Homework Solutions #4
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B 2n—-1)x Cn-Dz |
u,(x,0)= Z A, COSh{—Za }cos{—za x} = f(x)

where , 4, cosh(%] = %}[ f(x) COS(% dex

so,u, = ZAn C()shli(znz;l)ﬂ- (b _ y)} COS|: (21’12— 1)71' x:|
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A, = j f(x) cos{ }dx
b Cosh{(zn — 1)@} 2a
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Y"+k*Y =0,BCs: Y(0)=Y(b)=0,=
Y = ¢, sin(k,x), k, = % n=1,2,3, ...
X"-k>X =0, two BCs: X(0)=0, X'(a)+hX'(a)=0.
f1% X(0)=0 ¥t > ¥ UEE T X=c, sinh(% xj

$1* X(a)+hX(a)=0 £ » ¥ 2iE 5] 1 X=0. = uy=0

LV
u=u, = ZAn cosh{(2n2J (b- y)} cos[(znz;l)” x}
n=1
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A4, = f(x) cos{— x}dx
b. cosh[ (2n - l)ﬂ'b:l -([ 2a
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According to the ODE: o A, =>0+10=0

If A=-k’><0, ®=ce" +c,e™™, which is in violation of periodic BC:
®0)=0(27).So A cannot be negative.
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du du' 1
Let —=u',= —+—u'=0
dr dr r
du' dr c
—_— =, = 11’1u'=—1117'+6'1, u'=—,
u' r r

For interior problem, |u(r=0)|<oo, = ¢=0, .

For exterior problem, |u(r=)|<w, = =0, .

Laplace equation in spherical coordinates:
2
=iz2 20 . L 2 b= L9 Ging2%
r-or  Or r'sing 060" rsing 0¢ o
Because Laplace equation only depends on r

Viu

2
V=L ey o 0200 g 200 5 d_ (1)
rodr dr or or dr dr
We substitute u(r) = ™ into (1). This gives
m(m—1)r" +2mr™m =0, =>m= —1,0
u(r)=cr 1+ 0,0 = E + k (c and k are constants)

For interior problem, |u(r¥0)|<oo, = =0, .
For exterior problem, |u(r=w)|<co, = |u(r)=c/r+k
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PDE: u, + 1 +uy =0, ROIz{l <r<20< 9<%}
r r

BCs: u(1,0)=sin(20), u(2,6)=0, u(r,0)=0, u(r,%jzo

Separation of variables

Let u(r,0)=R(r)®(0) = R'O+1RO +12R(:) =0
r r
RUR @ R"+ 1R —k*R =0
Assume M=—9=k220:> r "
R 0 O+k’@=0

<stepl> ©(0)=acos(k@)+ bsin(k6)

By BC: u(hz) = ®[£j = acos(kz}rbsin(kzj =0
2 2 2 2
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=a=0, k=2n, n=0,1,2...
= 0,(0)=bsin(2r0), n=0,12...

step2> PRUAR—(nf R=0= R (r)=1 ¢ T =0
Ste r +rR —\2n =0= 7=
P ! e’ +drn=123..

c+dn2=0=>c=-dIn2
By BC: u(2,0)=R(2)= 2"c+2"d =0=>c=-2""d

R () A" =127 fn=0
U al -2t =123

<step3> u,(r,0)=3d, (" 27" r*")sin(2n6) [sin(216)=0 when n=0]

1

By BC: u(1,0)=Yd,(1-27" )sin(2n0) = sin(20) = n = 1
1
:>d1( _ L :1:>all:E
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