR values γF . The obtained
results are shown in Fig. 2, where “Optimal Transmission
Strategy” and “Optimal Beamforming Strategy” denote the
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Fig. 1: Probability distributions of achievable SINR values of
FUE for γF = 15 dB, both at outage probabilities are 10%.
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