PDE & Complex Variables P11-1

Lesson 11 Complex Power Series (EK 15)

B [mportance

Every analytic function can be represented by a Taylor (power) series.

Complex Sequence and Series (EK 15.1)
B Sequences

Definition: an ordered set of complex numbers {z,}.

Convergence: limz,=c ({z,}— c), if for every >0, we can find N, s.t. |z,—c|<¢ for any n>N.
n—»0

Let {z,}={x,tiy,}, c=atib, then {z,} > ¢ < {x,} > a, and {y,} > b.

B Series

Definition: Zzn =lim S, , where S,= sz is the n-th partial sum. Series is convergent if its

n—»
n=1 m=1

partial sum is convergent.

Let {z,}={x,tiy,}, s=u+tiv, then Zzn =5 < {an =u, and Zyn —).

n=1 n=1 n=1

If Z|zn| converges, — Zzn is absolutely convergent. If len| diverges, while
n=l1 n=1 n=1
ZZn converges, = Zzn is simply conditionally convergent.
n=1 n=l1
) = (=)™ I 1 1 ) =1 . D
E.g. Series S=Z—=1—E+§—Z +... 1s convergent, but Z— (harmonic series) 1is
n=l1 n

n=1

o ¢ 1\n-1
divergent. Therefore, z( D
n=0 n

is conditionally convergent.
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(*) Series Convergence Tests (EK 15.1)

B Divergence test

If 11mz 70, Zz diverges. But limz =0 does not guarantee the convergence of limz, .
n=1 n—w n—0

is divergent, though hml—O

E.g. Harmonic series —
=1 n n—wo pn

B Comparison test

If we can find a convergent series an , such that b,>|z,|, = Zzn is absolutely

n=1 n=l1

convergent.

B Ratio test

Zn+1

<¢<I1 for all >N, = Zzn is absolutely convergent.

n=1

Test 1: For a series Zzn , if

n=1 n

<1, but

can exceed any real number less than 1 if n is
n+l n+l

sufficiently large, = no fixed upper bound ¢<1, ratio test fails.

Test 2: If hm

n—>0

LI=L, then the series Zz

n=1

z,

(1) absolutely convergent, if L<1; (2) divergent, if L>1; (3) undetermined, if L=1.

0 2
E.g. Zl has L=1im =1, which is divergent. Z— has L=lim— =1, which
n—o p + 1 on n—>oo(n+)

:

2
. . > 1 .
converges to % [by Riemann Zeta function {{(s)= Z—S, with s=2].

n=1
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B Root test

Zn+1

z

n

byn\/z.

Similar with ratio test except for replacing

1 ) . . . . C
E.g. Z; has L=lim{ 1/n =limn i =lime tnn/m - (variable in exponent only) =1, which is
n=1

2/ -(2Inn/n) _

divergent. Z% has L=1im% 1/ n® =limn>'"=lime 1, which converges to 77/6.
n

1 n—»0 n—»o0 n—>0
n=

Power Series and its Convergence (EK 15.2)

B Definition

o0
A series of the form: Zan (z—2z,)" , where variable z, center zy, and coefficients {a,} are
n=0

generally complex.

B Convergence theorem

(1) If power series Zan (z—z,)" converges at a point z=z;, = it is absolutely convergent
n=0

for every “closer point” {z, |z—zo|<|z1—z¢|}. (2) If power series Za” (z—z,)" diverges at a
n=0

point z=z,, = it is divergent for every “farther point” {z, |z—zo[>|z2—zo|}.

y e
" ~ \Dlvergent
/ \
! - \
| !/ hzl \
; Conv. °, \
1 I (o} I i
1 \ z /
1 N 0 7 5522
\ ——— /
N\ /
\\\ ’// X

(*) Proof: (1) By divergence test: Zan(zl—zo)" converges, = a,(z1—z0)"—0, i.e.
n=0

A

lan(z1—20)"|<M for all n. For a “closer point” z, |a,(z—z0)"[=|a, (z, — zo)”( J <Mr" =b,,

2172,
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Z1 2y

where =

<l. Since an =M (Zr"j is convergent, by comparison test,

n=0

Zan (z—2z,)" is also convergent. (2) The divergence part can be proved by contradiction

CRZE).

B Region of convergence (ROC)

The ROC of a power series is: {z, where Zan (z—2z,)" is convergent}. By the convergence
n=0

theorem, ROC always has a circular boundary: |z—zo|=R, on which the convergence of series

1s undetermined.

o0 o0 0 o0 n
z z" z
E.g. The ROCs of Z—, Zz” , Z— have same boundary C: |z]=1. Z—z, converges,
n=1 1 n=0 n=1 M n=1 N
0 0 n

z
ZZ" diverges everywhere on C, while Z— converges at z= —1 but diverges at z=1.
n=0 n=1 N

B Radius of convergence (Cauchy-Hadamard formula)

The radius of convergence R of Zan(z—zo)” is evaluated by:
n=0

al’l

(11.1)

*
L " an+1

n+l

(*) Proof: By ratio test, L=lim a,.,(z _Zo)

=L"|z—z0|. (1) L'#0, oo: series converges for L<1

(|z—zo|<1/L"), and diverges for L>1 (|z—zo[>1/L"). = R=1/L". (2) L'=0: L=0 for all z (note that
|z—zo| can approach, but never equal to o), series converges everywhere. = R=1/L"=c0. (3)

L"=00: L=0o for all z except for z=z, series diverges everywhere. = R=1/L =0.
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Power Series Representation of Complex Functions (EK 15.3)

B Power series represent analytic functions

00
A power series Zanz” with radius of convergence R>0 represents an analytic function f{z)
n=0

for all |z|<R, where f ’(z)ZZ“nanz”’1 =f,(z) (let zo=0 without loss of generality).

n=1

Proof: Strategy: let f(z)ZZanz” , show that f’(z)zizirr}] f(Z+AAZZ)_f(Z) = fi(2), 1ie.

n=0

fz+Az) - f(2)

limlg|=0, if == CO A ),
(*) By definition, qZZan %—nz”‘1 Ezantn' Let z=a, z+tAz=b, = t, =
n=2 n=2

bn_an
b—a

—na"", which is a binomial of order n—1 (i.e. sum of terms a'd’, where k+/=n—1).

n=2
Let t,=(b—a)A4,, A, 1s a binomial of order n—2, = A4,= z c,a"b" ",

m=0

To find coefficients {c.}, we use: (b—a)t,=(b—a)’d,, b"—a"—(b—a)na"'= b"+(n—1)a"—(nb)a""

n—=2

=(b—a)2(z cma'”b"_’"_ZJZ {co B+ (c1—2¢0) b at (cy2c1tco) b™2a* + ...+ (“2¢patcns) ba™
m=0

+ cpn d"}. By comparing the corresponding coefficients: {co=1, ¢;=2¢¢=2, ...., c,= m+1, ...,

Cno=n—1}.= c,=m+l.

0 0 n-=2
Consequently, g= Z a,(b—a)A, = Z {a”Az(z (m+1)z"(z+Az)"™"? H , by the triangular

n=2 n=2 m=0

4

.(”mﬁnmfp+M“Wj}

inequality (IZ z,

sZM&m&maiPu

n=2

to include z, z+Az

selected circle Lo <
. ROC

» X
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For any point z in the ROC (|z|<R), we can choose some Ry<R, such that {|z|, |z+Az|}<R,, =

gD

aIl

2"+ A< RS, = gl < IAZI'Z{
n=2

-Ra"z[imﬂ)ﬂ Az S a,

m=0 n=2 2

n=2

|Az|r [i n(n—"la,|R;™ } :

Since the series Z:n(n—l)anz”_2 =Z(anz")", and Zanz” is absolutely convergent for
n=2 n=0 n=0

|ZI=Ro<R, (i.e. Y |a,|R; is convergent), by operation 3 (see below), = > n(n—1)a,z"” is
n=0 n=2

also absolutely convergent for |z|=R,, (i.e. Zn(n -1)
n=2

a,|R;* =K). = [gl< |A2lK, lim]g|=0.

<Comment>

As will be proved in the Taylor theorem (EK 15.4), for every point z in “the domain D where

function f(z) is analytic”, there is a unique power series Zan (z—z,)" , such that
n=0

f(z)ZZan (z—2z,)" (zeROC of the power series). However, for different points in D, the
n=0

corresponding power series could be different. E.g. A point z;eD lying outside the ROC of

Zan(z—zo)” (i.e. Zan (z, —z,)" # fiz1)) should correspond to another series
n=0 n=0

an (z—zy)" with different center z.

n=0

Domain D where
S(2) is analytic

Z
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B Operations on power series

1) If fz2)=) a,z", for |zI<R., g(z)=) b,z", for |z|<Rs, = f2)tg(z)=> a,z"+) b,z"=
n=0 n=0 n=0 n=0

0

Z (a,xb,)z" , where the new radius of convergence R > min{R,,R}.

n=0
2) If fiz)=) a,z", for |zI<Ra, g(z)=) b,z", for |2[<Ry, = flzygz)=) a,z" x D b,z"=
n=0 n=0 n=0 n=0
chz” , for |z|[<R, where
n=0
=Y a, b, (11.2)
k=0

is the Cauchy product (convolution) of {a,}, {b,}; and R > min{R,,R;}.

3) Iffiz)=) a,z", for |z|<R, =

J”(Z)=§‘,na,,z”’1 (11.3)

(derived series), which is valid for |z|<R.

2

< n n Z 4 - n
E.g.f(z)zz 5 z =?g (z), where g(z)ZZz = By 3), f(z), g(z) have the same R=1.
n=2

n=0

You can arrive at the same R by Cauchy-Hadamard formula.

o0

. . S . a . .
4) Termwise integration of Zanz” is z »_z"" | which has the same radius of
n=0 n:0n+

convergence R.
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