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‘Unit Two — Principles of Quantum Mechanics I




Postulates of Quantum Mechanics.




Postulate 1 — States'

Associated to an isolated physical system is a Hilbert space H (eg,

a finite-dimensional complex inner product space). The system is
completely described by its state, which is represented by a
one-dimensional subspace of the Hilbert space H.

e A one-dimensional subspace of H can be represented by a unit

vector [1) in it.

e A state of the system can be represented by a unit vector |¢)
in the Hilbert space H, where |¢) is called a state vector.

— This unit vector representation of a state is not unique since
each of |1)) and e/?|y)) spans the same one-dimensional

subspace of H.
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A Quantum Bit (Qubit) I

A quantum bit (qubit) is the state represented by unit vectors of a

two-dimensional Hilbert space ‘H associated with a physical system.

e {|0),[1)} : an orthonormal basis of H.

e |¢) =al0) +b|1) : a unit vector in ‘H where
af* + [b* = 1.

— The unit vector |¢) and each of e/%|1)) represent the same
state of a qubit.
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‘Postulate 2 - Time Evolution'

The evolution of a closed quantum system is described by a unitary
operator. That is, the state [1)) of the system at time ¢; is related
to the state [¢)') of the system at time t5 by a unitary operator U
which depends only on the times ¢; and t5 |,

[v') = Ulp).
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Postulate 2’ — Time Evolution Revisited'

The time evolution of the state of a closed quantum system is

described by the Schrodinger equation,

d¢)

1
S

= Hl1p).
where

e /1, : the Planck’s constant

e H : a Hermitian operator known as the Hamiltonian of the

closed system

\_
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‘ Solution of Schrodinger Equation.

(1)) = eI ) (1)) = U(t; o) |9 (o))

e H : a Hermitian operator

o Ult;ty) = e in(t=t) . o unitary operator for given ¢ and .

/
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Postulate 3 — Quantum Measurements I

A quantum measurement is described by a collection {M,, } of
measurement operators, acting on the Hilbert space associated to a

quantum system being measured and satisfying the completeness
equation

> MMy, =1

™m

e m : the index which represents possible measurement outcomes.
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If the pre-measurement state of the quantum system is [¢), then
the probability that a measurement result m occurs is given by

P(m) = (Y| M,}, Mn[t)),
and the post-measurement state of the system is
Muly)
M M 1)

The completeness equation expresses the fact that probabilities

sum to one

S P(m) = MM ) = () (z M;Mm) ) = o) = 1.

m m

\_ /
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Measurement of a Qubit I

e H : a two-dimensional Hilbert space associated to a quantum

system.
e {|0),[1)} : an orthonormal basis of H.

o My =|0){(0], M1 = |1){1] : measurement operators.
— Hermitian operators.
— Mg :MQ and M12 :Ml.

— Completeness equation is satisfied

MIMy + MIM, = M2+ M? = My + M, = 1I.
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e |¢) =al0)+ b|1) : a qubit being measured.
— P(0) = (| M Mo = (1| Mo|y) = (¥]0)(0f) = |a|?.
— P(1) = (| M] M) = (| M) = ([1)(1[) = |b]2.

— State after measurement

Molyy) a

|CL‘ — r""0>’
Milyp) b

o T Bl
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Projective (von Neumann) Measurements I

e N : a Hermitian operator on the Hilbert space, called an

observable, with the spectral decomposition
M=) mP,
m

where P, is the projector onto the eigenspace of M associated

with eigenvalue m.

— The projectors {P,,} are measurement operators.
x+ P! = P, and P2 = P,,.

— Completeness equation :

S O PIP,=>_P2=% P,=1

e m : possible outcomes of the measurement.
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If the pre-measurement state of the quantum system is [¢), then

the probability that an outcome m occurs is given by

P(m) = (Y|P} Poulp) = (0P h),
and the post-measurement state of the system is

Pul$)
V(| P )

The completeness relation expresses the fact that probabilities sum

to one

Y P(m) = (|Pnlty) = w(ZP) = (Y|y) = 1.

\_ /
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Repeatability of a Projective Measurement M I

e |¢)) : pre-measurement state.

o |Un) = Pplt)/\/(¥|Pnli) : post-measurement state once the

outcome m is measured, which occurs with probability

(Y|P |9)).

o Pplthm) = Pul)/\/(¥|Pn|tb) : post-measurement state after
repeating the same projective measurement M, which occurs

with probability

CWIPLEA) (P
Wl Plbm) = = o = ol Plo) -

/
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Not every measurement is a projective measurement!
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‘Average Value of an Observable M I

EM) = Y mP(m)=>Y m(|Ppylt)

m

= (¥ (ZmP ) = (Y| M[h).

o (M) = (p|M|y).

e Variance of observable M
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Two Descriptions of Projective Measurements.

e A complete set of orthogonal projectors { P, }

Z P =1 and P,P, =6,,.,P,.

— Observable : M =) mP,

— m : real numbers

e An orthonormal basis {|m)}
P = |m)(ml|

— Observable : M => m |m)(m)|

— m : real numbers

~
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The observable Z =

Observable Z on a Qubit I

1
0

0
—1

has eigenvalues +1 and -1

with eigenvectors |0) and |1) respectively

Z =10)(0| — [1)(1] : spectral decomposition
) = (]0) + [1))/v/2 : a qubit.

(¥]0){0]y) =1/2
(W[1) (1Y) =1/2




61

‘ Heisenberg Uncertainty Principle I
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‘ Commutator and Anti-commutator '

e A and B : two operators.

e Commutator : |[A, B] = AB — BA
— [A,B] =0 : A commutes with B.

e Anti-commutator : {A, B} = AB + BA.
— {A, B} =0 : A anti-commutes with B.

\_
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‘Pauli Matrices (Pauli Operators) I

Y

Y =

e Hermitian and unitary.

o [X,Y]|=2iZ, |Y,Z] =2iX and [Z, X] = 2iY.
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Simultaneous Diagonalization of Two Normal Operators I

Let A and B be two normal operators. Then [A, B] = 0 if and only
if there exists an orthonormal basis {|¢;)} such that A and B are

diagonalizable with respective to that basis, i.e.,

A = ZM%’)(W,

B = ZMWQWJ-
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/ [{Y[[A, Bl[9)|? < 4| A%|¢) (| B2[o)

e A and B : two Hermitian operators.

e With (v|AB|Y) = x 4 i1y where x,y real numbers, we have
(Y| BA|Y) = ((¢|AB|Y))T = 2 — iy and then

(W[lA, B]l) = 2iy and (Y|{A, B}|ih) = 2.
o [(WI[A, Bll)* + [(YI{A, B}y)|* = 4| (| AB[y)[*.

e Schwarz inequality :

[(PIABJ)[* < (| A [) (| BZ[).

Thus we have

\ [(QI[A, Bll¥)* < 4l(V[ABJY) [ < 4| A% ) (] B*[)).

~
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/ ‘ Heisenberg Uncertainty Principle I \

[(¥I[C, D]|y)|
5(C)8(D) > : .

e ( and D : two observables.

e With A=C—(C) and B= D — (D), we have

A, B] = |C, D].
o %(C) = ((C—(C))%) = (A%) = (Y|A%|y).
o *(D) = ((D—(D))*) = (B?) = (¢|B*[¢)).

Now we have

2(NVS2( T — (o A2 2 [(WI[A, Bllv)[* _ [(I[C, D]|p)?
0°(C)0°(D) = (Y| A%[)(P| BT|y) = 1 —~ 1 .

\_ /
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‘ Heisenberg Uncertainty Principle I

If we prepare a large number of quantum systems in identical
states, |¢), and then perform measurements of C' on some of those
systems, and of D on others, then the standard deviation §(C') of
all measurement results of C' times the standard deviation §(D) of

all measurement results of D will satisfy the inequality

([, D)J)
3(C)8(D) > M=

\_ /
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An Example I

X and Y : Pauli observables.
X,Y] =2Z.
[4)) = ]0) : quantum system state.

5(X)o(Y) > (0]Z]0) = 1.
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Positive Operator-Valued Measure (POVM) Measurements'

o {M,,} : a collection of measurement operators with

> MM, =1.

Y Epn=1I and P(m)= ()|Epl|ih).

e {E£,,}: aPOVM.

e Useful when only the measurement statistics matter.

\_ /
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For a projective measurement {P,,}, all the POVM elements are

the same as the measurement operators since

E,,= P! P, = P?

= P,
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‘What Are POV Ms ?.

e A collection of positive operators {FE,, }.

e Satisfying the completeness relation
Y En=1
™m

The corresponding measurement operators can be chosen as

{VEn}.

\_
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‘Postulate 4 — Composite Systems I

Q; : ith quantum system.
‘H; : the Hilbert space associated to the quantum system Q.

H = ®;H,; : the Hilbert space associated to the composite

system of Q;’s.
[4;) : a state of quantum system Q;.

9)) = ®;|1;) : the joint state of the composite system.
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‘ Entangled States I

States in a composite quantum system.

Not a direct product of states of component systems.

(]00) 4 |01))/4/2 is not an entangled state since

00) +[01) _ (\0> + |1>)
= 10) -

V2 V2

Bell states in a two-qubit system are entangled states

00) + |11)

00) — [11) |01) +|10) |01) — \1()).

Vo

V2o V2T V2
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‘ A Proof'

Suppose that

00) + [11)
V2

(a]0) +b[1)) @ ([0) + d|[1))
= ac|00) 4+ ad|01) + bc|10) + bd|11),

where |a|? + |b]? = |c|* + |d|? = 1. Then we have

ad = bc = 0.
e a=c=0= % = ¢7%|11), a contradiction.
e b=d=0= % = ¢79°|00), a contradiction.

\_
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The Density Operator Formulation of Quantum Mechanics I

e A convenient means for describing quantum systems whose

states is not completely known.

e A convenient tool for the description of individual subsystems

of a composite quantum system.

\_

/




ve

-~

\_

An Ensemble of Quantum Pure States {p;, |1;)}

e |¢;) : states of a quantum system, called pure states.

e p, : the probability that the quantum system is in pure state

|¢%>7
Zpi = 1.

e The density operator or density matriz which represents this

ensemble is

P=ZP¢W¢><W-

— Not necessary a spectral decomposition of p since {|¢;)}

may not be an orthonormal set.

~
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Evolution of a Density Operator I

e U : a unitary operator, describing the evolution of a closed

quantum system during a time interval.

e p: a density operator, representing an ensemble {p;, |1;)} of
pure states, which describes the initial state of the system.

e UpU' : density operator, describing the final state of the

system.

U

i) — Uli)
p=> pilyi)wil —— o= pUW:) U =UpU".

~

/
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Measurement Effect on a Density Operator'

o {M,,} : a collection of measurement operators, acting on the
Hilbert space associated to the system being measured and

satisfying the completeness equation

> MM, =1

™m
e m : index which represents possible measurement outcomes.

e p: a density operator, representing an ensemble {p;, |1;)} of
pure states.

~
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If the pre-measurement state of the quantum system is [¢;), then

the probability of getting result m is

P(mli) = (i| M, My |9i) = tr(M, M [9i) (4]),
and the post-measurement state of the system is
Mults)
\/Wé\MgszWQ

The total probability of getting result m is

Pm) =" pPmli) = > pi tr(MJ M) (4

™) =

= tr <M7]Lan (sz|¢z><¢2>> — tI’(M;ranp) — tI‘(MmpM;g%).

\_ /
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After a measurement which yields the result m, we have
o {P(ilm), |¢,§m)>} . an ensemble of pure states

e P(ilm) : the probability that the quantum system is in pure

state w@(m)> given that outcome m is measured

plim) = P2

e p\™) : density operator, describing the state of the quantum

system after the outcome m is measured

) N P T | — S (gl om0 (i M,
p ; (elm)|; ) (b ; (Z‘m)<¢z"M£®Mm|¢i>

Zzpsz|¢Z><¢z‘Mﬂ;@: M p M}, _ My p M},
P(m) tr(MY, Mynp)  tr(M,pM)

\_ /
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Pure States vs Mixed States.

e Pure state |¢) : a quantum system whose state is exactly
known as |¢) and can be described by the density operator

p = ) (1]

e Mixed state p : a quantum system whose state is not
completely known and is described by the density operator

p=2pi1wi><wi\.

e A pure state can be regarded as a very special mixed state.
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‘ Characterization of Density Operators I

p is a density operator associated with an ensemble {p;, |1;)} if and

only if
e Unit trace condition : tr(p) = 1.

e Positivity condition : p is a positive operator.

\_ /
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‘ Proof — .

o p =), i) (Wil
o tr(p) = >, pitr([i)(Wil) = D2 pilwilps) = > pi = 1.
o (plplp) = >, pilelvs) (Wile) = >, pil{eli)]* > 0.
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‘ Proof < .

p is positive with a spectral decomposition
p=>_ Nl (!
J

A; : non-negative eigenvalues.
4;) : eigenvectors.

1 =tr(p) = Zj Aj-

{N\;,|¥;)} : an ensemble of pure states giving rise to the
density operator p.
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‘A Criterion of Pure States'

density operator p is in a pure state if and only if
tr(p?) = 1.

e TFor a mixed (not a pure) state p, we have tr(p?) < 1.
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Let p be a density operator with spectral decomposition
p= ZMWN%\,

where A\; > 0 and tr(p) = > . A\; = 1. Since
p* = Z)\?Wi><¢i|,

we have

tr(p?) =) A7) AT42> AN =0 )P =1

1<J )

where equality holds if and only if only one )\; is non-zero and is

\equal to one, i.e., p = |1;)(1);], a pure state.
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/ Mixture of Mixed States' \
P = sz'ﬂz'-

e p; : density operator corresponding to an ensemble {p;;, |1;:;)}

pi =Y Pijlthi) (Wij]-
J

e p, : probability that the state of the quantum system is
prepared in p;.

The probability of being in the pure state |1;;)} is p;p;; and the
overall density operator to describe the state of the quantum
system is

p=> pipij|Vis)(Wisl = Y pi Y pij|vis) (Wil = Y pipi

\_ /




97

-~

~

‘Density Operator After Unspecified Measurement {M,,} I

My pM),)

M, pM}
= 3 MM,
tr(MmpMm)
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Average for Projective Measurement I

p : density operator for a quantum system

M : an observable for the quantum system with spectral

decomposition
M=) mP,
m

P(m) = tr(Py,pPy,) = tr(P2%p) = tr(P,,p) : the probability

that outcome m occurs

(M) : the average measurement value

(M) =2, mP(m) =), m tr(Pnp) = tr(Mp).

~
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‘What Class of Ensembles Gives Rise to a Particular p ? I

\_

e p=2]0)(0] + %|1)(1] (spectral decomposition).

o |a)=/310)+ /L), b) = \/2]0) — /L[,

1 1 3 1
la)al + 5 16) (6] = Z10)0] + Z11){1] = p.

e A lesson : the collection of eigenstates of a density operator is

not an especially privileged ensemble.

/
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Unitary Freedom in the Ensemble for Density Operators.

Two ensembles {p;, [¢;)} and {q;,|¢;)} give rise to the same

density operator p, i.e.,
p =Y il (Wil p = aile;) e
i J

if and only if

VPl = 2i/5185)
J
where z;; is a unitary matrix of complex numbers and pure states
with zero probability are padded to the smaller ensemble to have

the same size as the larger one.

\_ /
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o |vi) = \/Pilti), |wj) = /Gle;)-

Since

‘ Proof < '

vi) = > zij|w;),

J

Z i) (vi| =

we have

sz'WiM%'\ =

= 2

gk

||
(]
g
g

[
]
S
5
<

DYz wi) (wel

i gk

<S: Zz’j%) w;) (wg|
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/ ‘ Proof — '

By spectral decomposition of p, we have
p= Melk) k| = k) K,
k k

where )\ are positive, |k) are orthonormal and |k") = /A, |k).

e |u) : a vector in the orthogonal complement Span{|k’)}+ of

Span{|k’)}.
Then
0="> (ulk’)(K'|u) = (ulplu) = Z(’UMMWW = Z [(ulv;)]?

which implies that

lu) € Span{|v;)}+.

\_
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thus

~

Span{|k’)}+ C Span{|v;)}* and then Span{|v;)} C Span{|k’)}.

For each |v;), we have

Then

vi) = Y calK)

k

) (K| = Z i) (vi] = (Y Czkczl) k)¢

Since the operators |k’)(l’| are linearly independent, we have

sk
E CikCy; = Ol

1

\By appending more columns to the matrix C' = [¢;;]|, we obtain a /




€g

4 N

unitary matrix T = [t;x| such that
vi) =Y tinlk')
k

where some zero vectors are padded into the list of |k’). Similarly,
there is a unitary matrix S = [jk| such that

ws) = sklk’)

k
Then with Z = T'ST a unitary matrix and Z = [z;;], we have
vi) =) zijw;)
J

since

\_ /
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> zijlwy)

DD tesii D sll)
J k l
Z t@'k |l/> Z S;ijl

>tk
[vi)
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Postulates of Quantum Mechanics.

— Density Operator Version
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Postulate 1 — States'

Associated to an isolated physical system is a Hilbert space H (eg,

a finite-dimensional complex inner product space). The state of the
system is completely described by its density operator, which is a
positive operator with trace one acting on the Hilbert space ‘H. If
the quantum system is in the state p; with probability p;, then the
density operator for this system is

P = Zpipi°

\_ /
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‘Postulate 2 - Time Evolution'

The evolution of a closed quantum system is described by a unitary
operator. That is, the state p of the system at time ¢ is related to
the state p’ of the system at time ¢9 by a unitary operator U which
depends only on the times t; and t5 |,

o =UpU".
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‘Postulate 3 — Quantum Measurements I

e {M,,} : a collection of measurement operators, acting on the
Hilbert space associated to the system being measured and

satisfying the completeness equation

> MM, =1.

m

e m : measurement outcomes that may occur in the experiment.

/
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If the pre-measurement state of the quantum system is p, then the

probability that result m occurs is given by
P(m) = tr(My,pM},),
and the post-measurement state of the system is

My pM,
tr(M,, pM)

The completeness euqation expresses the fact that probabilities

sum to one

> P(m)

Y te(MypMy) = > " tr(Mf, My,p)

= tr ((Z M:an) p) = tr(p) = 1.

/
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‘Postulate 4 — Composite Systems I

Q; : ith quantum system.
‘H,; : the Hilbert space associated to the quantum system Q;.

'H = ®;H; : the Hilbert space associated to the composite
system of Q;’s.

p; - the state in which the quantum system Q; is prepared.

p = ®;p; : the joint state of the composite system.
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‘ Reduced Density Operator I
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Definition .

AB).

° pAB . density operators for composite quantum system AB.

A
o pt =trp(p

— A description for the state of subsystem A : justification

AB) . reduced density operator for subsystem A.

needed.

/
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A Simple J ustiﬁcation.

o p"B =p®o: adirect product density operator for composite

quantum system AB.

o p =trg(pAP) = ptr(c) = p : correct description of system A.

o pB =tra(p?P) =tr(p)o = o : correct description of system B.

/
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A Further J ustiﬁcation'
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/ ‘Local and Global Observables ' \

e M : the observable on subsystem A for a measurement
carrying out on subsystem A, a Hermitian operator with
spectral decomposition

Af:}jmaw

e M ® I : the corresponding observable on the composite system
AB for the same measurement carrying out on subsystem A, a

Hermitian operator with spectral decomposition

M&I=Y m(P,®I).

e |m) is an eigenstate of the observable M and |¢) is any state of

\ subsystem B <= |m) ® |¢) is an eigenstate of M ® I. /
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When System AB Is Prepared With State |m) ® |¢)

e m : the outcome which occurs with probability one by the
observable M on subsystem A.

e m : the outcome which occurs with probability one by the
observable M &® I on the composite system AB.

e Consistency.
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When System AB Is in a Mixed State p48 I

e f(pAB) : a density operator on subsystem A as a function of
the density operator on system AB, serving as an appropriate
description of the state of subsystem A.

e Measurement statistics must be consistent between the local
observable M on subsystem A and the global observable M ® I
on system AB

tr(Mf(p"7)) = (M) = (M @ I) = tr((M © I)p"?).

/
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AB) AB)

Existence : f(p =trp(p

o piB = > ol A ® TP : alinear operator on the state space of
the composite system AB.

tr((M ® I)p"?)
= (M D)_ alf @TP) =) a(MIT?) o TF)

= te(trp (Y as(MTY) @ TF)) = tr(_ aa(MT}) tr(T}7))

= (M (Y T (T)) = (M trp(Y T @ TP))

= tr(M trg(p?P)).

/
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/ ‘ Uniqueness I

e H : the Hilbert space associated to the quantum system A.

e LH(H) : the real inner product space of all Hermitian

operators on H with trace inner product.
e {M;} : an orthonormal basis of LY (H).

o F(p"B) = X, M; tr(M; f(p*P)) : the expansion of f(p") by
the orthonormal basis {M;}.

Since

(M, f(p*P)) = te((M; © 1)p™P) ¥ i,

we have

F(p*P) = Z Mitr((M; ® I)p?P)

thich uniquely specifies the function f.
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An Example I
|00)+|11)

Suppose a two-qubit system is in a pure Bell state 72

with density operator

12 ]OO) + |11> (O()l + (11]
S ( NG ) ( NG )
|OO><OO| + |11><OO\ + \OO)(H\ -+ \11)(11\.

2
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e p : the reduced density operator of the first qubit

pt = tra(p™)

~

tro(]00)(00|) 4 tro(|11)(00]) 4 tra(]00)(11]) 4+ tra(|11)(11])

2
10)(0[{0]0) + [1)(0[0[1) + [0)(1[(1]0) + [1){T1|(1[1)
2

0O+ D] _ L
2 2

e Reduced density operator p! for the first qubit is in a mized

state while the two-qubit system is in a pure state.

/
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‘ Schmidt Decomposition and Puriﬁcation.
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/ Schmidt Decomposition I \

For each pure state |¢) in a composite quantum system AB, there
exist a set {|ia4)} of orthonormal states for subsystem A and a set

{liz)} of orthonormal states for subsystem B of the same size such
that

) =D Adlia)lin)
i
where \; are non-negative real numbers with

d N =1

e )\; : Schmidt coefficients.

e {|ta)} and {|ip)} : Schmidt “bases” for A and B respectively.
— Dependent on |1)).

\o # of non-zero values \; : Schmidt number for |v). /
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‘ Proof'

e {|7)}, {|k)} : given orthonormal bases of the Hilbert spaces of
subsystems A and B respectively

V) = cirlilk).

jk
e (' =UDYV : singular value decomposition

C = [Cjk]a U = [uji]aD = diag(d;i), V = |vik],

Cik = E Ui i Vik -
0
— U and V : unitary matrices.

— D : a diagonal matrix, not necessarily square.

/
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° |iA

o |7,B

.)\,1;

)

)

= Zzujidiivik|j>|k>
= D di | D wili) <Zvik|k)>:ZAiiA>|iB>.

k

= > _; uji|j) : orthonormal states of subsystem A

ZA‘ZA E :ujzu]”b' ‘] E :uj’Lu]Z/ = 0/

= >, Vik|k) : orthonormal states of subsystem B

(iBlis) =Y viviw (klK) = vhvir = .

kk’ k

d;; : non-negative real numbers

1 = (|y) = Z)\)\ (iali'y)(ip|i's) Z)\Q.
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Schmidt Number for State |¢)) =) . \i|ia)|ip)

e "Amount” of entanglement between systems A and B when the

composite system AB is in state [i).

e Invariance under unitary transformations on subsystem A or
subsystem B alone.

— U : a unitary operator on subsystem A.

— Ulia) : orthonormal states of subsystem A.

(U@ |y = ZA (U@ I)(ia) ® lig)) ZA Ulia)lig).

/




L.

pa : a density operator for system A with ensemble {p;, |t4)}

‘ Purification '

pa =Y pilia)ial.

R : a reference system.

Uir)}

system R, having the same cardinality as that of {|ia)}.
AR) :

~

an orthonormal basis of the Hilbert space associated to

a pure state of the composite system AR with

AR) 23 Vpilia)lin).




8L

\_

trr(|AR) (AR])

> Vrimstrrfia){ial @ lin){nl)

Z VPipjlta)(galtr(lir)(Jr|)
= D _pilia){ial = pa.

e A mixed state of a local system is a local view of a pure state

in a global composite system.




