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Abstract—Heterogeneous network (HetNet), employing mas-
sive multiple-input multiple-output (MIMO), has been recognized
as a promising technique to enhance network capacity, and to
improve energy efficiency for fifth generation (5G) of wireless
communications. However, most existing schemes for coordinated
beamforming (CoBF) for a massive MIMO HetNet unrealistically
assume the availability of perfect channel state information (CSI)
on one hand, and cascade of each antenna with a distinct radio
frequency (RF) chain in massive MIMO is neither power nor
cost efficient on the other hand. In this paper, we consider
a massive MIMO enabled HetNet framework, consisting of
one macrocell base station (MBS) equipped with an analog
beamformer, followed by a digital beamformer, and one femtocell
base station (FBS) equipped with a digital beamformer. In the
presence of Gaussian CSI errors, we propose a robust hybrid
CoBF (HyCoBF) design, including an analog beamforming design
for MBS and a digital CoBF design for both MBS and FBS.
To this end, an outage probability constrained robust HyCoBF
problem is formulated by minimizing the total transmit power.
The analog beamforming mechanism at MBS is a newly devised
low-complexity beam selection scheme by selecting analog beams
from a discrete Fourier transform (DFT) matrix codebook.
Then a conservative approximate CoBF solution is obtained
via semidefinite relaxation (SDR) and an extended Bernstein-
type inequality. Finally, numerical simulations are provided to
demonstrate the efficacy of the proposed HyCoBF algorithm.

I. INTRODUCTION

One primary objective of fifth generation (5G) wireless
communications is to support the ever-increasing network ser-
vices, including Mobile Internet, Internet of Things (IoT) and
Vehicular Ad-hoc Network (VANET). To meet the demands
in 5G wireless communication systems (i.e., high data rates,
extremely low latency and increasing manifold in base station
(BS) capacity), the 5G wireless network should employ ad-
vanced deployments, such as massive multiple-input multiple-
output (MIMO) and superdense heterogeneous deployment of
cells [1], [2].

Although massive MIMO enabled heterogeneous network
(HetNet) is a promising technique to meet the desired re-
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quirements, there are still some challenges [2]. First, the
deployment of femtocells incurs inter-tier interference, and
hence femtocell user equipments (FUEs) usually suffer from
serious interference caused by macrocell base station (MBS).
Second, it is infeasible to obtain perfect instantaneous channel
state information (CSI) of each user in massive MIMO enabled
HetNet. Particularly, in a multicell setup, pilot contamination
imposes a fundamental performance bottleneck for the massive
MIMO systems [3]. Third, 3GPP LTE Release 13 has specified
that each BS can have at most 64 antennas and at most 8
radio frequence (RF) chains [4], because deploying many RF
chains in massive MIMO may not be a practical solution due
to expensive hardware cost and low energy efficiency.

A judicious approach for reducing hardware cost and train-
ing overhead is hybrid beamforming (HyBF), constituted by
analog beamforming in the RF domain, and a digital beam-
forming (with a much smaller dimension than the former) in
baseband domain, having drawn extensive attention recently
[5]. A comprehensive survey of the state-of-the-art HyBF
techniques for massive MIMO systems is presented in [6].
Assuming that full instantaneous CSI is available, some HyBF
designs have been proposed, in the context of both full-
connected and partial-connected structures for millimeter wave
(mmWave) systems [7], [8]. Moreover, it has been shown that
HyBF design can achieve the same performance as the fully
digital (FD) design, when the number of RF chains is twice
more than that of data streams [7].

In this paper, we consider the hybrid coordinated beam-
forming (HyCoBF) with a structure of beam selection process
for the analog beamforming followed by a digital coordinated
beamforming (CoBF). Our beam selection process is to search
for the best subset from the columns of a discrete Fourier
transform (DFT) matrix codebook to enhance the total power
of macrocell user equipments (MUEs) and to reduce the inter-
ference power at FUEs in the meantime. So the searching com-
plexity increases exponentially with the number of RF chains.
Nevertheless, none of the existing beam search algorithms,
such as greedy-pursuit algorithms [9], sum-rate-maximization
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based beam allocation algorithms (for a switched-beam based
massive MIMO system) [10], and interference-aware (IA)
beam selection methods (that consider multiuser interference)
[11], can be applied due to complicated interference links
involved in HetNet.

To the best of our knowledge, there is no existing work,
that studies the HyCoBF in massive MIMO enabled HetNet
such that the HyCoBF design is robust against CSI uncertainty
under the preassigned outage probability constraints. We for-
mulate such problem as a total power minimization problem,
subject to preassigned users’ signal-to-interference-plus-noise
ratio (SINR) outage probability constraints. However, this
problem is almost intractable due to no closed-form expres-
sions for probabilistic outage constraints (arising from the
CSI uncertainty), and due to a high-dimensional combinatorial
optimization problem involved in the analog beam selection
problem [12]. Motivated by a well-known detection scheme
for seismic events in geophysical signal processing, called the
single most likely replacement (SMLR) detector [13], a low-
complexity analog beam selection algorithm will be presented.

With the designed analog beamformer, the power minimiza-
tion problem (only for CoBF design) is still hard to solve, due
to no closed-form expressions for the probabilistic constraints.
By virtue of semidefinite relaxation (SDR) technique, we
reformulate the digital beamforming problem into a semidef-
inite programming (SDP), where an extended Bernstein-type
inequality is derived for approximating the nonconvex proba-
bilistic constraints by conservative convex constraints. Finally,
some numerical simulations are presented to demonstrate the
efficacy of the proposed HyCoBF algorithm.

Notation: R™(R?} ),S™,C", H" and C™*™ stand for the
sets of n-dimensional real (positive real) vectors, real sym-
metric matrices, complex vectors, Hermitian matrices and
m X n complex matrices, respectively. I,, and e(i) denote
the n x n identity matrix, and a unit column vector of proper
dimension with the i-th element equal to unity, respectively.
The superscripts “I” and ‘H’ represent the matrix transpose
and conjugate transpose, respectively. || - || and || - ||» denote
the vector Euclidean norm and matrix Frobenius norm, respec-
tively. The trace and rank of matrix A are denoted as Tr(A)
and rank(A), respectively. sup (C) and A\pax(A) denote the
supremum of a nonempty set C' and maximum eigenvalue of
matrix A. A > 0 means that A is a positive semidefinite
(PSD) matrix and A'/2 = 0 is a square root of A; Re{A}
and Im{A} represent real and imaginary parts of a complex
A; Tk = {1,...,K}; A\ B denotes the set by eliminating
the elements in AN B from A; CN(-) denotes the complex
Gaussian distribution; (") denotes the exponential function,
while In(+), Pr{-} and E{-} represent the natural log function,
probability function, and expectation operator, respectively.

II. SYSTEM MODEL AND PROBLEM STATEMENT

A. System Model

We consider the time-division duplex (TDD) downlink mul-
tiuser transmission with full spectrum reuse in HetNet, which
consists of MBS equipped with large-scale Nypg antennas,

FUE j

-
FUE/ UAJ th/
fyprs FBS

i Z/lujsr/EC

FUE J (transmitted signal by FBS)

Z{\:l Vwsyy € CVvs
(transmitted signal by MBS)
Macro Cell

Femto Cell

Fig. 1: Illustration of a two-tier heterogeneous network, where
the MBS employs massive MIMO and the FBS employs
conventional multiple antennas.

FBS equipped with Nppg antennas, K single-antenna MUEs
and J single-antenna FUEs, as illustrated in Fig. 1. Instead
of adopting FD beamforming, for which each antenna is
connected with one distinct RF chain, we consider HyCoBF
at MBS that only requires Ngrr RF chains, where Nyps >
Ngrr > K. Specifically, the HyBF vector for MUE k at the
MBS is given by Vw;, € CMes | where V € CNupsxNrr
and w, € CV®r¥ denote the analog beamformer matrix and
digital beamforming vector, respectively.

Typically, the analog beamforming is implemented using a
phase-shifter network with constant modulus for each entry of
V. With respect to (w.r.t) the full-connected HyBF structure,
the HyBF with a selection structure is more economical and
energy efficient [10] and hence is considered in this work. The
analog beamforming can be implemented using a RF switch,
followed by a fixed DFT beamformer using RF phase-shifter
network. Let F € CNussXNmBs be the Nypg-point DFT
matrix, and

B2 {be{l,...,Nuss}" ™ | b #b;, Vi#j}, (1)

where b; denotes the ith component of b. The selected analog
beamforming matrix V and the RF switch matrix A(b) can
be expressed as

A(b) = [e(by),. .., e(bxuy)], b€ B,

V = FA(b) € CNumsxNur @

which contains Nrp distinct columns of F.

Let sa(t) and sp;(t) be the transmit signals intended for
MUE k and FUE j, respectively. Without loss of generality,
assume that E[|sp;(¢)|?] = 1 and E[|sax(¢)|?] = 1. Then, the
received signal of MUE £k at time slot ¢ is given by

K

yae(t) = Wi Vwesane(t) + Y i Vwisan(t)
1=1,1#k
J
+ ) hipuyse(t) + na(t), A3)
j=1

where hpsae € CVBS and hpy, € CVFBS| respectively,
denote the channel vector from MBS and FBS to MUE &,
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nak(t) ~ CN(0,03,,) is the additive white Gaussian noise
(AWGN) at MUE k with noise variance 03;, > 0, and u; €
CNres is the beamforming vector for FUE j at FBS. Similarly,

the received signal of FUE j is given by
J

Z thjumsFm(t)

m=1,m#j

yrj(t) = Wi puisp;(t) +

K

+ Z hf{FjVWkSMk(t) + nrj (t),
k=1

“4)

where hyp; € CN¥Bs and hpp; € CNFBs| respectively,
denote the channel vectors from MBS and FBS to FUE j,
and np;(t) ~ CN(0,0%;) is the AWGN at FUE j. Then, the
SINRs of MUE k£ and FUE j can be expressed by

|hJ\H4Mk-VWk |2

SINR % = ; ,
> b Vw2 + > Ihi )2 + 03
1=1,1#k j=1
(5a)
H
SINR; = LLl
J K .
> _|hIF{‘Fjum|2 + 2 |h]}LIIFjVW’€|2 + 0%y
m=1,m#j k=1

(5b)
B. Problem Formulation

With regard to imperfect CSI, the actual channels of MUEs
and FUEs can be modeled as [14]

hasnke = hasak + ennk, e = harrs +enrj, (6)
(6b)

where ﬁMMk, lthpj S (CNMBS, and leFj, flpjuk € CNrss
are the given channel estimates and known to MBS and FBS,
and CSI errors ensark, enr; € CVVBS and eppj, epy €
CNvBs are modeled as
e ME ™ CN(O, CMMk) y €MFj CN (0, CMFj) 5 (78.)
erF;j NCN(O,CFFj), erMEk NCN(O, ijy[k), (7b)

where all Cyrarr and Crrj; are positive definite. Thus, the
outage constrained robust HyCoBF design problem can be
formulated as

hrr; =hrp; +err;, hryr = hrpve + epak,

e ST IVwP Y (sa)
kelk JET,

s.t. Pr(SINRak > yark) > 1 — pak, Vhk € Zx,  (8b)

Pr(SINRF; 2 vps) 21— prj, Vi €15, (80)

where vasi, and g, are target SINRs for MUEs and FUEs,
respectively, parr and pr; denote the associated outage prob-
abilities, respectively. Solving problem (8) is a daunting task,
and partly because the non-convex constraints (8b) and (8c)
do not have closed-form expressions in general [12], partly
because the analog beam selection constraint (8d) makes the
reformation of (8) into a tractable problem almost formidable.
A two-stage algorithm for solving (8) is proposed, that com-
prises the design of V and the design of w; and u; to be
presented in the following two sections, respectively.

III. Low-COMPLEXITY ANALOG BEAMFORMING SCHEME

Motivated by the fact that SINRs of MUEs are larger for
larger received signal power, and SINRs of FUEs are larger
for smaller inter-cell interference power, we propose a new
beam selection criterion, by maximizing the ratio of the total
channel power of MUEs to the total inter-cell channel power
from FBS to FUEs, as follows:

V* = FA(b*) (cf. (2)),
a IIEIﬁMFA(b)Z‘F} (10)
B} -FA(b)|%

)

b* = arg max {J(b)

A

where B was defined in (1), ﬁMM = [ﬁMMl,...,ﬁMMK]

and HMF é [hMFl» ey h]wFJ].

Obviously, the aim of (10) is to select Ngp best distinct
beams from a total of Nypg beams, by maximizing J (b).
However, obtaining the global optimum of (10) is computa-
tional prohibitive. For instance, supposing that Nyps = 128
and Ngr = K = 16, the number of possible beam selection
combinations is of the order O(102°). In view of this, a low-
complexity beam selection algorithm for solving (10) is pro-
posed, based on the idea of SMLR used in seismic deconvolu-
tion for detecting the locations of a Bernoulli-Gaussian signal
with nonzero magnitudes [13]. The proposed algorithm is
summarized in Algorithm 1, that updates only one component
in b by maximizing 7 (b) at each iteration. The associated
objective value 7 (b) increases monotonically whenever b is
updated, so the convergence can be guaranteed. The computa-
tional cost is calculating 7 (b) Nrr X (Nmps — Nrr) times
(in line 5 of Algorithm 1) at each iteration. Surely, an initial
beam swith vector bV is needed to initialize the algorithm.
A fast beam selection algorithm proposed in [11] can be used

to generate b(m),

Algorithm 1 Proposed Beam Selection Algorithm

1: Given I/‘\IA[M, ﬁMF;
2 Initialize b = (0™, 3™, ... b0y € B [11],
and let S = Ty, \ (b, 6™ bg\l,:g},
3: Compute 7 (b) by (10);
4: repeat
5. Obtain j, = argmaxjes J (be(j)), ¢ =1,..., Ngp,
where bg(j) £ (bl, . ,bg_l,j, bg_H, . ,bNRF);
6:  Obtain [ = argmax{J (b¢(j¢)), £ =1,..., Nrr} ;
7 If J(bl(]l)) > J(b), update b := bl(jl) and
J(b) := J (bi(j1));
8: until 7 (b;(5;)) < J(b).
9: Output selected analog beamforming matrix V* =
FA(b).
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IV. PROPOSED OUTAGE CONSTRAINED DIGITAL
BEAMFORMING: CONSERVATIVE APPROXIMATION
Applying SDR (i.e., replacing wywi by Wj, = 0 and
ujuf by U; = 0) to problem (8) yields
{ng?Uj}kGZI: Tr (VW (V*) JEZZJ Tr(U;) (1la)
s.t. Pr {6fIQMMk61 + (SfQFMk(SQ + 2Re{6f1rMMk} +
2Re{8 rpak} + enk >0} > 1— pagi, Vk € Ige, (11b)
Pr{6{'Qur;61 + 6 Qrr;0s + 2Re{6{'rarp;} +
2Re{05 rpp;} +cp; >0} > 1—pp;, Vi €Iy, (llo)
W, =0, Vke Ik, U; =0, Vj eIy, (11d)

where V* is the analog beamformer obtained by Algorithm 1,
81 ~ CN(0,Inype)s 82 ~ CN(0,In5s), and the remaining
parameters in (11) are defined in (12) at the top of next
page. Note that the non-convex rank-one constraints, i.e.,
rank(Wy) = 1 and rank(U;) = 1, are relaxed from (11d)
according to the well-known SDR technique [15].

A good approach, as proposed in [16], for handling (11b)
and (1lc), is to find conservative convex approximations to
the constraints (11b) and (11c¢). Such approach can safely
approximate the two probability inequalities into convex
ones so that the resulting algorithm is computationally more
tractable. Specifically, the Bernstein-type inequality [17] has
been applied to robust digital beamforming design under
similar constraints as in problem (11) for the single cell case
[16], for finding such conservative convex approximations.
However, the Bernstein-type inequality in [16] is not directly
applicable to problem (11), mainly owing to different antenna
deployments at MBS and FBS, resulting in channel vectors
of different dimensions. In view of this, we need an exten-
sion form of the Bernstein-type inequality as derived in the
following lemma.

Lemma 1 Let 61 ~ CN(0,In,,s), 02 ~ CN(0,In,us),
Quur € HMes Qppy € HVPBs) rypy € CNues,
reme € CVFBS | and define

91(01, Qarark, *arark) = 0T Qurid1 + 2Re{rll 617,
(13)

92(02, Qrark, TrME) = 07 Qrarida + 2Re{rf 02}
(14)

Then, the following concentration result holds true, Vk € Ty,

Pr{g1(51, QMMka rJVIAIk) + 92(627 QFMka rFJWk) >

Y(In(1/park) | Qarnek, Tarnaks QF]\/IIWI'FMI@)} >1— prks
(15)

where Y : Ry — R is defined by

Y(In(1/pae) | Queneks *rrnik, Qrask, Trak) = Tr(Qarak)

+ Tr(Qrmk) — In(1/parr) - AT (Qarnak, Qrark) —

Mk \/”QMMICH%“ + 2|l arniel]? + |1 Qrakl|3 + 2)eparel|?,
(16)

in which a2 /2In(1/par) and AT (Quraik, Qrark) =
max{ Amax(—Qnrrark), Amax(—Qrark), 0}

The proof of Lemma 1 is relegated to Appendix A. By
virtue of Lemma 1, problem (11) can be approximated as the
following convex SDP problem:

min Tr (VW V* Tr (U
{wk},l{Uj},kZ (VWi +Y
tv,tr €Ik JEL;
(17a)
st. ({Wi}, {U;},tur) € Curs (17b)
(Wi}, {U;}.tr) €Cr, (17¢)

W, =0, Vk € I, U; = 0, Vj € I, (17d)

where Cp; and Cp are defined in (26) and (28) below,
respectively, denoting the conservative convex approximations
(via Lemma 1) of the feasible sets associated with (11b) and
(11c) and tp; € R3K and tp € R3/ are auxiliary variables;
cf. Appendix B for detailed derivations of C,; and Cp.

Note that Wi and U7 (the solution of problem (17))
may not be rank- one matrices. If they are of rank one, i.e.,

L= Wi (wk) and U} = uj (uj) then the optimal
solution of (8) can be dlrectly obtained; otherw15e Gaussian
randomization [15] can be employed to obtain an approximate
rank-one solution.

V. SIMULATION RESULTS

In this section, we present some simulation results to
demonstrate the effectiveness of the proposed HyCoBF algo-
rithm, where (17) is solved by using the off-the-shelf convex
solver, CVX [18]. The simulation settings are as follows. Users’
noise powers are identical, ie., 0 = o-]z- = o2, Vk €
Tk, and Vj € Z;. Assume that target SINRs for MUEs and
FUEs are identical, i.e., ypr = Yrj =7, Yk € Ik, and Vj €
Zy; SINR satisfaction probabilities, i.e., pyr = prj = p =
0.1 for all £ and j, or SINR satisfaction probabilities are
higher than 90%; CSI errors are zero mean with identical
covariance matrices Cyryr = Cypy = EQINMBS and
Crrj = Crur = €2Ingys, where €2 > 0 denotes the
variance of each component of channel error vectors. Five
hundred channel estimates of ﬁMMk, le]w]g, leFj and flMFj
are randomly generated according to the standard circularly
symmetric complex Gaussian distribution. The simulation re-
sults, are averages over the channel realizations for which all
the methods under test yield feasible solutions.

Fig. 2 shows simulation results (average total transmit
power) of the proposed HyCoBF design, and the correspond-
ing results for the robust FD design (denoted as “Robust FD”)
for which Nyips = Ngrr, and the non-robust method (denoted
as “Non-robust FD”) that treats all the given channel estimates
as perfect channels. One can see, from this figure that, the
power performances of all the designs under test are better
for smaller ~, and that the transmit powers of the non-robust
method are the least. As expected, the proposed HyCoBF
design performs better for larger Nrr and smaller €2 its
performance for Ngrr = 16 is the same as that of robust FD
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Fig. 2: Total transmit power of the various methods for 2 €
{0.001,0.002}, p = 0.1 and Nyps = 16, Ngr € {4,8,16},
K:4; NFBSZ2,J:2.

design. Let us emphasize that the SINR outage probabilities
for the non-robust method are never satisfied (i.e., (8b) and
(8c) are never satisfied) over all the simulation runs. Compared
with the robust FD design, the extra power consumption of the
proposed HyCoBF design for Ngr = 8 is quite small for both
€2 = 0.001 and £? = 0.002, showing its good performance
for this case.

The corresponding simulation results (not including the
robust FD design) for Nyps = 64, Nrp € {4, 8, 16},
Npps € {2,4} and €2 = 0.002 are shown in Fig. 3. It
can be seen from this figure that the relative performances
among all the designs under test remain the same as shown in
Fig. 2. Moreover, the total transmit powers for the proposed
HyCoBF design for Ngr = 8 and Nrr = 16, indicate that the
MBS has almost achieved the “best” performance for this case
of Nyps = 64, whereas increasing Nppg (i.e., more spatial
degrees of freedom) can further reduce the total transmit power
by higher than 5 dB for this case. These results demonstrate the
efficacy of the proposed HyCoBF design, and the performance
dependence and perspective over different values of Nypg,

Fig. 3: Total transmit power of the various methods for
0.002, p = 0.1; Nyps = 64, Nrr € {4,8,16}, K
Nrps € {2,4}, J =2.

g2 =

NRF and NFBS-

VI. CONCLUSION AND FUTURE DIRECTION

Within the umbrella of the massive MIMO enabled HetNet,
we have presented an outage constrained robust HyCoBF
algorithm for the 5G wireless communications, under the
assumption of Gaussian CSI errors. The proposed HyCoBF
algorithm is a cascade of a low-complexity analog beam
selection mechanism (Algorithm 1) followed by a CoBF
design algorithm. The former obtains the analog beamformer
by maximizing the ratio of the total channel power of all
the MUEs to the total interference channel power impinged
on FUEs. With the designed analog beamformer by Algo-
rithm 1, instead of solving the intractable nonconvex power
minimization problem under preassigned users’ SINR outage
probability constraints, the later obtains the digital beamfomers
at MBS and FBS by solving a conservative convex approxi-
mation problem, by the use of SDR and an extended form of
Bernstein-type inequality.
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Our simulation results have demonstrated that the proposed
conservative convex approximation can yield promising per-
formance and, most importantly, it can achieve acceptable
performance comparable to the FD beamforming scheme with
much smaller number of RF chains. Although the proposed
algorithm can solve the SDP-based robust HyCoBF problem
within polynomial time, the computational cost of the interior-
point method (adopted in existing convex optimization solvers)
may still be expensive when the problem size is large, such
as in the scenarios with large number of antennas and/or
dense wireless networks. In view of this, a distributed robust
algorithm, using such as dual decomposition or alternating
direction method of multipliers (ADMM), is highly desired
and left as our future work.

APPENDIX A
PROOF OF LEMMA 1

To prove Lemma 1, we need the following Lemma:

Lemma 2 [17, Lemma 0.1] Let a = [a1,...,ap+4]7 €
RPTY and b = [by,...,byq]7 € RPTY be real vectors,
z = [z1,...,2p+q]7 € RPT be a real random vector,
where z1,...,%p1q are independent identically distributed
(i.i.d.) real random variables following the standard normal
distribution N'(0,1), and define
ptq
g= Z agz,? + 2byzy.
=1

(18)

Then, given n > 0, the following concentration result holds
true:

(19)

where a~ = sup{sup{—a, | 1 < ¢ <p+q},0}.

To employ the real-valued Bernstein-type inequality (19)
in proving the complex-valued inequality (15), we define the
following real-form counterparts:

Q=5 | g welanan) | €9 e
@ 3| miamn wian | <5 e
% [ Eﬁgﬁﬁ:{ } c RP, (20¢)
% [ }?ﬁg%g } € RY, (20d)
7, = \/5{ iﬁ% } ~N(0,1,), (20e)
Zo :ﬁ[ Eﬁgz} } ~ N(0,1,), (20f)

where p £ 9Ngp and q £ 9Npps. Moreover, by the
eigenvalue decomposition of the real symmetric matrices
Q: = U1A1U1T and Qg = U2A2U2T (where U; and Uy are

orthogonal matrices, and A; and A, are diagonal matrices),
we can re-express g (cf. (13)) and g5 (cf. (14)) in the same
form as (18):

_TA — _T—
91(01, Qrrark, Tvmk) = 27 Q121 + 21 21

4
,\.Q ~ ~
g hik21g + 2Tk 21k,

=721 M7 +2F 2 = (21)
=1
92(82, Qrark, Truk) = 23 QoZo + 274 72
q
=25 Aoy + 20525 = Y ho;Z5; + 270, (22)

j=1

where hyy is the kth diagonal element of Ay, ho; is the jth

diagonal element of Ao, z1 = [Z11,...,21p)7 = UTz; ~

N(0,L,), Zo = [Z21,...,224]7 & U¥zy ~ N(0,1,), T1 =

[?117 ey Flp]T é U{f’l, and Y’Q = [7721, . ,FQq]T é Ugf’g.
By substituting a £ [h11..., hip, hot, ..., hay]T € RPT9, b &

7 77T € RPFY, and z = [zf7 z3]T into (19), we have the

following inequality, Vn > 0:
P q P
Z hirZi, + 2P ikZae + Z hojZa; + 2TajZa5 < Z hig
k=1 j=1 k=1

+Zhgj2nsup{ sup {—hix}, sup {—haj}, O}
Leop

j=1 Jj=1,....q

P q
-2y Z(h%k + 2??k) + Z(h%g + 27%]') <e™"
k=1 j=1
(23)

Furthermore,
7] Quz, + 2tz =
721 Qozo + 2tlz, =

one can easily verify the equalities that
(SfIQMMk51 + QRQ{I']I&Mkél})
0 Qraids + 2Re{rf, . >},

lemneel® = 2807 = 2(E07, llermel® = 2| =
2(F2l? Te(Qumr) = Yhoihie = Tr(Qu),
Tr(Qrmrk) Yioihey = Tr(Qo), 1Qualli =
230 hy = 2QullEs 1Qemillz = 220,03, =
2[|Qall%, and AT (Quarark, Qrae) = 22AT(Q1,Q2) =
2sup{supy_1,.. {—lar},sup;_y _{—h2;}. 0} these,
together with (23) and n = In(1/pmi) > 0 (since

0 < pymr < 1), directly imply that the probability inequality
(15) holds true. |

APPENDIX B
CONSERVATIVE CONVEX APPROXIMATION PROBLEM (17)

Since T (cf. (16)) is monotonically decreasing, its inverse
mapping Y~ : R — R, is well defined. Then, by applying
Lemma 1 and the fact that e~ ¥ ' (—CMk ) > 0, we have the
following inequality:

Pr{gl(éla Qurack, Tarnmk) + 92(02, Qrark, Trark)+

CME = 0} >1 Y (—Cuk),

(24)
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implying that e=* (7€M k) < park 18 a conservative approx- ACKNOWLEDGMENT
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where tp = [Z’FFh <+ yTFFJyTMF1s+ -y CMFJsYF1y-- -

yrs]T € R3 collects all the auxiliary variables in the
derivation of (28). |
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