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Homework #4 2008

TA: Chien-Tien Wu

1. Since E is well-defined,

| E(X)| = | E(X+)− E(X−)| ≤ E(X+) + E(X−) = E(|X|).

2. X is an r.v. with finite expectation.

(a) We assume that E(|X|) > 0.

(i) Since 1(X∈B)|X| is a non-negative r.v., E(1(X∈B)) ≥ 0 and by Corollary 1.4.10,
E(1(X∈B)) < +∞, we have

0 ≤ |µ|(B) =
E(1(X∈B)|X|)
E(|X|)

< +∞.

(ii) Let B1, B2 . . . be disjoint Borel sets, by Theorem 1.4.9,

|µ|(∪∞n=1Bn) =
E(1(X∈∪∞n=1Bn) · |X|)

E(|X|)
=

∑∞
n=1 E(1(X∈Bn) · |X|)

E(|X|)
=
∞∑

n=1

|µ|(Bn).

(iii)

|µ|(R) =
E(1(X∈R) · |X|)
E(|X|)

=
E(|X|)
E(|X|)

= 1.

Hence, |µ| is a probability measure on (R,B).

(b) We first assume that E(|X|) > 0. From (a), |µ| is a probability measure, by the
monotone property,

Bn ↓ φ ⇒ |µ|(Bn) =
E(1(X∈Bn) · |X|)
E(|X|)

→ |µ|(φ) = 0 as n→∞,

i.e.
lim

n→∞
E(1(X∈Bn) · |X|) = 0.

By Exercise 1 in above,

0 ≤ lim
n→∞

|E(1(X∈Bn) ·X)| ≤ lim
n→∞

E(|1(X∈Bn) ·X|) = lim
n→∞

E(1(X∈Bn) · |X|) = 0,

which implies
lim

n→∞
E(1(X∈Bn) ·X) = 0.

If E(|X|) = 0, by Exercise 1 in above,

0 ≤ |E(1(X∈Bn) ·X)| ≤ E(1(X∈Bn) · |X|) ≤ E(|X|) = 0

i.e.
E(1(X∈Bn) ·X) = 0, ∀ n ⇒ lim

n→∞
E(1(X∈Bn) ·X) = 0.



(c) Let { tn } be a sequence of real numbers s.t. t1 ≤ t2 ≤ t3, . . . and tn → ∞ as
n → ∞. Since Bn = (tn,∞) ↓ φ, by (b), we have limn→∞ E(1(X∈Bn) · X) = 0.
Moreover,

E(1(X∈Bn) ·X) = E(1(X>tn) ·X) ≥ E(1(X>tn) · tn)

⇒ 0 ≤ lim inf
n
E(1(X>tn) · tn) ≤ lim sup

n
E(1(X>tn) · tn) ≤ lim sup

n
E(1(X∈Bn) ·X) = 0.

Since { tn } is an arbitrary increasing sequence s.t. tn →∞ as n→∞, we have

0 = lim
t→∞
E(1(X>t) · t) = lim

t→∞
(t · E(1(X>t))) = lim

t→∞
(t · P(X > t)).

Now, consider Y = −X. Then as proved in above,

lim
t→∞

t · P(Y > t) = 0

Let t = −s. Then,

0 = lim
s→−∞

(−s)P(−X > −s) = − lim
s→−∞

s · P(X < s),

and we have
lim

t→−∞
t · P(X < t) = 0.

With similar argument, we have

lim
t→∞

t · P(X ≥ t) = lim
t→−∞

t · P(X ≤ t)

3. (a) Let X be a non-negative simple r.v. belonging to {Λj;xj }nj=1. Then

E(X) =
n∑

j=1

xjP(Λj).

With loss of generality, we assume 0 ≤ x1 < x2 < . . . < xn, then

E(X) =
n∑

j=1

xjP(Λj)

=x1 + (x2 − x1)P(Ω \ Λ1) + . . .+ (xn − xn−1)P(Ω \ ∪n−1
i=1 Λi)

=x1 +

∫
[x1,x2)

P(X > t)dt+ . . .+

∫
[xn−1,xn)

P(X > t)dt

=

∫
[0,x1)

P(X > t)dt+

∫
[x1,x2)

P(X > t)dt+ . . .

+

∫
[xn−1,xn)

P(X > t)dt+

∫
[xn,∞)

P(X > t)dt.

=

∫ ∞
0

P(X > t)dt

=

∫ ∞
0

(1− F (t))dt.
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(b) Since {Xn, n ≥ 1 } is a sequence of monotone increasing non-negative r.v.’s and
is assumed to converge to X, we have

(Xn > t) ↑ (X > t).

This is because

i. if ω ∈ (Xn > t). i.e, Xn(ω) > t, then

t < Xn(ω) ≤ Xn+1(ω), i.e., ω ∈ (Xn+1 > t),

which shows that (Xn > t) ⊆ (Xn+1 > t);

ii. similarly, since Xn ≤ X ∀ n, (Xn > t) ⊆ (X > t) ∀ n so that

∪∞n=1(Xn > t) ⊆ (X > t);

iii. if ω ∈ (X > t), i.e., t < X(ω) = limn→∞Xn(ω), then there exist N0 s.t.
Xn(ω) > t ∀ n ≥ N0. In particular, ω ∈ (XN0 > t), which shows that

(X > t) ⊆ ∪∞n=1(Xn > t).

Now, by the monotone probability of probability measure , we have

1− Fn(t) = P(Xn > t) ↑ P(X > t) = 1− F (t).

(c) For a non-negative r.v. X, let {Xn, n ≥ 1 } be an increasing sequence of non-
negative simple random variables defined as

Xn(ω) =

{
i

2n
, if i

2n
≤ X(ω) < i+1

2n
and 0 ≤ i < n2n,

n, otherwise.

Then by Lemma 1.4.6, 3(a), 3(b) and the monotone converge theorem,

E(X) = lim
n→∞

E(Xn)

= lim
n→∞

∫ ∞
0

(1− Fn(t))dt

=

∫ ∞
0

(1− F (t))dt,

where 1− F (t), 1− Fn(t) are Borel measurable function (probability distribution
functions are Borel measurable) and we use the monotone convergence theorem
for non-negative Borel measurable function in the last equality.

4. Since E(X) is well-defined and by problem 3,

E(X) = E(X+)− E(X−)

=

∫ ∞
0

P(X+ > t)dt−
∫ ∞

0

P(X− > t)dt

=

∫ ∞
0

P(X > t)dt−
∫ ∞

0

P(−X > t)dt

=

∫ ∞
0

P(X > t)dt−
∫ 0

−∞
P(X < t)dt

=

∫ ∞
0

(1− F (t))dt−
∫ 0

−∞
F (t−)dt.
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5. Since f(x) is continuous,

F (t−) = lim
s↑t

F (s) = lim
s↑t
P(X ≤ s) = P(X < t)

=

∫
(−∞<x<t)

f(x)dx =

∫
(−∞<x≤t)

f(x)dx = P(X ≤ t)

=F (t).

Then by Exercise 4,

E(X) =

∫ ∞
0

P(X > t)dt−
∫ 0

−∞
P(X < t)dt

=

∫ ∞
0

(1− F (t))dt−
∫ 0

−∞
F (t)dt.

And let u = 1− F (t), du = −f(t)dt, v = t, dv = dt, then∫ ∞
0

(1− F (t))dt = [(1− F (t)) · t]
∣∣∣∞
0
−
∫ ∞

0

(−f(t) · t) dt.

Similarly, let u = F (t), du = f(t)dt, v = t, dv = dt, then∫ 0

−∞
F (t)dt = [(F (t)) · t]

∣∣∣0
−∞
−
∫ 0

−∞
(f(t) · t) dt.

Thus,

E(X) =

∫ ∞
0

(1− F (t))dt−
∫ 0

−∞
F (t)dt

= [(1− F (t)) · t]
∣∣∣∞
0
−
∫ ∞

0

(−f(t) · t) dt−
(

[(F (t)) · t]
∣∣∣0
−∞
−
∫ 0

−∞
(f(t) · t) dt

)
= [P(X > t) · t]

∣∣∣∞
0
−
∫ ∞

0

(−f(t) · t) dt−
(

[(P(X ≤ t)) · t]
∣∣∣0
−∞
−
∫ 0

−∞
(f(t) · t) dt

)
= lim

t→∞
t · P(X > t)−

∫ ∞
0

(−f(t) · t) dt+ lim
t→−∞

t · P(X ≤ t) +

∫ 0

−∞
(f(t) · t) dt

=

∫ ∞
−∞

tf(t)dt,

by Exercise 2(c) in above.
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6.

E(X) =

∫ ∞
−∞

xf(x)dx

=

∫ ∞
−∞

x
1

σ
√

2π
e

(x−η)2

2σ2 dx

=

∫ ∞
−∞

(y + η)
1

σ
√

2π
e
y2

2σ2 dy

=

∫ ∞
−∞

y
1

σ
√

2π
e
y2

2σ2 dy + η

=− 1√
2πσ

σ2e−
x2

2σ2

∣∣∣∞
−∞

+ η

=η.

7. (a) (i) We assume that X is a non-negative r.v. and S(X) is the set of all non-
negative simple r.v.’s Z s.t. 0 ≤ Z ≤ X. Since X = 0 w.p.1, there exist a
Λ ∈ F s.t. P(Λ) = 1 and X(ω) = 0 ∀ ω ∈ Λ. Then for each Z ∈ S(X)

0 ≤ Z(ω) ≤ X(ω) = 0 ∀ ω ∈ Λ

and
Z(ω) = 0 ∀ ω ∈ Λ.

Then Z belongs to a weighted finite partition {Λj; zj }nj=1 with Λ ⊆ Λ1, Z1 =
0, and P(Λj) = 0 ∀ j > 1. Then

E(Z) =
n∑

j=0

zjP(Λj) = 0 · P(Λ1) +
n∑

j=2

Zj · 0 = 0

⇒ E(X) = sup
Z∈S(X)

E(Z) = 0.

(ii) Let X be a generic r.v.. If X = 0 w.p.1, then

X+ = 0 w.p.1 and X− = 0 w.p.1.

Thus
E(X+) = 0 and E(X−) = 0

as shown in (i). This shows that E(X) is well-defined and

E(X) = E(X+)− E(X−) = 0.

(b) Since X = Y w.p.1, we have X+ = Y + w.p.1 and X− = Y − w.p.1.
Let Z = Y + −X+. Then

Z+ +X+ = Y + + Z− ⇒ E(Z+) + E(X+) = E(Y +) + E(Z−)

by Theorem 1.4.7. Since Z = 0 w.p.1 and by part(a), E(Z) = E(Z+) E(Z−) = 0,
we have

E(X+) = E(Y +).
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Similarly, we have
E(X−) = E(Y −).

Thus if E(X) is well-defined, then E(Y ) is well-defined and

E(Y ) = E(Y +)− E(Y −) = E(X+)− E(X−) = E(X).

8. By Exercise 3,

E(X) =

∫ ∞
0

P(X > t)dt =
∞∑

n=1

∫
[n−1,n)

P(X > t)dt ≥
∞∑

n=1

P(X ≥ n),

since (X > t) ⊇ (X ≥ n) ∀t ∈ [n− 1, n), n = 1, 2 · · · . On the other hand,

E(X) =

∫ ∞
0

P(X > t)dt

=
∞∑

n=1

∫
[n−1,n)

P(X > t)dt

≤
∞∑

n=1

P(X ≥ n− 1) since(X > t) ⊆ (X ≥ n− 1)∀ n− 1 ≤ t < n

=
∞∑

n=0

P(X ≥ n)

=1 +
∞∑

n=1

P(X ≥ n),

since (X ≥ 0) = Ω.
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