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Abstract—Load-balanced switches have received a lot of atten-
tion lately as they are much more scalable than other existing
switch architectures in the literature. One of the most salient
features of load-balanced switches is the simplicity of implement-
ing deterministic and periodic connection patterns for its switch
fabrics. In this paper, we propose to use fat-tree networks as the
switch fabrics in load balanced switches. Fat-tree networks have
been widely used for interconnecting computers in data centers
and for other applications in Network-on-Chip (NoC). One of
the main problems in fat-tree networks is that the link capacity
has to be increased rapidly from the leaves to the root of the
tree. This poses a serious scalability problem as the complexity
of implementing the switches near the root of the tree could be
very high, especially when a fat-free network is required to be
nonblocking. As we only require an N x N fat-tree network to
realize a set of N permutations needed for the implementation
of N x N load-balanced switches, in this paper we show that the
implementation complexity can be greatly reduced. For this, we
first derive a lower bound on the link capacity for each switch
in a fat-tree network. By using the uniform mapping property of
the bit-reversal permutation, we show that there exists a set of V
permutations that achieves the lower bound. To further reduce
the implementation complexity, we propose a fully meshed fat-
tree network that replaces the upper half of the tree by a simple
mesh. We then show a fully meshed fat-tree network can be
implemented by folding a banyan-type network that realizes this
set of N permutations.

I. INTRODUCTION

Load-balanced switches [1]-[8] have received a lot of
attention recently as they are much more scalable than other
existing switch architectures in the literature. In Figure 1, we
show a typical two-stage load-balanced switch: the first stage
is for load-balancing that converts incoming traffic into the
uniform traffic, and the second stage is for switching of the
uniform traffic. It was shown in [1] that load-balanced switches
achieve 100% throughput and have delay performance com-
parable to ideal output-buffered switches (when the traffic is
heavy and bursty).

In this paper, we consider the discrete-time setting and
assume that time is slotted and synchronized so that a fixed-
size packet can be transmitted over a link within a time slot.
One of the most salient features of load-balanced switches
is that the connection patterns for the switch fabrics in both
stages in Figure 1 are deterministic and periodic. As such,
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Fig. 1. The generic two-stage load-balanced switch.

there is no need to find matchings as required in most input-
buffered switches, and there are no computational overheads
in load-balanced switches. Specifically, for an NV x N load-
balanced switch, the switch fabrics in both stages in Figure 1
only need to realize in every period of NV time slots any N
N x N permutation matrices P;, Ps, ..., Py that satisfy

Pi+Py+---+ Py =e, (D

where e is the N x N matrix with all its elements being 1.
Clearly, there are many possible choices of the N permuta-
tion matrices P, P, ..., Py for implementing N x N load-
balanced switches. In the literature, there are two well-known
conditionally nonblocking switches, i.e., rotators (which real-
ize all of the powers of the circular shift matrix) and symmetric
TDM switches [7]-[8], that can be used for realizing the
needed connection patterns for the switch fabrics in load
balanced switches. In [7] and [8], respectively, it was shown
that twister networks (which are special types of multistage
interconnection networks) and degenerate banyan networks
(which only use half of the inputs/outputs in the classical
banyan networks) can be used as rotators and symmetric TDM
switches, and hence they can be used as the switch fabrics in
load balanced switches.

In this paper, we propose to use fat-tree networks [9] as the
switch fabrics in load balanced switches. Fat-tree networks
(and many variants of them) are commonly used for the
constructions of data center interconnection networks [10].
They have also been widely deployed in Network-on-Chip
(NoC) [11]. As suggested by its name, a fat-tree network is
a switching network constructed from a complete binary tree,



where each leaf is an input/ouput port and each non-leaf node
is a switch. To accommodate the traffic multiplexed into the
tree, the link capacity of a switch has to be increased rapidly
from the leaves to the root of the tree (this is why it is called
a fat-tree network). In particular, if a fat-tree network with NV
input/output ports is required to be nonblocking, i.e., the fat-
free network can realize all of the N! permutations between its
input and output ports, then each node has to be a nonblocking
switch and the link capacity of a switch has to be increased
exponentially from the bottom to the top of the tree. This poses
a serious scalability issue in designing the switches near the
root of the tree when NN is very large. Fortunately, as our
purpose in this paper is to use fat-tree networks as the switch
fabrics in load balanced switches, we only require a fat-tree
network with N input/output ports to realize N permutation
matrices Pp, P>, ..., Py that satisfy the condition in (1) in
every period of N time slots. We will show that the scalability
problem in a nonblocking fat-tree network can be solved in this
scenario by appropriate choices of the /N permutation matrices
Py, P, ..., Py and by replacing the upper half of the fat-tree
network by a simple mesh.

In this paper, we first show a lower bound on the link
capacity for each switch in a fat-tree network that is capa-
ble of realizing any N permutation matrices P, Ps, ..., Py
satisfying the condition in (1). The lower bound is derived
based on averaging the traffic flows that need to go through
a switch in the fat-tree network. Unfortunately, both rotators
and symmetric TDM switches require link capacities that are
substantially higher than those given by the lower bound.

Then we propose new permutation matrices Py, P, ..., Py
that not only satisfy the condition in (1) but also achieve the
lower bound, i.e., they can be realized by a fat-tree network
with link capacities specified by the lower bound. The idea
is based on the bit-reversal permutation previously proposed
in [12]. One key property of the bit-reversal permutation
is the uniform mapping property that maps the inputs in a
subtree uniformly to the outputs in other subtrees. We show
that any permutation that has the uniform mapping property
can be realized by a fat-tree network with link capacities
specified by the lower bound. We also show that the bit-
reversal permutation and its variants obtained by circular shifts
all have the uniform mapping property, and hence they can be
realized by a fat-tree network with link capacities specified by
the lower bound.

To further reduce the implementation complexity, we pro-
pose a fully meshed fat-tree network by replacing the upper
half of a fat-tree network by a simple mesh. As such, there
is no need to implement the switches in the upper half of
the usual fat-tree network, and hence we do not have the
scalability problem for the switches near the root in the usual
nonblocking fat-tree network. We show that any permutation
that has the uniform mapping property can also be realized by
a fully meshed fat-tree network.

To implement the switches in a fully meshed fat-tree
network, i.e., in the lower half of a fat-tree network, we
consider a specific banyan-type network. Such a banyan-type

network is constructed by connecting a collection of reversed
baseline networks (with a much smaller size) and another
collection of baseline networks (with a much smaller size).
We show that a permutation can be realized by such a banyan-
type network if and only if the permutation has the uniform
mapping property. By folding such a banyan-type network,
we are able to map such a folded banyan-type network to the
corresponding fully meshed fat-tree network with the same
number of input/output ports. We further show that each switch
in the corresponding fully meshed fat-tree network can be
constructed by a collection of 2 x 2 switches in the folded
banyan-type network. As any banyan-type network possesses
the self-routing property, the corresponding fully meshed fat-
tree network also inherits such a self-routing property. This
solves both the switch implementation problem and the routing
problem in a fully meshed fat-tree network.

This rest of this report is organized as follows. In Section II,
we introduce fat-tree networks and show a lower bound on
the link capacity for each switch in a fat-tree network that can
realize the permutations needed for load-balanced switches. In
Section III, we introduce the bit-reversal permutation and show
that any permutation that has the uniform mapping property,
including the bit-reversal permutation and its variants obtained
by circular shifts, can be realized by a fat-tree network with
the link capacities specified by the lower bound. We then
propose fully meshed fat-tree networks in Section IV and show
that a fully meshed fat-tree network can be implemented by
folding a specific banyan-type network. We also show that
any permutation that has the uniform mapping property can
be realized by a fully meshed fat-tree network with the link
capacities specified by the lower bound. Finally, the report is
concluded in Section VI, where we address possible extensions
of our work.

II. FAT-TREE NETWORKS

A fat-tree network, first proposed in [9], is a switching
network constructed from a complete binary tree. To explain
how a fat-tree network works, we first consider a complete
binary tree with 2" leaves, indexed from 0 to 2" — 1 (see
Figure 2 for a complete binary tree with 16 leaves). In such a
complete binary tree, there are n+ 1 levels, indexed from 0 to
n. The root is the only node at level 0 and a node is at level
j7+1if it is a child of a node at level j for 0 < j < n—1. Index
the root as node (0, 0), and recursively index the two children
of node (4, k) as node (j+1,2k) and node (j+ 1,2k +1) for
0<j<n—1land0 <k < 2/ —1. Clearly, there are 2/ nodes
at level j and in this report we also call node (7, k) as the k™
node at level j for 0 < j <n and 0 < k < 27/ — 1. Note that
the 27 leaves are nodes (n,0),(n,1),...,(n,2" —1), and we
also call node (n,z) as leaf x for 0 < x < 2™ — 1 in this
report.

For 0 < j <mand 0 < k <2/ —1, let T(j,k) be the
subtree rooted at node (j, k), and let S(j, k) be the set of all
of the leaves in the subtree T(j, k), namely,

S k)={z:k-2"7 < <(k+1)2"7 —1} ()
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Fig. 2.

A complete binary tree with 16 leaves.

Note that the total number of leaves in the subtree T'(j, k)
is [S(j,k)] = 2"7J. For example, for the complete binary
tree with 16 leaves in Figure 2, we have S(3,2) = {4,5},
$(3,3) = {6,7}, and S(2,1) = S(3,2) U S(3,3) =
{4,5,6,7}. For 0 < a < 2" — 1, let the n-tuple
(In(x), In_1(x),...,I;(x)) be the binary representation of z,
ie,x =" _, I,(x)2™ !, where I, (z) is the (n—m~+1)"
most significant bit of « for 1 < m < n. Then the set S(j, k)
can be alternatively expressed as

S, k)={z:0<z<2" -1,
and I, jym(z) = I (k) for 1 <m < j}. (3)
In other words, S(j, k) contains all of the leaves of which the
first 7 most significant bits are the same as the last j most

significant bits of k (note that the first n — j most significant
bits of k are 0).
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Fig. 3. A nonblocking fat-tree network with 16 input/output ports.

Now we show how one constructs a 2™ x 2" nonblocking
fat-tree network (with 2" input/output ports) by using the
complete binary tree with 2" leaves. For this, we view every
leaf of the tree as both an input port and an output port of a
2" x 2™ switching network and view every non-leaf node in the
tree as a nonblocking switch (see Figure 3 for a nonblocking
fat-tree network with 16 input/ouptut ports). For 1 < 5 < n
and 0 < k < 2/ — 1, let the upward capacity C,(j,k) of
node (j,k) be the number of parallel links from node (j, k)
to its parent. For 0 < j <m—1land 0 < k < 29 — 1, let
the downward capacity Cy(j, k) of node (j, k) be the number
of parallel links from node (j, k) to its two children. In this
report, we assume that the downward capacity of a node is
evenly split between its two children.

For such a 2™ x 2" fat-tree network to be nonblocking, it
has to realize all of the (2™)! 2™ x 2" permutations between
its input and output ports. In other words, for each 2™ x 2"
permutation there is a non-conflicting path for every pair of
input/output ports specified by the permutation. Clearly, this
requires that the upward capacity and downward capacity of
a node in the tree must not be less than the total number of
leaves in the subtree rooted at this node. As the total number of
leaves in the subtree T'(j, k) is |S(j, k)| =27 for0 < j <n
and 0 < k < 29 — 1, we have

Culjik)=22"7, 1<j<n, 0<k<2 —1, (4)
Ca(j k) >2"7,0<j<n—1,0<k<2 —1. (5

Conversely, if the upward capacities and the downward capac-
ities of the nodes in a fat-tree network satisfy the conditions in
(4) and (5), respectively, then there is always a non-conflicting
path from an input to the root and there is always a non-
conflicting path from the root to an output, and it follows that
the fat-tree network is nonblocking. Therefore, the conditions
in (4) and (5) are the necessary and sufficient conditions for a
fat-tree network to be nonblocking. In this report, we define a
2™ x 2™ nonblocking fat-tree network to be the fat-tree network
with C,(j,k) =2" 7 for 1 < j<mnand 0 < k <2/ —1,
and Cy(j, k) =2"7 for0<j<n—1land 0 <k <2/ —1.
Note that the link capacity of a switch in a nonblocking fat-
tree network grows exponentially from the leaves to the root,
and this poses a serious scalability problem in designing the
switches near the root.

As mentioned in Section I, our purpose in this report is
to use fat-tree networks as the switch fabrics in load balanced
switches, and hence we only require a 2" x 2" fat-tree network
to realize 2" permutation matrices Py, Ps, ..., Pon that satisfy
the condition in (1) in every period of 2" time slots. As
such, it seems that the upward capacities and the downward
capacities of the nodes in such a fat-tree network could be
greatly reduced. In the following theorem, we first show lower
bounds for the upward capacities and the downward capacities
of the nodes in such a fat-tree network.

Theorem 1 Suppose that a 2" x 2" fat-tree network is capable
of realizing 2" permutation matrices Py, Ps, ..., Pon that
satisfy the condition in (1) in every period of 2™ time slots.
Then for each 0 < k < 29 — 1, we have

Cu(]7 k‘) Z "Qn—j _ 2n—2j‘|
_ {2”{ —on2 1< < [n/2], ©
2 n/2] 41 <5 <n,
Calj k) > 2[2n 771 —2n=22]
_ {2"{2"2”, F0<i<In2 -1
213 if |nj2] <j<n-—1.

Proof. Consider node (j, %), where 0 < j <mn and 0 < k <
27 — 1. Our idea for the proof of (6) and (7) is by averaging.
Consider a frame of 2" time slots, indexed from 1 to 27,
called the tagged frame. Assume that there is always a packet



at every input port in every time slot and assume that fat-tree
network realizes permutation matrix P; in the i time slot for
1=1,2,...,2". Since the sum of the 2" permutation matrices
P, Py, ..., Ponis a 2™ x 2™ matrix with all its elements being
1, there is exactly one packet transmitted from every input to
every output in the tagged frame.

For 1 < j < n, every leaf in the subtree T'(j,k) sends a
packet to every leaf that is not in the subtree T'(j, k) in the
tagged frame, and each of these packets has to go through an
upward link of node (j, k). As there are 2"~/ leaves in the
subtree T(j, k) and there are 2" — 2"~ leaves that are not in
the subtree T'(j, k), the total number of packets that have to
go through the upward links of node (j, k) in the tagged frame
is 277 (2" — 2"~7). On the average, there are 2"~/ — 212
packets that need to go through the upward links of node (7, k)
per time slot. Clearly, the upward capacity C,,(j, k) of node
(j, k) is not less than the maximum number of packets that
need to go through its upward links in a time slot, and hence is
also not less than the average number of packets that need to
go through its upward links per time slot. Therefore, it follows
that Cy,(j, k) > [2"79 — 2"~ for 1 < j < n, which is the
desired result in (6).

For 0 < 5 < n — 1, every leaf that is not in the subtree
T(j + 1,2k) (resp., subtree T'(j + 1,2k + 1)) sends a packet
to every leaf in the subtree T'(j + 1,2k) (resp., subtree
T(j + 1,2k + 1)) in the tagged frame, and each of these
packets has to go through a downward link of node (j, k) that
is directed to node (j + 1,2k) (resp., node (j + 1,2k + 1)).
On the average, there are 2" 7~! — 27=2/=2 packets that
need to go through the downward links of node (j,k) per
time slot that are directed to node (j + 1,2k) (resp., node
(j+1,2k+1)). As we assume that the downward capacity of
a node is evenly split between its two children, we then see
that Cy(j, k) > 2[2"7771 —277272] for 0 < j < n —1,
which is the desired result in (7). |

Observe that lower bounds for the upward capacities and
the downward capacities in (6) and (7) are the same as those
of nonblocking fat-tree networks in (4) and (5) for the lower
half of the tree, but are smaller for the upper half of the
tree. As the scalability problem is mainly due to the design
of the switches in the upper half of the tree, it is of highly
importance and interest to see if there exist 2" permutation
matrices Pp, Ps, ..., Pon that satisfy the condition in (1) and
achieve the lower bounds in (6) and (7). It can be seen that the
2™ permutation matrices realized by rotators and symmetric
TDM switches do not achieve the lower bounds in (6) and
(7). In the next section, we will find 2" permutation matrices
Py, P, ..., Pon that satisfy the condition in (1) and achieve
the lower bounds in (6) and (7).

III. BIT-REVERSAL PERMUTATION

In the previous section, we derive lower bounds for the
upward capacities and the downward capacities of a fat-tree
network to realize the needed permutations for a load-balanced
switch. In this section, we will show that these lower bounds

are indeed achievable by using the bit-reverse permutation
introduced in [12] and its variants obtained by circular shifts.

We first introduce some notations that will be used for de-
scribing the bit-reversal permutation. Let Zy = {0,1,..., N—
1}. For a permutation o on Zy, we denote P, as the N x N
permutation matrix corresponding to ¢. For a set S C Zy, let
o(S) be the range of S under o, i.e., 0(S) = {o(x) : z € S}.

Let 0. be the circular shift permutation on Zy, i.e., o.(x) =
(r + 1) mod N for all 0 <z < N — 1. Also, let o' be the
identity permutation on Zy for i = 0 and let 0° = 0! o 0.
for i > 1. Clearly, o¢ is the permutation that performs circular
shift permutation i times for i > 0, i.e., 0%(z) = (z + ) mod
N for 0 <x < N — 1. As it is easy to see that

ng —|—ng —|—-~-—|—Po_iv—1 = e, ®)

we have that Pyo, Py1, ..., P ~-1 satisfy the condition in (1).

Furthermore, for a permutation o on Zy, we denote o; =
ogloo fori>0,ie., oi(x) =0ci(o(x)) = (o(x) +i) mod N
for 0 <z < N —1. Since P,, = Pgin for i > 0, we see
from (8) that ’

Poy+ Py, +-+ Py, =(Poo+Poi+---+ P, x1)P,

=eP, =e. ©)]
Note that as ¢ is the identity permutation on Zy, we have
oyg = 02 o o = o. Therefore, it follows from (9) that
P,, P, ,P,,,...,Ps,_, satisfy the condition in (1).

Definition 2 (Bit-Reversal Permutation) Let N = 2" and let
(In(x), In—1(x),..., I1(x)) be the binary representation of
x € Zn, where I,,,(z) is the (n —m + 1)" most significant
bit of x for 1 < m < n. The bit-reversal permutation T on
Z N is the permutation such that

Ln(m(z)) =
S Inri—m(2)2™7 Y for 0 <z < N -—1.

nt1-m(2), for 1 <m <mn, (10)

namely, 7(x) =

Note that Py, Pr,, Pr,, ..., Pry_, satisfy the condition in
(1), where m; = ol o for 1 < i < N — 1. In Figure 4, we
show the 16 permutations 7,71, ..., 715 on Z16. The column
marked with O on the top row is 7, and the column marked
with ¢ on the top row is m; for 1 <7 < 15. As m,7,...,715
satisfy the condition in (1), the 16 X 16 matrix in Figure 4 is a
Latin square, where every symbol in Z;6 = {0,1,2,...,15}
appears exactly once in every row and every column.

One prominent property of the bit-reversal permutation is
the uniform mapping property as defined below.

Definition 3 (Uniform Mapping Property) Let N = 2". A
permutation o on Zy is said to have the uniform mapping

property if
lo(S(j, k) NS(n—j,0)| =1 (a1

forall0<j<n 0<k<2 -1 and 0 < <27 -1,
where S(j,k) and S(n — j,£) are given by (3).
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Fig. 4. The 16 permutations 7,71, ..., 715 on Zig = {0,1,2,...,15}.

When a permutation o is realized in a fat-tree network,
o(S(4, k)) is the set of outputs with their inputs in the subtree
T(j, k). As there are 2"~/ leaves in the subtree 7'(j, k) and
there are 2"~/ subtrees at level n — j, the uniform mapping
property implies that all of the 2777 leaves in the subtree
T(j, k) are mapped uniformly to the 2"~7 subtrees at level
n-—7j.

In the following theorem, we show that the bit-reversal
permutation and its variants obtained by circular shifts all have
the uniform mapping property.

Theorem 4 Let N = 2. The permutations 7, T1,. ..
all have the uniform mapping property.

y TN—1

Proof. Since we know that 7y = m, it suffices to show that
m; has the uniform mapping property for 0 < ¢ < N — 1.
Let 0 < i< N-1,0<35<n0<k<2 —1,and
0 < ¢<27J —1. From (11), we see that it suffices to show
that 7;(S(j,k)) N .S(n — j,£) contains exactly one element.
Let = € S(j,k). Then we have from I, (w(x)) =
Inyi—m(z) for T < m < nin (10) and I,11_pm(z) =
I(nfj)+(j+lfm)(x) = j+1—m(k5) for 1 <m< j in (3) that

m(x) =Y In(m(z)2" " = ZIW m ()21

m=1

= In—i—l—m 2 714’ ZIH+1 m 2m !
m=j+1
n—j

— ZIn-‘rl e ] 2m+] 1+ Z 1 m 2m—1
m=1

=q'(x) -2 +7'(j, k), (12)

where ¢/(z) = Y0 L1 (z)2™ 1 and (5, k) =
St Ljri—m (k)27 ULet (j.k) 4 = ¢"(idi ) - 2 +
r"(i,4,k), where ¢"(i,j,k) and r"(i, 7, k), respectively, are
the quotient and the remainder of 7/(j, k) + i divided by 27.

Then we have from (12) that

(m(x) + ) mod 2"

= (¢/(2) 20 +7'(j, k) + 1) mod 2"

= ((¢'(2) +4"(i,5,k)) - 2) mod 2" ++"(i, 5, k). (13)

Note that since z E S(j, k), we have from (2) that

k-2 < g < + 1)2"77 — 1. As = goes from
k-2n=i k.2n"0 + 1 ,(k+1)2"=7 — 1, the last n — j
most significant bits (In_j(x),ln_j_l(z),...,Il(z)) goes
from (0,0,...,0),(0,0,...,1),...,(1,1,...,1). As ¢'(z) =
Yo 1= (2)2™ 1, 1t then follows that

{d(z): 2z €83, k)}={0,1,...,2"7 —1}.
It is easy to see from (14) that

{(d'(2) +¢"(i,5,k)) - 2 mod 2" : w € S(j,k)}
={¢-2:0<q¢g<2"7 —1}.

(14)

(15)

As such, we have from (13), (15), and 0 < 7" (i, j, k) < 27 —1
that

(S5, k))

={mi(z) 1z € S(j,k)}

= {(n(z) +4) mod 2" : z € S(j,k)}

= {((¢'(2) +¢"(i,4,k)) - 27) mod 2" + 7" (i, j, k) :
x e S, k)}

={q- 22 +7"(i,j,k): 0<qg<2"7 —1}

={y:0<y<2" -1,

and I,,,(y) = L, (r" (i, 7, k)) for 1 <m < 5}.(16)

Furthermore, we have from (3) that

Sn—j0)={y:0<y<2"—1,
and Iy (z) = I, (¢) for 1 <m < n—j}.(17)

Therefore, we see from (16) and (17) that there is
exactly one element in m;(S(j,k)) N S(n — j,¢£), and
it is uniquely determined by the binary representation
(In—j(g)v ) Il(é)v Ij(’r”(ivj; k))v s 711(T,/(i7j7 k))) u

In the following theorem, we show that any permutation
that satisfies the uniform mapping property can be realized by
a fat-tree network with link capacities specified by the lower
bounds in Theorem 1.

Theorem 5 Let N = 2". Suppose that an N X N fat-tree
network has link capacities given by the lower bounds in
(6) and (7), i.e., the inequalities in (6) and (7) hold with
equality. Then such an N x N fat-tree network can realize
any permutation on Zy that satisfies the uniform mapping

property.

Proof. Let o be a permutation on Z that satisfies the uniform
mapping property. To show that the permutation o can be
realized by the fat-tree network, we need to show that there
is a non-conflicting path for every pair of input/output ports
specified by the permutation o. In fact, we will show that the



shortest paths for all of the pairs of input/output ports specified
by o are non-conflicting paths. The shortest path from an input
port x to its output port o(z) is given by first going up the
tree from z to the first common ancestor of x and o(x), and
then going down the tree to o(z).

(i) We first show that there is no conflict in the upward links
of node (j,k) for1<j<mand 0<k < 27 — 1 by proving
that Cy, (4, k) is not less than the total number of shortest paths
that go through its upward links. We consider the two cases
1<j<|n/2] and |n/2] + 1 < j < n separately.

Case 1: 1 < j < |n/2]. Note that a shortest path needs
to go through an upward link of node (j, k) if its input x is
a leaf of the subtree T'(j,k) and its output o(z) is a leaf
outside the subtree T'(j, k). The set of the leaves that are
outside the subtree T'(j,k) can be written as U 21 S(j, k).
Since in this case we have j < |n/2|, the set of the
leaves in the subtree T(j,k’) can be expressed as the union
of the sets of the leaves in the subtrees T'(n — j,¢), { =
N2 on=2 k" +1,...,2""2/(k' + 1) — 1, and hence we

o 20T (R 41) -1 .
have S(j,k") = U,_yu_2ips S(n—j,0).

Therefore, it follows from the uniform mapping property in
(11) and (6) that the total number of shortest paths that go
through the upward links of node (7, k) is given by

[0(S (5. k) 0 (Ui 21 S (G k)|
= [0(S (i, k) N (U U 557" S = 5,0))
= | Uk Up g sV (0(S (G k) N S(n — 5, 0)))]
2" 2 (K 1) -1
0(S(, k) N S(n — 4,0)]
(=21 —2j /'
2" 2 (K 41)—1

PP

k/;ék (=2n—2jk/

1= (27 —1)2"%

(18)

Case 2: |n/2| +1 < j < n. Clearly, the total number of
shortest paths that go through the upward links of node (j, k)
is bounded above by |S(j, k)|, i.e., the total number of leaves
in the subtree T'(j, k). As in this case we have from (6) that
Cu(j, k) =277 =|S(j, k)|, the proof is completed.

(ii)) Now we show that there is no conflict in the downward
links of node (j,k) for0 < j<n—1land 0<k <2 —1
by proving that Cy(j, k) is not less than the total number of
shortest paths that go through its downward links. We consider
the two cases 0 < j < [n/2] — 1 and |n/2] < j <n-1
separately.

Case 1: 0 < j < |n/2] — 1. Note that a shortest path
needs to go through a downward link of node (j, k) that is
directed to node (j + 1,2k) (resp., node (j + 1,2k + 1)) if
its input z is a leaf outside the subtree T'(j + 1,2k) (resp.,
subtree T'(j + 1,2k 4 1)) and its output o(z) is a leaf of the
subtree T'(j + 1, 2k) (resp., subtree T'(j + 1,2k + 1)). The set
of the leaves that are outside the subtree T'(j + 1, 2k) (resp.,
subtree T'(j + 1,2k + 1)) can be written as Uy 2015(j + 1, k')
(resp., Upr224+15(j + 1,k")). Since in this case we have j +

1 < |n/2], the set of the leaves in the subtree T'(j + 1,%")
can be expressed as the union of the sets of the leaves in
the subtrees T(n — j — 1,£), £ = 2n=2 =2}/ 2n=21-2f/ 4
1,.. .2,2:_?3"2(1@" +1)—1, and hence we have S(j+1,k") =
U BT S (= —1,0).

As such, it follows from the uniform mapping property in
(11) and (7) that the total number of shortest paths that go
through the downward links of node (j, k) that are directed to
node (j + 1,2k) (resp., node (j + 1,2k + 1)) is given by

|0 (Unr2S(G + LK) N S(5 + 1, 2k))]

= |U(Uk’752k: Ujlz,:,zj(,]z;l)il S(n —j — 1,6))
NS(5 + 1,2k))]

= | Uk/;,ggk U?i;,n]:zj(,kz;l)flo(kg(n —j — 1,5))

NS(j +1,2k))]
2n—2i-2( 1)1

= >

K#2k  g=2n-20-2f

lo(S(n—3j—1,0))

NS(5 +1,2k))]
2n—2=2(} 4 1)1

=2 >

K'#2k  p=2n—2i—2}

1 .

1= (2j+1 _ 1)2n72j72

Similarly, the total number of shortest paths that go through
the downward links of node (j, k) that are directed to node
(j+1,2k+1)) is given by |o(Upr226S(j+1, k'))NS(j+1, 2k+
1))| = $Ca(j, k). Therefore, the total number of shortest paths
that go through the downward links of node (j, k) is exactly
Cd (]7 k)

Case 2: |n/2| < j < n — 1. Clearly, the total number of
shortest paths that go through the downward links of node
(4, k) is bounded above by |S(j, k)|, i.e., the total number of
leaves in the subtree 7'(j, k). As in this case we have from (7)
that Cy(j, k) = 2"~7 = |S(4, k)|, the proof is completed. W

From Theorem 4, Theorem 5, and the fact that the N
permutations Pr, Pr , Pr,, ..., Pry_,, where N = 2", satisfy
the condition in (1), we obtain the following theorem.

Theorem 6 Let N = 2". Suppose that an N X N fat-tree
network has link capacities given by the lower bounds in (6)
and (7). Then such an N X N fat-tree network can realize the
N permutations Pp, P, , P, ..., Pr,_,, and hence can be
used as the switch fabric for an N x N load-balanced switch.

IV. FULLY MESHED FAT-TREE NETWORKS

There is a very important observation from the proof of
Theorem 5. Note that the total number of paths that go through
the subtree T'(j, k) to another subtree T'(j, k) at the same level
is |6(S(4,k)) N S(j,k")| under the shortest path routing for
realizing a permutation o in a fat-tree network. If o satisfies
the uniform mapping property, then it can be seen from (18)
that this number is 2"~%/ for 1 < j < [n/2].



In particular, for j = [n/2], we have 2"~2/ = 1 when n is
even and we have 2"~2/ = 2 when n is odd. Therefore, the
construction complexity can be greatly reduced if we simply
provide direct links among the subtrees at level |n/2] and
route packets directly through these links. In other word, we
replace the upper half of the tree by a simple mesh, and this
leads to a much more simplified construction, called a fully
meshed fat-tree network. Specifically, a 2™ x 2" fully meshed
fat-tree network is constructed by 2L7/21 2[n/21 x 9ln/2]
nonblocking fat-tree networks. There are 2”~21"/2] links from
each root of a 2["/21 x 2[7/21 fat-tree network to the root of
another 2/7/21 x 21/21 fat_tree network. In Figure 5, we show
a 16 x 16 fully-meshed fat-tree network.

To see why the 2L7/2) 2[7/21 x 21/2] fat-tree networks in a
2" % 2™ fully meshed fat-tree network are nonblocking, observe
that level j in the 217/2) 2[7/21 x 2[7/2] fat-tree networks is
the level j + [n/2] in the original 2" x 2™ fat-tree network
with link capacities given by the lower bounds in (6) and (7).
Let C, (J, k) (resp., o (4, k)) be the upward (resp., downward)
capacity of node (j,k) in the 21%/2) 2[7/21 x 2[7/21 fat-tree
networks for 1 < j < [n/2] (resp., 0 < j < [n/2] — 1) and
0 < k < 27 — 1. Then we have from (6) and (7) that

Culj, k) = CulG + |n/2] k) = 23~ Ln/2]

Ca(j, k) = Ca(j + [n/2] k) = 291/
=2MM/21=7 for 0 < j < [n/2] —1. (20)

The link capacities in (19) and (20) are exactly the same
as those required for a nonblocking 2("/21 x 217/2] fat-tree
network.

Level
vll[i 1He[¥ l”llﬁ TVl
0123 456 7 8 910111213 1415
Fig. 5. A 16 x 16 fully meshed fat-tree network.

By following the same argument as in the proof of Theo-
rem 5, we also have the following theorem.

Theorem 7 Let N = 2". Consider the N x N fully meshed
fat-tree network as described in this section. Such an N x N
fully meshed fat-tree network can realize any permutation on
Z N that satisfies the uniform mapping property. In particular,
it can realize the N permutations Pr,Pr ,Pr,,...,Pr, |,
and hence can be used as the switch fabric for an N x N
load-balanced switch.

V. IMPLEMENTATION OF THE SWITCHES IN A FULLY
MESHED FAT-TREE NETWORK

It is shown in the previous section that a 2™ x 2™ fully
meshed fat-tree network is capable of realizing the needed 2"

permutations for a 2™ x 2" load-balanced switch. Although
the construction complexity of a 2" x 2" fully meshed fat-
tree network is much smaller than that of a 2" x 2" non-
blocking fat-tree network, it still needs to implement 21"/2]
217/21 x 2[7/2] nonblocking fat-tree networks. As each node
in these 2/™/21 x 2["/21 nonblocking fat-tree networks is
itself a nonblocking switch with many input/output ports, the
construction complexity is still very high.

To further reduce the construction complexity, we will show
that one does not need to implement nonblocking switches for
the nodes in these 21"/2) 2[7/21 x 2[/21 fat-tree networks.
Specifically, for a node with upward capacity 2/ and downward
capacity 27, it can be implemented by a collection of 27 2 x
2 switches. Our idea of achieving this is folding a specific
banyan-type network.

A. A Banyan-Type Network

In this section, we consider a 2™ x 2™ banyan-type network
(see e.g., [13]), where n is an even number. A 2™ x 2™ banyan-
type network is a multistage interconnection network with n
stages, indexed from 1 to n. Each stage consists of 2771 2 x 2
switches, indexed from 0 to 2"~ — 1. As there are two inputs
and two outputs in a 2 X 2 switch, there are 2" inputs and 2"
outputs in each stage. For each stage, index the upper input
(resp., output) and the lower input (resp., output) of switch k
as input (resp., output) 2k and input 2k + 1, respectively.

To completely specify the banyan-type network considered
in this report, we need to describe how the 2" outputs from
one stage are connected to the 2" inputs of the next stage. For
0<z<2"—1,let (I,(x), [n—1(x),...,I1(z)) be the binary
representation of x, where I,,,(z) is the (n —m + 1) most
significant bit of z for 1 < m < n. For 1 < j < n/2 -1,
output x of the j™ stage is connected to input y of the (j+1)®
stage, where y has the following binary representation:

(In(y), In-1(y) -, 1 (y))
= (In(z), In-1(2), ..., Ljyo(z),
Ii(x), Ij—1(2), ..., [i(2), Ij11(x)).
In the middle of the banyan-type network, output = of the

(n/2)™ stage is connected to input y of the (n/2 + 1)™ stage,
where y has the following binary representation:

(In(y)s In—-1(y), - - - 11 (y))
= (In2(x), Inja—1(x), ..., I1(z),
Ly(z), In—1(x), ..., Injaq1 ().
Finally, for n/2 +1 < j < n — 1, output = of the j stage is

connected to input y of the (j + 1) stage, where y has the
following binary representation:

(In (), In-1(y), - - - 11 (y))
= (L,,(x), In_l(l‘), . 7In_j+2(x),
Il(x), In—j-i—l (l‘),[n_j(l‘), . ,IQ(LI}))

In Figure 6, we show a 16 x 16 banyan-type network with such
connections. Readers who are familiar with the constructions

21

(22)

(23)



of banyan-type networks might observe that the first n/2
stages are 2"/2 27/2 x 2"/2 reversed baseline networks and the
last n/2 stages are 2"/2 27/2 x 2"/2 baseline networks. They
are joined by a perfect shuffle in the middle. With such an
observation, we will show how one can fold this banyan-type
network from the middle to construct a fully meshed fat-tree
network in Section V-B.

SR 3 53 ©0 ~o o v 0
R TR 50 ©0 ~O O G 0

Fig. 6.

A 16 x 16 banyan-type network.

It is well-known that for every input/output pair in a banyan-
type network, there is a unique routing path from the input to
the output, and it can be used for the self-routing of a packet
from the input to the output [13]. The unique routing path for
an input/output pair is specified by setting the 5 switch (in the
4™ stage) on the path according to the j® most significant bit
of the output. Specifically, consider an input/output pair (%, 0)
and let u; (resp., v;) be the input (resp., output) of the 4
switch on its routing path for 1 < j < n. The unique routing
path for the input/output pair (4, 0) is specified by starting the
path from input i, i.e., u; = ¢, and setting the j‘h switch on
the path in such a way that its input u; is connected to the
upper output link (resp., lower output link) if I,,_;11(0) =0
(resp., I,_jy1(0) =1) for 1 < j < n,ie,

(In(vj)v In—l(vj)v s 712(’Uj)711(vj))
= (In(uj), In-1(uz), - . Io(uj), In—j1+1(0)).

In Appendix A, we show that for 1 < j < n/2, the binary
representations of u; and v; are given as follows:

(24)

= (In(d), ... >In/2+1(i)7ln/2(i)» = -an+1(i)7
I,(0),In-1(0), ..., In_jy2(0),1;(4))

(In(vj), In—1(v5), - - -, 11(v)))

; ..,In/gﬂ(z’),ln/z(i),...,Ij+1(z'),

15(0), In-1(0), ... s In—j42(0), In—j+1(0)). (25)

Furthermore, for n/2 + 1 < j < n, the binary representations
of u; and v; are given as follows:

(In(us), In—1(uy), - .-, Ir (u )

= (In(0), In-1(0), ..., Inj241(0), ..., In_j12(0),
I (), Ina(2), - - I (2), 15(4)),

(I7L(Uj)7l7z—1(vj)> RS Il(vj))

= (In(0), In-1(0), ..., In/241(0), ..., In_ji2(0)

In(i)’ Infl(i)v s vaJrl(i)a InfjJrl(O))'

Therefore, we have from (26) (with j = n) that
(In(vn)a In—l(vn)a s 711(’()71)) Z(In(O), In—l(o)y RS 11(0))7
i.e., v, = o, and hence the end v,, of the unique routing path
is indeed output o.

(26)

Theorem 8 A permutation on Zan can be realized by the 2™ X
2™ banyan-type network as described in this section if and only
if the permutation has the uniform mapping property.

Proof. Let o be a permutation on Zs». Suppose that o has the
uniform mapping property. We show that o can be realized by
the 2™ x 2™ banyan-type network by contradiction. Assume that
the routing paths for two distinct input/output pairs (i1, o (i1))
and (is,0(i2)), where i1 # io, share a common link between
stages j and j+ 1 for some 1 < j < n — 1. It follows that the
two routing paths traverse the same output of a switch in the
jth stage, and we have from (25) (in the case that 1 < j < n/2)
and (26) (in the case that n/2+1 < j < n — 1) that

I, (i1) = Iy (i2), for j+1 <m <mn, 27
I (0(i1)) = Im(0(i2)), forn—j+1<m <n. (28)

From (27) and (3), we see that the i;,i0 € S(n —
4, 0), where ¢ = Y "0 I ..(i1)2™~'. From (28) and
(3), we also see that o(i1),0(iz) € S(j, k), where k =
> I jim (o (i1))2™ L 1t follows that {o(i1),0(i2)} C
o(S(n—j,€))NS(j, k) and hence |o(S(n—7,£))NS(4, k)| > 2,
contradicting to |o(S(n — 7,€)) N S(4,k)| =1 in (11).

Conversely, suppose that o can be realized by the banyan-
type network. To show that o has the uniform mapping
property, it suffices to show that |o(S(n—j,£))NS(j, k)| =1
foral 0<j<n,0<k<2—1,and0</¢<2"7 -1 We
first prove that |o(S(n—73,£))NS(j,k)| < 1forall0 < j <mn,
0<k<2 —1,and 0 < ¢ < 277 — 1 by contradiction.
Assume that |o(S(n—j,¢))NS(j, k)| > 2 for some 0 < j < n,
0< k<2 —1,and 0 < ¢ < 2"7 —1, then there exist i1 # iy
and 41,92 € S(n — 4,£), such that o(i1),0(i2) € S(j, k). It
follows from (3) that (27) and (28) hold. Therefore, in the
case that 1 < 5 < n/2 (resp., n/2 +1 < j < n), we see
from (27), (28), and (25) (resp., (27), (28), and (26)) that the
routing paths for the two distinct input/output pairs (i1, 0 (%1))
and (ig,0(i2)) share a common link between stages j and
7+ 1, and we have reached a contradiction.

Let 0 < j <nand 0 < ¢ < 2777 — 1. Since ¢ is a



permutation, we have

2791

Y lo(S(n—j,0)N S, k)l
k=0

= lo(S(n = ,0) NUESG R
=lo(Stn—5.01 =[S —j3.0l =%. @9

As we have already proved that |o(S(n—j,¢))NS(j, k)| <1
for all 0 < k < 27 — 1, it is clear that (29) holds if and only
if |0(S(n—4,0)NSG,k)|=1foral0<k<2/—1. =

We note that a theorem similar to Theorem 8 was previously
shown in Theorem 1 in [12] for the reverse-exchange network.
Furthermore, the specific banyan-type network in this section
can be shown to be equivalent to the baseline network and
the reverse-exchange network with fixed input/output ports by
using the trace and guide in Li’s book [13].

B. Folding the Banyan-Type Network

In the following, we describe how to construct a 2" x 2"
fully meshed fat-tree network by folding the 2™ x 2™ banyan-
type network specified in Section V-A (when n is an even
number).

(i) For 0 < § < 2™ — 1, the i™ input and the it output of
the banyan-type network is merged as the i leaf of the fully
meshed fat-tree network.

(ii) Each link from an input port to the first stage (resp.,
from the last stage to an output port) and each directed link
from stage j to stage j+ 1 for 1 < j < n/2 — 1 (resp.,
n/2+4+1 < j <n—1) in the banyan-type network is viewed
as an upward link (resp., a downward link) in the fully meshed
fat-tree network.

(iii) For 1 < j < n/2and 0 < k < 2777 — 1, let Fj(k)
(resp., F,—;j+1(k)) be the collection of the 2 x 2 switches
in the jM stage (resp., (n — j + 1)™ stage) with indices in
Sn—j+1,k)={x:k-27 <z < (k+1)271 -1}
in the banyan-type network. It is easy to see that for 1 <
j < n/2, the set of all of the 2"~1 2 x 2 switches in
the j" stage (resp., the (n — j + 1)™ stage) is partitioned
into 2777 sets of switches F;(0), F;(1),..., F;(2"7 — 1)
(resp., Fr—j+1(0), Fro—jr1(1), ..., Foojy1(2777 — 1)), each
containing 2771 2 x 2 switches. For 1 < j < n/2 and
0 < k <277 — 1, construct the switch at node (n — j, k) of
the fully meshed fat-tree network by the collection of the 27
2 x 2 switches in F;(k) U F,_ ;11 (k).

Note that for 1 < j <n/2—1and 0 < k <2777 —1, each
of the 2771 2 x 2 switches in Fj(k) has two upward links, and
hence the upward capacity of the switch at node (n — j, k) is
27, which is the same as that in (4). Also, for 1 < j < n/2
and 0 < k < 2779 — 1, each of the 29~ ! 2 x 2 switches in
F,—;+1(k) has two downward links, and hence the downward
capacity of the switch at node (n — j, k) is 27, which is the
same as that in (5)

Furthermore, it can be seen from the link connections in (21)
for the first n/2 stages in the banyan-type network that the two
output links of each 2 x 2 switch in F;(k) are connected to two
different 2 x 2 switches in F;1(|k/2]) for 1 <j<n/2-1

and 0 < k < 279 — 1. Therefore, the upward links of the
switch at node (n — j, k) are all connected to the switch at
node (n —j —1,|k/2]) in the fully meshed fat-tree network
for1 <j<n/2—1and0 < k < 277 —1. Similarly, it can be
seen from the link connections in (23) for the last n/2 stages
in the banyan-type network that the two output links of each
2 x 2 switch in F,_;41(k) are connected to one 2 x 2 switch
in F,_j412(2k) and another 2 x 2 switch in F,,_;12(2k + 1)
for2<j<mn/2and0<k < 2n=J —1. Therefore, half of the
downward links of the switch at node (n— j, k) are connected
to the switch at node (n — j + 1,2k) and the other half are
connected to the switch at node (n—j+1,2k~+1) in the fully
meshed fat-tree network for 2 < j <n/2and 0 < k < n—i
1. Finally, the link connections in (22) for the perfect shuffle in
the middle of the banyan-type network guarantee that exactly
one of the 2"/2 output links of the 2"/2~1 2 x 2 switches in
F, /2(k) is connected to a 2 x 2 switch in [, 51 (k") for all
0<kk < 21/2 _ 1, Therefore, there is exactly one link from
the switch at node (n/2, k) to the switch at node (n/2, k') in
the fully-meshed fat-tree network for all 0 < k, k' < on/2 _ 1
(note that this implies that there is an internal link inside the
switch at node (n/2,k) for 0 < k < 2"/2 —1). The proof of
the above claims is given in Appendix B.

For example, we show in Figure 7 the folded 16x 16 banyan-
type network. The 2 x 2 switches represented by solid (resp.,
dotted) squares are from the first (resp., second) half of the
banyan-type network. In particular, the switch at node (3,5)
in the fully meshed fat-tree network contains the 2 x 2 switch
with index 5 in the 1%¢ stage and the 2 x 2 switch with index
5 in the 4™ stage of the banyan-type network.
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Fig. 7. Construction of a 16 x 16 fully meshed fat-tree network by folding
the 16 X 16 banyan-type network in Section V-A.

VI. CONCLUSION

In this report, we proposed to use fat-tree networks as the
switch fabrics in load balanced switches. One of the main
problems in fat-tree networks is that the link capacity has to
be increased rapidly from the leaves to the root of the tree,
and hence the complexity of implementing the switches near
the root of the tree could be very high. As we only require a
fat-tree network to realize a set of N permutations needed
for the implementation of N x NN load-balanced switches,
we showed that the implementation complexity can be greatly
reduced. We first derived a lower bound on the link capacity
for each switch in a fat-tree network, and then we found a



set of N permutations that achieves the lower bound by using
the uniform mapping property of the bit-reversal permutation.
To further reduce the implementation complexity, we also
proposed a fully meshed fat-tree network that replaces the
upper half of the tree by a simple mesh, and showed a fully
meshed fat-tree network can be implemented by collecting
2 x 2 switches in a folded banyan-type network that realizes
this set of N permutations.

There are some research topics that require further study.

(i) Incremental update of the number of linecards: In this
report, the number of input/output ports is assumed to be a
power of 2. For the purpose of incremental update of the
number of linecards, there are solutions by using twister
networks [7] and degenerated banyan networks [8]. It seems
that the approaches used there might also be applicable to our
setting in this report.

(i1) Uniform mapping property: It is our belief that the
uniform mapping property should be equivalent to the con-
dition previously stated in Theorem 1 in [12]. As shown in
Theorems 3-5 in [12], there are other sets of permutations
that have the uniform mapping property. In particular, if a
permutation o has the uniform mapping property, then po
defined by (po)(x) = po(z) mod N for € Zy, also has
the uniform mapping property when p is an odd number. This
implies that one can combine the bit-reversal permutation and
the 2" permutations in a 2" x 2" symmetric TDM switch to
form another set of permutations that can also be used for
implementing load-balanced switches with fat-tree networks.
Further development along this direction will be reported
separately.

APPENDIX A
PROOF OF (25) AND (26)

We first note from u; = ¢ and (24) (with j = 1) that the
binary representations of u; and v; given by

(In(ur), In—1(u1), ..., I1(u1))

= (In(d),- .. n/2+1(2)aIn/2(Z) I5(i), I (7)),
(In(v1), In— 1(01) -, Ti(vr))

= (Ln(i),- .-, n/2+1(1)71n/2(2) I5(i), In(0)).

By using (21) with j = 1,2,...,n/2 — 1 (in that order) and
(24) with j = 2,3,...,n/2 (in that order), we can obtain
the binary representations of u; and v; for 1 < j < n/2 as
follows:

(Ln(uj)s In—1(uj), ..., 1 (uy )

= (In(d), ... »In/2+1(i)7[n/2(i)7 i -an+1(i)7
In(0), In-1(0), .. ., In—j12(0), 1;(i))

(In(vj), In-1(v5), - - -, 11 (v)))

= (In(@), - s Injara1(8), Lnj2 (i), - - o, Ij11 ()

1(0), 1n-1(0), -+ In—j12(0), In—j+1(0)).

Thus, (25) is proved.
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After the perfect shuffle in the middle, we have from (25)
(with j = n/2), (22), and (24) (with j = n/2 + 1) that the
binary representations of u, /541 and vy, 34, are given by

(In(tny241)s In—1(Unyj2i1)s -+ o5 I (Unjai1))
= (In(0), In-1(0), ..., In/241(0),

Ly(1), In—1(3), - - Do jog2 (i), Injaga (7)),
(In(vn/2+1>v Infl(vn/2+1)7 cevs Il(vn/2+1))
= (In(0), In-1(0), ..., In/241(0),

In(i)7jn—1(i)a cee 7In/2+2(7:)a ITL/Z(O))'

Finally, by using (23) with j =n/2+1,n/2+2,...,n—1 (in
that order) and (24) with j =n/2+2,n/2+3,...,n (in that
order), we can obtain the binary representations of u; and v;
for n/24+1 < j < n as follows:

(Ln(uz), In—1(wj)s - 11 (uy)

= (In(0), In-1(0), ..., In/241(0), ..., In_j12(0),
L (i), In— 1(1)7 o Liva(3), I; (),

(In(v5), In-1(v5), - - Ta (v5)

= (In(0), In-1(0), . .. In/2+1( 0),.. s In—ji2(0)
In (@), In—1(2), - - - Ij41(4), In—j1(0))-

Therefore, (26) is proved.

APPENDIX B
PROOF OF THE CLAIMS IN SECTION V-B

In this appendix, we show the following claims in Sec-
tion V-B: (i) The two output links of each 2 x 2 switch
in F;(k) are connected to two different 2 x 2 switches in
Fii1(lk/2]) for1 < j<n/2—1and 0 <k <2"7 —1. (i)
The two output links of each 2 x 2 switch in F,,_; (k) are
connected to one 2 x 2 switch in Fj,_;12(2k) and another
2 x 2 switch in F,,_;42(2k + 1) for 2 < 5 < n/2 and
0 < k < 2"~7 —1. (iii) Exactly one of the 2*/2 output links of
the 2"/271 2 x 2 switches in F}, (k) is connected to a 2 x 2
switch in F}, /o4 1 (K") for all 0 < k, k' < 27/2 —1

(i) First we show that the two output links of each 2 x 2
switch in Fj(k) are connected to two different 2 x 2 switches
in Fjp1(lk/2])for1<j<n/2—1and0<k <277 —1.
To see this, let 1 < j <n/2—1and 0 <k < 2" 7 —1, and
consider a switch in Fj(k) with index x € S(n — j + 1, k).
From (3) and I,,_j11(k) =0 (as 0 < k < 2"77 — 1), we see
that the binary representation of x is given by

(In(@), In-1(x), ..., I (2))
(0 In ](k)aIn ( ) "'712(k)a11(k)7
—1(z), Lj—2(2), ..., [i(2)). (30)

Clearly, the binary representations of the two outputs 2z and



2z + 1 of switch z in the j stage are given by

(I(22), In_1(22), . .., I (21))

= (In—j(k), In_j_1(k), ..., Io(k), I (k),
Ij—l(x)7lj—2('r)7---all(x)vo)v (31)
(I,2x+ 1), 1,12z +1),...,1(2x + 1))
= (In—j(k), In_j—1(k), ..., Io(k), I, (k),
Ij_l(IE),Ij_Q(I),...,[1(13),1). (32)
Let output 2z (resp., 2z + 1) of switch z in the j stage be
connected to input y (resp., z) of switch |y/2]| (resp., |2/2])

in the (j + 1) stage. Then we have from (21), (31), and (32)
that the binary representations of y and z are given by

(In(¥)s In-1(y)s - - -, 11(y))
= (In- ( ) In—j—1(k), ..., Ia(k),
Ii1(2), Lj—2(x), ..., [i(x),0, I1(k)),

(In(2), In—1(2), - -71( )

= (In_j(k‘),ln_j_l(k), oo Ia(k),
Li_i(z),Ij—o(x),..., Ii(x), 1,1, (k)).

(33)

(34)

As we have from (33) and (34) that

ly/2] = k)22 4 Ji: I ()2

k)27tm= 2+ZI

ZI

m=2

LZ/QJ = Tf Im( 2m + 1,
m=2

it follows from Znij I (k)27+m*2 = (k- I (k)2 ! =
|k/2] 27 and 0 < Y77 I, (2)2™ < 27 — 2 that

(|k/2] +1)27 —2,
(lk/2] +1)27 —1.

[k/2] 2
[k/2] 2

ly/2]
[2/2]

(35)
(36)

I/\ I/\
IN A

As such, we see from (35), (36), and (2) that |y/2] # |2/2]
and |y/2],|z/2] € S(n—j, |k/2]), and hence the two output
links of switch = in Fj(k) are connected to two different
switches in Fj1(|k/2]).

(i) Now we show that the two output links of each 2 x 2
switch in F,,_; (k) are connected to one 2 x 2 switch in
Fh—;+2(2k) and another 2 x 2 switch in F,_;12(2k + 1)
for 2 < j<m/2and 0 < k < 277 — 1. To see this, let
2<j<n/2and 0 <k < 2"—J — 1, and consider a switch
in F,,_;11(k) with index « € S(n —j + 1, k). As before, the
binary representations of the two outputs 2z and 2z + 1 of
switch x in the (n — j + 1) stage are given by (31) and (32),
respectively. Let output 2z (resp., 2o + 1) of switch x in the
(n—j+1)™ stage be connected to input y (resp., z) of switch
ly/2] (resp., |2/2]) in the (n — j +2)™ stage. Then we have
from (23), (31), and (32) that the binary representations of y

11

and z are given by

(In(y), In-1(y), -, 11 (y))

= (In_j(k),ln_j_l(k), ..., i(k),0,
L1 (@), [i—a(x), ..., Ia(2), L()),

(In(2); In-1(2), -+, [1(2))

= (In_j(k),fn_j_l(k), oo Ii(k), 1,
Ij_l(x),fj_2(a:),...,Ig(x),ll(x)).

(37)

(38)

As we have from (37) and (38) that

j—1
ly/2) = ZI 2tm=2 4 S (2)2m 2,
m=2

Jj—1
Zlm

2]+m 2 2] 2_|_ ZInL

m=2

|2/2] = )2m=2,

it follows from Z I L (k)22 = | . 2771 = 2k . 292

and 0 < >0 I, (x )2’”_2 <2972 —1 that
2k - 2172 < |y/2) < (2k+1)2972 — 1, (39)
(2k +1)2972 < |2/2] < (2k+2)2972 — 1. (40)

As such, we see from (39), (40), and (2) that |y/2]| # |z/2],
ly/2] € S(n—j+2,2k), and |2/2| € S(n—j+2,2k+1),
and hence the two output links of switch x in F,,_ ;14 (k) are
connected to one switch in F),_ ;1 2(2k) and another switch in
Fr_jy2(2k+1).

(iii) Finally, we show that exactly one of the 2"/ output
links of the 2/2~1 2x 2 switches in F}, (k) is connected to a
2x 2 switchin F, /5,1 (k) forall 0 < k, k' < 2n/2 _1. To see
this, let 0 < k < 2/2 — 1, and consider a switch in Fn/Q(k)
with index z € S(n/2 + 1,k). It can be seen that (30)—(32)
still hold for j = n/2, and hence the binary representations
of z and its two outputs 2z and 2x + 1 are given by

(In(2), In1 (), ..., I (2))
)

= (OvIn/2( )s Inja—1(k), ..., 11 (k),

Lnja-1(2), Inja—o(x), ..., Ii (), (41)
(1(22). I, 1 (22). ... [,(22))
= Lny2(k), Inj2—1(k), ..., Ii(k)

Lyjoi(x), Inj2—2(), ..., 11(x),0), (42)
(122 + 1), In_1(22 + 1), .., 2z + 1))
= (In/Q(k)vln/Q—l(k)v .- 'a-[l(k)

Lyjaa (%), Iyjo—a(z), .. s 11 (), 1). (43)

Let output 2z (resp., 2z-+1) of switch  in the (n/2)" stage be
connected to input y (resp., z) of switch |y/2] (resp., |2/2])
in the (n/2 + 1)™ stage. Then we have from (22), (42), and



(43) that the binary representations of y and z are given by

Un(¥), In—1(y), - - - 11(y))
= (I,j2—1(x), n/2—2($)a---,11($),07

Lyyo(k), Inja—1(k), ..., I2(k), 1 (k)), (44)
(In(2), In_1(2), ..., I1(2))
:(In/Q—l( )7 n/2— Q(x)a (x),L
Lnya(k), Lo (K), .. ( ), 1i(k).  (45)
From (44) and (45), we have
n/2—1 n/2
/2] = > In(@)2"/>7 4 > L (k)27 72,
n’;‘;i =
12/2] = Z L (2)27/2Fm=1 g on/271 1 N™ (k)22
m=2
Let K = Zfﬂ/?fl Ln(2)2™ (note that 0 < k' < 2(27/2~1 —

1) = 27/2-2). It then follows from 0 < Z"/Q Ly (k)2m=2 <
27/2=1 — 1 that

Eon/27h < y/2) < (K +1)2n/27 — 1, (46)
(K +1)27/271 < |2/2] < (K +2)2V/*71 1. (47)

Since 0 < k', k'+1 < 2/2—1, we see from (46), (47), and (2)
that |y/2] € S(n/2+ 1,K') and |z/2] € S(n/2+ 1,k +1),
and hence the two output links of switch z in F), 5(k)
are connected to one switch in F), /5, 1(k’) and another
SWitCh in Fn/2+1(k/+ 1) AS In/271(x)a In/Q,Q(l‘), ey Il (.’IZ‘)
goes from (0,0,...,0),(0,0,...,1),...,(1,1,...,1) (note
that there are 2"/271 2 x 2 switch in F,/s(k)), we see
from k' = Z"m/jl_l I, (z)2™ that (K',k" + 1) goes from
(0,1),(2,3),...,(2"2 —2,27/2 — 1). As such, exactly one
of the 2/ output links of the 2"/2~1 2 x 2 switches in
F,/2(k) is connected to a 2 x 2 switch in F,, /5,4 (k’) for
all 0 < K <2m/2 -1
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