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A. Proof of EM and KLD updates (22), (23),
and (24)

For the function logN(ε, α), we have the partial deriva-
tives

∂ logN

∂α
=

∫ 1

ε
w(1− logw)w−k/2w−αweαw dw

N(ε, α)

= Ew;α,ε[w(1− logw)] = H(α, ε), (A-1)

∂ logN

∂ε
= −ε

−k/2ε−αεeαε

N(ε, α)
. (A-2)

Then for the EM likelihood function

LEM = log fs,w(s, w; σ̂, ε, α̂) (A-3)

=(k − 1) log s− k log σ̂ − w

w + 1

s2

2σ̂2

− α̂w logw + α̂w − logN(ε, α̂)

− k

2
log(w + 1)− log 2

k
2−1Γ(k/2), (A-4)

we have the partial derivatives

∂LEM
∂σ̂

=
1

σ̂3

(
ws2

w + 1
− kσ̂2

)
, (A-5)

∂LEM
∂α̂

= w(1− logw)−H(α̂, ε). (A-6)

Thus we can have the EM update (22) for σ̂ by inserting
(A-5) into

∂Q

∂σ̂
=
∑
j

P (sj)
∂q(sj , σ̂, α̂|σ, α)

∂σ̂
,

=
∑
j

P (sj)

∫ 1

ε

fs,w(sj , w)

fs(sj)

∂LEM
∂σ̂

dw = 0. (A-7)

Similarly, with ∂Q
∂α̂ = 0 and (A-6) we can have the EM

update (23) for α̂.
As for the KLD update, we first let

h(s, w; σ̂, α̂) =
sk−1σ̂−k

(w + 1)
k
2

e−
w
w+1

s2

2σ̂2 w−α̂weα̂w (A-8)

such that

fs(s; σ̂, ε, α̂) =

∫ 1

ε
h(s, w; σ̂, α̂) dw

T (ε, α̂)
. (A-9)

With ∂ log T
∂ε = ∂ logN

∂ε , we can have

∂ log fs(s; σ̂, ε, α̂)

∂ε
=

−h(s, ε; σ̂, α̂)∫ 1

ε
h(s, ε; σ̂, α̂) dw

− ∂ logN

∂ε
.

(A-10)

Then we can minimize D by ∂D
∂ε = 0 and substitute (A-10),

(A-9), and (A-2) to have:

ε−k/2ε−α̂εeα̂ε

N(ε, α̂)
=
∑
j

P (sj)
h(sj , ε; σ̂, α̂)

fs(sj ; σ̂, ε, α̂)T (ε, α̂)
.

(A-11)

Thus the solution of ε becomes a fixed-point expression
given the definition of h(·, ·) in (A-8)

(
ε+ 1

ε

) k
2

=
∑
j

P (sj) ·
sk−1j σ̂−ke−

ε
ε+1

s2j

2σ̂2

2
k
2−1Γ(k2 )fs(sj ; σ̂, ε, α̂)

.

(A-12)

The update formulation for ε̂ in (24) is the first-iteration es-
timation of the optimal ε using the initial condition ε̂(0) = ε
on the right hand side.
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