EE306001, Probability, Fall 2012
Hw #1, Solutions

P. 51, Prob. 15: Note that each card can be represented by its suit-denomination pair
(5,d), where s € S = {#4,0,, &} andd € D £ {1,2,...,13}. Therefor the sample space

Q= {{(s1,d1), (s2,d2), (53, d3), (54, da), (85, d5)} | s; € S,d; € D,i=1,2,...,5},
in other words, each sample point w € ) is a set consisting of (s1,dy), (s2,ds), (s3,d3),

(84,dy), (85,ds), where s; € S,d; € D,i = 1,2,...,5. The sample space € is finite,
therefore the o-algebra F can be defined as the power set of (2, i.e.,

F =29

Since all outcomes are equally likely, the probability function can be

=> P({w}) = ZIQI %forEE]—".

weFE welE

(a) Let E; be the event that a hand is a flush, then

E, = {{(Sladl), (82,d2), (837d3)> (34,d4)7 (85,d5)} | §1 = 82 =+ = S5,
SiES,di ED,izl,Q,...,5}.

and |E;| =4 x (1), thus

|Bi| _ 4 (*?)
o ()

P(E) =

(b) Let Ej be the event that one is dealt a pair, then

Ey = {{(s1,d1), (s2,d2), (83,d3), (S4,d4), (55,d5)} | s; € S,d; € D,i=1,2,....5

exactly two of dy,dy, ..., ds are equal}.

Let F; be the event that the denomination of the pair is equal to ¢, i =1,2,...,13,
then Ey = W2, F;, where U denotes disjoint union. The number of outcomes in F}

is equal to
(4) 12(3)11(5)10(;)

2 3! ’

where (4) is the number of combinations of 1’s from four suits and M the
number of combinations of the other distinct denominations of the hand. Therefore

P(Ey) - |Bo| _13-|Fy| _ 13 (4) _ 12(‘1*)11(‘1*)10(‘11)'

Q| 9 ()\2 3!




(c) Let E3 be the event that one is dealt two pairs, then

E3 = {{(Sl,dl), (Sg,dg), (Sg,dg), (S4,d4), (85,d5>} | S; € S, dz € D,Z = 1,2, ey 5
exactly two of dy,ds, ..., ds are equal to d’
and exactly two of dy,dy, ..., ds are equal to d”,d" # d"}.

Applying the similar reasoning in part (b), we know that the number of outcomes
of the event FEj5 is
13(3)12

4
2 = 226 55 )
thus,

1B 13(3)12()

P(E?)) - |Q| - 2!(552) ( 2_8)

(d) Let E, be the event that one is dealt three of a kind, then

E4 - {{(Slvdl)v (527d2)a (837d3)7 (S4ad4)7 (S57d5>} | S; € Sa dz S Dvl = 1727 ey 5
exactly three of dy,ds, ..., ds are equal}.

Applying the similar reasoning in part (b), we know that the number of outcomes

of the event E is
13(3)12(;) 11(5)
Bl == !

thus,
1B 13()12()11(5)
o " A

P(Ey)

(e) Let Es be the event that one is dealt three of a kind, then

E5 = {{(817d1)7 (827d2)a (837d3)7 (S4ad4)7 (857d5)} | S; € Sa dz S sz = 1727 EIRI) 5
exactly four of dy,dy, ..., ds are equal}.

Applying the similar reasoning in part (b), we know that the number of outcomes

of the event Ej is

|Es| = 13- (52 — 4),
thus,
_|Es| 13- (52—4)

Cler ()

P(E5)

P. 52, Prob. 27: In order to define a probability space in which all outcomes are equally
likely, we consider the sample space

S={(c1,c2,...,c10) | c; = b,1},

where b and r denote black and red, respectively; the o-algebra F = 2°; and the proba-
bility function P({w}) = 1/|S]. It is clear that |S| = (%), by considering the number of
ways that we put 7 black balls into 10 positions.



Let W be the event that A selects the first red ball and E; be the event that the
outcome of the ith selection is the first red ball, 1 = 1,3,5,7; we can see that

Ey={(r,ca,...,c10) | ci =b,7,i=2,3,...,10}

Es ={(b,b,r,c4,...,c10) | c; =b,ri=4,5,...,10}

Es = {(b,b,b,b,7,¢q,...,¢10) | ¢; =b,7r,i=06,7,...,10}
E; ={(b,b,b,b,b,b,7,cs,...,c10) | i =b,r,i =8,9,10}

Furthermore, we have that
W = E1UE3UE5UE7

A=) -0 =00 =)

PW)=P(E,JE3JE5UE)

Now,

Therefore,

1
= E(!Eﬂ + | B3| + | E5| + [ E7])

i () 6)+()-C)

EE306001, Probability, Fall 2011
Hw #10, Solutions

P. 53, Prob. 37: Let

Q=1{1,2,3,4,5,6,7,8,9,10}
be the set that contains all 10 problems, and

A={zec29 |z| =5}
be the set of all possible combination of problems in exam, and
B={xe2° x| =1}

be the set of all possible combination of problems that a student has figured out. The
sample space
S=AxB.

The o-algebra
F =25
Assign probability function P as

1 1 1 1
P({w}) = E = |A[ < |B| = (10) (10) - 30240’

5 7

Yw € S.




(a) Let

E; ={student will answer all 5 problems correctly}

P(B) =Y PUw)) =

weFR
() 220 1
© 30240 30240 127

(b) Let
Ey ={student will answer 4 of the problems correctly},
and

E3 ={student will answer at least 4 of the problems correctly}
=FE, U E,.

Then,

1 Es
= 3 P + 3P = 35+ g
1 (R0
“12 7 30240

112600 1

=12 T 30040 2

P. 54, Exer. 20: Assume there exit a probability sapce (S, F, P),s.t. S = {s1,82,...,8n,---

F =2% and
P({w})=a, Vwe S, a > 0.

Then,
P(S) =P(UZ{si})

— Z P({s;}) by axiom 3 of probability
i=1

oo
:E a = 00,
i=1

which is contradiction to axiom 2 of probability.

Therefore, not all points in an experiment whose sample space consists of a countably
infinite number of points can be equally likely.

To show that all points have a positive probability of occurring, consider a probability
space (S, F, P;), where S and F are the same with above. Assign

1
Pl({sz}) = ?’ Vi e N.

4



And
Pi(E) =) Pi({s}), VE€ F.

sek

(i) Since
P(S) =S Pi({sh)
ses
S he-31
1/2
ST

axiom 2 is satisfied.

(ii) Since P;(E) >0 ,VE € F, by definition, and

P(E)=)Y P({s}) =) _ Pfs} <> P{s}=1,

sek sek sesS
axiom 1 is satisfied.
(iii) If Fy, Es, ... are mutually exclusive events in F, then
P(UZE)= Y Pi({s:})
SEU?ilEi
=Y P{sH+ D P{sh+---+ > A{sh)+--
scky scks s€bn,

=Py(Ey) + Pi(Ep) +++++ Pu(B,) + -
:Zpl(Ei).

Therefore axiom 3 is satisfied.

By (i), (ii) and (iii), we know that the probability space (S,F, P) is well defined. So
there exist a probability space that all points have a positive probability of occurring.



