EEH65000 Stochastic Process

Homework #4 2008
TA: Chien-Tien Wu

1. Since & is well-defined,
| EX)[ =] EXT) = EXT) < EXT) +E(XT) =E(X]).

2. X is an r.v. with finite expectation.

(a) We assume that £(|X]) > 0.

i) Since 1(xepy|X| is a non-negative r.v., £(1xep)) > 0 and by Corollary 1.4.10,
(XeB) (XeB)
E(1(xem)) < 400, we have

E(Lixen)|X]|)
E(1XT)

(ii) Let By, Bs... be disjoint Borel sets, by Theorem 1.4.9,

o 5(1(Xeu§;°:18n) -1X1) Ziozl g(l(XEBn) | XT)
|M|(Unlen> - 5(|X|) - (|X| Z|M|

0<|ul(B)= < +00.

(iii)

Elxen - 1X]) _ E(X])
pl(R) = =
= —"50xn &)

Hence, |p| is a probability measure on (R, B).

(b) We first assume that £(|X|) > 0. From (a), || is a probability measure, by the
monotone property,

= 1.

E(lxen, - 1X1)
£(1X1)

Byl = [pl(Bn) = — |ul(¢) =0 as n — oo,

le.
lim E(Lxen, - |X]) =

By Exercise 1 in above,
0 < lim [E(L(xep,) - X)| < lim E([l(xep,) - X|) = lim E(1(xep,) - [X]) =0

which implies
lim g(l(XEBn) X) = 0.

If £(]X|) = 0, by Exercise 1 in above,
0 < [E(Lxena - X)| < E(Lxen, - [X]) < E(X]) =

i.e.
S(l(XeBn) X) = 0, Vn = lim 5(1()(63”) X) =0.



(c) Let {t,} be a sequence of real numbers s.t. ¢; < ty < t3,... and t,, — 00 as
n — oo. Since B, = (t,,00) | ¢, by (b), we have lim, ... £(1(xep,) - X) = 0.
Moreover,

E(Lxeny) - X) = Exst) - X) 2 E(L x>t - Tn)

= 0 <liminf E(1 (x5, tn) < limsup E(1xse,) tn) < 1msup5(1(X€Bn) X) =0.
Since {t, } is an arbitrary increasing sequence s.t. t,, — 00 as n — 00, we have

0= hm 5(1(X>t) t) = hm (t E(Lix>p)) = tlilglo(t'P(X > t)).

Now, consider Y = —X. Then as proved in above,

lim t-P(Y > ) =0

t—o00

Let t = —s. Then,

0= lim (—s)P(—X > —s) =— lim s-P(X <s),

§——00 5——00

and we have

lim ¢t-P(X <t)=0.

t——o0
With similar argument, we have

lim ¢ - P(X>t)— lim ¢ P(X <t)

t—o0

(a) Let X be a non-negative simple r.v. belonging to { Aj;z; }"_,. Then

j=1

With loss of generality, we assume 0 < 1 < x5 < ... < x,, then

(X) =3 a,P(4))

—x1+/ P(X>t)dt+...+/ P(X > t)dt
[x1,22)

[tn—1,2n)

:/ P(X>t)dt+/ P(X >t)dt + ...
[0,21)

[x1,22)

+/ P(X > t)dt+/ P(X > t)dt.
[n—1,Zn) [Tn,00)

/ P(X > t)d

:/ (1 F(t))dt.

0



(b) Since { X,,,n > 1} is a sequence of monotone increasing non-negative r.v.’s and
is assumed to converge to X, we have

(Xp>1t) T (X >1).

This is because
i if we (X, >1). ie, X, (w) > t, then

t< Xp(w) < Xpi(w), ie, w € (Xpp >1),

which shows that (X, > t) C (X1 > t);
ii. similarly, since X, < X Vn, (X, >1t) C (X >1t) Vnso that

UX (X, >t) C (X >1t);

iii. 1f € (X > t), ie, t < X(w) = lim,_o X, (w), then there exist Ny s.t.
Xp(w) >t ¥ n >Ny In particular, w € (X, > t), which shows that

(X >t) CUX (X, >1).
Now, by the monotone probability of probability measure , we have
1-F,t)=PX,>t) T P(X >t)=1-F(1).

(c) For a non-negative r.v. X, let { X,,,n > 1} be an increasing sequence of non-
negative simple random variables defined as

X, (w) = {QL"’

n, othervvlse.

if & <X(w)<i and 0<i<n2m,

Then by Lemma 1.4.6, 3(a), 3(b) and the monotone converge theorem,
E(X) = hm E(Xn)

[e.9]

—lim [ (1— F,(t)dt

n—o0 0

- [Ta-Fwp

where 1 — F'(t),1 — F,(t) are Borel measurable function (probability distribution
functions are Borel measurable) and we use the monotone convergence theorem
for non-negative Borel measurable function in the last equality.

4. Since £(X) is well-defined and by problem 3,
E(X)=E(XT)—&(X7)
:/ P(Xt > t)dt — / P(X™ > t)dt
0 0

:/Ooop(xn)dt—/oop( X > t)dt

00 0

= P(X > t)dt — PX<t



5. Since f(x) is continuous,

F(t7) =limF(s) =limP(X <s)=P(X <1)

sTt sTt

:/ f(z)dx = / flz)de =P(X <t)
(—oo<a<t) (—oo<a<t)
=F(t).

Then by Exercise 4,

E(X) :/OOOP(X>t)dt—/(;7D(X<t)dt
:Awu—pumﬁ—/lpwmt

And let u=1— F(t),du = —f(t)dt,v = t,dv = dt, then

| a=repie=10-ran-af” - [" 0 o

Similarly, let u = F'(t),du = f(t)dt,v = t,dv = dt, then

]—/ —f(t) -ty dt - wa»ﬂl;/luwﬁmQ

P(X > 1) (—/ )t dt — @mxgmwﬁ —[lmwﬁﬁ)

—o0
0

:ﬂmppu>w—/weﬂwwﬁ+£$tpagw+/ (f(t) - t)dt

—
t—00 o

-/ Z L (b,

by Exercise 2(c) in above.



£(X) :/_OO o f ()dz

D
/°° 1 <z—g>2 d
— €T € 20 X
oo 0’\/%

&0 1 y?
pr—y + ezTQd
/_ y+m mmerdy

1S9 o ™

= Y \/2_ezg2dy—|—77

oo O m
1 2 ,i o0
= — o°e 202 —+ U]
V2o —oc0

7. (a) (i) We assume that X is a non-negative r.v. and S(X) is the set of all non-
negative simple r.v.’s Z s.t. 0 < Z < X. Since X = 0 w.p.1, there exist a
Ae Fst. P(A)=1and X(w) =0 Vwe A. Then for each Z € S(X)

0<Z(w)<Xw)=0 YweA

and
Zw)=0 YVweA.

Then Z belongs to a weighted finite partition { Aj;2; }7_, with A C Ay, Zy =
0,and P(A;) =0 V j > 1. Then

= &(X)= sup &(Z)=0.
Ze8(X)

(ii) Let X be a generic r.v.. If X = 0 w.p.1, then
XtT=0 wpland X~ =0 w.p.l.

Thus
E(XT)=0 and EX7)=0

as shown in (i). This shows that £(X) is well-defined and
EX)=&XT)—&(X7)=0.

(b) Since X =Y w.p.1, we have XT =Y " wp.land X~ =Y~ w.p.l.
Let Z=Y" — X*. Then

P4+ Xt =Y 472" =EZN)+EXN)=EYT)+E(Z7)

by Theorem 1.4.7. Since Z = 0 w.p.1 and by part(a), E(Z) =E(Z1) E(Z7) =0,
we have

E(XT) = E(Y).
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Similarly, we have

E(XT)=EX).
Thus if £(X) is well-defined, then £(Y) is well-defined and

EY)=EYT)—EYT)=EXT) - EXT) =E(X).
. By Exercise 3,
E(X) = /000 P(X > t)dt = i/[n—Ln)P(X > t)dt > iP(X > n),
since (X >t) D (X >n) Vt€[n—1,n),n=1,2---. On the other hand,
E(X) :/OOOP(X > t)dt

=> / P(X > t)dt
n=1 [n—1,n)

<Y P(X>n-1) since(X>t)C(X>n-1Vn-1<t<n



