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1. (a) Let A =

[
1 0
0 1

]
, B =

[
cosθ −sinθ
sinθ cosθ

]
. A and B are orthogonal. Then A+B =[

1 + cosθ −sinθ
sinθ 1 + cosθ

]
.

⇒ (A + B)(A + B)t =

[
1 + cosθ −sinθ

sinθ 1 + cosθ

] [
1 + cosθ sinθ
−sinθ 1 + cosθ

]
=[

2 + 2cosθ 0
0 2 + 2cosθ

]
. Since (A + B)(A + B)t 6= I, A + B is not orthogonal.

(b) First, we want to know what dose (AB)t look like. Let C = AB. Then cij =∑n
k=1 aikbkj. Then ct

ij = cji =
∑n

k=1 ajkbki =
∑n

k=1 bt
ika

t
kj. Thus we get (AB)t =

BtAt. Since A and B are orthogonal,
⇒ (AB)(AB)t = (AB)(BtAt) = A(BBt)At = AIAt = AAt = I.
Thus AB is orthogonal.

(c) ⇒ (AB)(AB)t = I.(Since AB is orthogonal.)
⇒ ABBtAt = I.
⇒ AtABBtAt = At.
⇒ BBtAt = At.(Since A is orthogonal.)
⇒ BBt = I.
Thus B is orthogonal.

2. We have to find a nonsigular matrix P such that AP = P

[
6 0
0 −1

]
. Let P =[

a b
c d

]
. Then we have

[
1 2
5 4

] [
a b
c d

]
=

[
a b
c d

] [
6 0
0 −1

]
. Thus,

a + 2c = 6a, b + 2d = −b, 5a + 4c = 6c, 5b + 4d = −d.

⇒ 5a = 2c, b = −d. Choose a = 2, b = 1, c = 5, and d = −1, then ad− bc = −2− 5 =

−7 6= 0. Thus P =

[
2 1
5 −1

]
is nonsigular and hence it is a solution.

3. We prove it by induction.

(a) When n = 1, (A + I)1 = A + I = I + A = I + (21 − 1)A.

(b) For n = k, we assume (A + I)k = I + (2k − 1)A.

(c) When n = k + 1, we have

(A + I)k+1 = (A + I)(A + I)k

= (A + I)(I + (2k − 1)A)

= A + I + (2k − 1)A2 + 2kA− A

= I + (2k − 1)A + 2kA

= I + (2k+1 − 1)A


