
EE565000 Stochastic Process
Homework #3 2008

TA: Chien-Tien Wu

1. i. ∀ B ∈ B2, µX,Y (B) ≡ P((X, Y )−1(B)) ≥ 0.

ii. If Bj, j = 1, 2, . . . are mutually disjoint events in F , then (X, Y )−1(Bj),
j = 1, 2, . . . are also mutually disjoint. Therefore,

µX,Y (∪∞j=1Bj) =P((X, Y )−1(∪∞j=1Bj))

= P( ∪∞j=1 (X, Y )−1(Bj))

=
∞∑
j=1

P((X, Y )−1(Bj))

=
∞∑
j=1

µX,Y (Bj).

iii.
µX,Y (R2) = P((X, Y )−1(R2))) = P(Ω) = 1.

2. (a) i Since f(X,Y )(x, y) is a non-negative integrable function on R2 ,
fX(x) ≡

∫
R
f(X,Y )(x, y)dx is a non-negative function.

ii We have to show that FX(x) =
∫ x
−∞ fX(s)ds ∀x ∈ R. Note that

FX(x) =P(X ≤ x)

=P(X ≤ x, Y ∈ R)

=

∫ x

−∞

∫ ∞
−∞

fX,Y (s, t)dtds

=

∫ x

−∞

(∫
R
fX,Y (s, t)dt

)
ds

=

∫ x

−∞
fX(s)ds.

By i and ii, we have fX(x) is a density function of X. Similarly, fY (y) is a
density function of Y .

(b)

fX(x) =

∫
R

fX,Y (x, y)dy

=
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Similarly, fY (y) = 1√
2πσY

e
− y2

2σ2
Y .

3. X1, X2, . . . , Xn are r.v.’s taking values on the set { 0, 1 }. We can partition Ω into
X−1(0) = Ei and X−1

i (1) = Ec
i . Let Gi = {Ei, Ec

i }, and S be the collection of
subsets A = ∩ni=1Fi,where Fi ∈ Gi. Then S is a partition of Ω and the σ-algebra
F(X1, X2, . . . , Xn) is a collection of all possible unions of sets in S.

4. An uncountable partition, R = ∪r∈R { r }.
A countable example, R = (−∞, 0] ∪ (0,∞).
Yes, both partitions are Borel measurable.

5. (a) infn an = −1 , supn an = 1 , lim infn an = −1 , lim supn an = 1 ,
E = { 1,−1 }.

(b) infn an = −e−1 , supn an = e−1 , lim infn an = −e−1 , lim supn an = e−1 ,
E = { e−1,−e−1 }.

(c) infn an = −∞ , supn an =∞ , lim infn an = −∞ , lim supn an =∞ ,
E = {−∞,∞}.

(d) infn an = supn an = lim infn an = lim supn an = 0 ,
E = { 0 }.

(e) infn an = −∞ , supn an =∞ , lim infn an = −∞ , lim supn an =∞,
E = {−∞,∞}.

(f) infn an = 0 , supn an = 2
3
, lim infn an = 0 , lim supn an = 2

3
,

E = { 0, 1
3
, 2

3
}.

6. Given an ω ∈ Ω, there is one and only one set Λk ∈ {Λj, j ≥ 0 } such that ω ∈ Λk.
Thus supj 1Λj(ω) = 1 and infj 1Λj(ω) = 0,∀ ω, and then supj 1Λj = 1Ω = 1 and
infj 1Λj = 1φ = 0.

Since ∪j≥kΛj ↓ φ as k →∞, lim supj 1Λj = inf l supj≥l 1Λj = 1φ = 0
and lim infj 1Λj = supk infj≥k 1Λj = 1φ = 0.
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