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1. (a). {
T (i + 2j) = 4i + j

T (j) = i + j
⇒

{
T (i) + 2T (j) = 4i + j

T (j) = i + j
⇒

{
T (i) = 2i− j
T (j) = i + j

T (4i− 3j) = 4T (i)− 3T (j) = 4(2i− j)− 3(i + j) = 5i− 7j and
T 2(4i− 3j) = T (5i− 7j) = 5T (i)− 7T (j) = 5(2i− j)− 7(i + j) = 3i− 12j.

(b). The matrix of T is

(
2 1
−1 1

)
.

2. We first show that N(T ) is trivial.

v = αi + βj ∈ N(T ) ⇔ T (v) = T (αi + βj) = (0, 0, 0)

⇔ α(1, 1, 0) + β(−1, 0, 1) = (0, 0, 0)

⇔ (α− β, α, β) = (0, 0, 0)

⇔ α = β = 0,

so N(T ) = {O}.
Thus we choose v1 = i and v2 = j to form a basis (v1, v2) for R2. Then w1 = T (v1) =
T (i) = (1, 1, 0) and w2 = T (v2) = T (j) = (−1, 0, 1) are linearly independent in R3.
We add w3 = (0, 0, 1). Then {w1, w2, w3} is a basis for R3. Since T (v1) = w1 and

T (v2) = w2, the matrix representation relative to these two new bases is

 1 0
0 1
0 0

.

3. D(ex) = ex = 1 · ex + 0 · xex,
D(xex) = ex + xex = 1 · ex + 1 · xex,
D2(ex) = D(ex) = 1 · ex + 0 · xex,
D2(xex) = D(ex + xex) = 1 · ex + ex + xex = 2 · ex + 1 · xex.
Thus the matrix representations of D and D2 relative to {ex, xex} are(

1 1
0 1

)
and

(
1 2
0 1

)
respectively.

4. Please refer to the solutions of Homework 10.


