EE203001 Linear Algebra
Quiz #6  04/01/2003

Quiz Problems:

1. (10 pts). In each case find an orthonormal basis for the subspace of R* spanned by the
given vectors.

(a) =1 =(0,0,1,1), zo = (0,1,1,0), 3 = (0,—1,0,1), =4, = (1,0,0, 1).
(b) 1 =(1,2,-2,1), 25 = (1,0,2,1), z3 = (1,1,0, 1).

2. (10pts). Let xy, xq,..., 1 be a finite sequence of elements in an Euclidean space V.
Then we can find a corresponding sequence of elements yy, yo,...,yx in V' by the Gram-
Schmidt process such that for each i, 1 < i < k (a) y; is orthogonal to every element
in (Y1, Y2, -, Yi1),(0) L(y1, 9o, ..., y:) = L(x1, X2, ..., x;). Prove that these corresponding
elements y1,..., y, are nonzero if and only if the k£ elements z1,..., x; are independent.

3. (10pts). In the linear space of all real polynomials, with inner product (z,y) =

fol z(t)y(t)dt, let z,(t) =t" + 1 for n =0, 1,2, ... Prove that the functions

yo(t) = 1, y1(t) = V3(2t — 1), 12(t) = V/5(6t> — 6t + 1),

form an orthonormal set spanning the same subspace as {zg, 1, x2}.
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A Note on the Pythagorean Theorem

A counterexample (given by Chao-Chung Chang) that in a complex Euclidean space,
two elements = and y satisfying the Pythagorean identity ||z +y|| = ||z||* +||y||?, but = and
y are not orthogonal.

In C?, with the usual inner product (z,y) = 2,7, + 22¥. Let x = (1,0) and y = (4,0),
then (z,y) =1-i+0-0= —i # 0. But x and y satisfy the Pythagorean identity, since

el = (w,) = 1-T+0-0=1,

lyl> = (y,y)=i-i+0-0=1,

and
le+yllP=(1+)1+0)+0-0=>1+)(1—i)=1+1=2.



