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EE203001 Linear Algebra
Solutions for Homework #8  Spring Semester, 2003

Chao-Chung Chang, Meng-Hua Chang, Chen-Wei Hsu, Wen-Yao Chen
T(x,y) = (e*,¢e¥). For all (/,y') in R?, then
D((2,9) + (@) = Tl + ',y + ) = ()

T(z,y) + T(2,y) = (e",¢’) + (e, e¥) = (e" + e” e’ + )
Since (e, e¥V') £ (e®4-e*, e¥+e¥ ) in general, T'((z,y)+ (2, y')) # T(z,y)+T (2, /)

Thus T is nonlinear.

T(z,y) = (2z —y,x +y). For all (2/,y’) in R? and all scalars a and b, then

T(a(z,y)+0(z",y)) = T(ax+ b’ ay+ by')

= (2(ax +bx") — (ay + by'), (ax + bx") + (ay + by'))
(a(2z —y) +b(22" —y'), a(z 4+ y) + b(z" +¥'))

= a2z —y,z+y) +b(22 —y 2" +v)

and

aT(z,y) +0T(2",y') = a2x —y,x +y) +b(22" — ', 2" + ¢/)

Since T'(a(z,y) + b(2',y')) = aT(x,y) + bT(2',y'), T is linear.
To find the null space, it’s equivalent to finding T'(z,y) = O.
=T(x,y) =2z —y,x+y)=0

=x=0and y=0.

= N(T) = {0} and T(R?) = {(,y) : (z,y) € R*}

= Its nullity = 0, and rank = 2.

Let az + by = 0,a,b € R and a®> + b # 0 be a fixed line in R? through the
origin. Wi know u = (\/ag—b?,ﬁ) is a point bon line ax + by = 0 and v =
(\/%Jrg?’\/ﬁ—ﬂ) is a unit vector orthogonal to (\/ﬁ, \/a;T) Thus the set B =

{( Wt \/a2“+b2) ( Wt \/a2+b2 )} is an orthonormal basis for R?. To find the reflection

T(x,y) of (x,y) with respect to the line ax + by = 0, we consider (z,y) = (\/l“;r%)u +
az+b —bz+a ax+b —b%+a?)r—2ab a?—b? 2abx
(v, Thus T(a,y) = (5 — (Fh)v = (S e

Hence the transformation 7T is linear. Since for null space T'(z,y) = O,

—b2 (12 T—aa a2— 2)y— aoxr . .
(& \J;aQLbQQ by | \/bagibf by — 0, (0,0) is the only solution of (z,y). N(T) = O and

nullity is 0. Range is all R? and rank = 2.

We can take a counterexample to prove T' is not linear. Let (1,0
in R%. For T(r,6) = (r,26), we have T'((1,0) + (1,%)) = T(v/2, %
T(1,0)+7(1,5) = (1,0) +(1,7) = 0. Since T'((1, O) (1,%)) #7T(1,0) +

not linear.
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T:R*— R T(r,y,2) =(x+1L,y+1,2z-1).

T is not linear, since 7'(2(0,0,0)) = 7(0,0,0) = (0+ 1,0+ 1,0 —1) = (1,1,—1) but
27((0,0,0)) = 27(0,0,0) = 2(0 + 1,0 + 1,0 — 1) = (2,2, —2).

Assume dim N(T') = k < oo and dim7T'(V') = r < co. Let {ey, ea, ..., e} be a basis for
N(T). Since V is infinite-dimensional, there exist infinitely many eg1, €12, .-, €xin, - - -
in V' such that e, es, ..., €k, €x11,...,€kin,... are linearly independent. We choose
n > dimT(V) = r, then the n vectors T'(exy1), T(€kt2), ..., T(extn) are linearly de-
pendent. Thus, there are ay, as, . .., a, not all zeros, such that a7 (ex11) + a2 (ex12) +
-+ +a,T(egrn) = 0. Since

0 = aiT(exs1) + asT(epyo) + -+ anT(€pin)
= T(areks1 + azepio+ -+ + anegrn), (linearity of T)
a1€pi1 + 2€pio + -+ + apegry is in N(T'). That is ajepyq + agepio + -+ - + apepin is a

linear combination of ey, eq, ..., e, a contradiction to that ej,es, ... e, ..., ep1n are
linearly independent. Hence at least one of T'(V') or N(T') is infinite-dimensional.

Let p(x) = Y i pixt, r(x) = > i’ be two real polynomials of degree < n, and
a,b € R. Since

T(ap(x) +br(z)) = T(a Zplx’ + bz i)

= T(Z(Gpi + bm)xi)

= Y (ap; + bry)(z + 1)’

=0

= aZpi(x +1)' + bzn(xnt 1)’
= aT_(p) + bT'(r), )

T is a linear transformation.

If T(p(x)) = 0, then >  p;i(z + 1)" = 0. We know that {1,1 +z,...,(1 + )"} is
a basis for V' (Section 3.6), hence p; = 0, for 1 < i < n. Thus N(T) = {O} and
dim N(T) = 0.

The dimension of V' is n+ 1 which is finite. Thus by rank-nullity theorem, dim N (7") +
dimT(V) = dimV, we have dim7T (V) = dimV = n+ 1. But T(V) C V, we have
TWV)=1V.

We find
T(ax +by) = (ax+by)" + Alax + by) + Blax + by)
= ax” +by" + Aax’ + Aby' + Bax + Bby

= a(2" + Az’ + Bx) + b(y' + Ay’ + By)
= al'(z) + 0T (y),



so T is linear. To derive its null space, we need T'(y) = 3"+ Ay’ + By = 0. Let y), = e’*,

then A\2e* + AXe’ + Be* = 0.= e M(\2 + AN+ B) =0. = A2+ A\ + B = 0. Then

the solution is \ = =AEVA=4B V2A2_4B.

(a) If A2 — 4B =0, T(e=4*/?) = 0 and T(ve~4*/2) = 0. So the null space N(T) =
L{e=42/2 ze=A/2} with nullity 2, and the range T(V) = {y"(t) + Ay'(t) + By(t) :
y(t) € V} with rank infinity since dim V' = oo and by Exercise 24.

(b) 1If A* —4B > 0, T(G@x) = 0 and T(e@w

) = 0. So the null
— A2 — —A—+/A2_
space N(T') = L{e A 43"“", e 4B9”} with nullity 2, and the range T'(V') =

{y"(t) + Ay'(t) + By(t) : y(t) € V} with rank infinity since dim V = oo and by
Exercise 24.

A AT TE [y —

(c) Tf A2 —4B < 0,\ = —AEVIB-A® g, T(e= %520y _ ( and T(e= %2 0) —
— i _ A2 A — a2

0. This means if y = 016@1 —i—Cge@I for arbitrary ¢; and c,, then

T(y) = 0. But in this example, y must be real, so we take ¢; as a + jé and ¢y as

a — ;—’ where a, b are two arbitrary real numbers. Then

b, —A+jvap—az b, —A-jiB—a?
y = (a-i-;)e 2 +(a—3)e 2
ae_A/z(ej\/Mng? n 67j\/42BfA2 )+ be_A/Q(ej@ _ Gij@)/j

= 2ae

2V — A2 V4B — A?
—A4/2 og %A + 2be 42 sin —

Hence N(T') = L{cos \/432*‘42,Sin \/432"42} with nullity 2 and the range T(V) =
{y"(t) + Ay'(t) + By(t) : y(t) € V} with rank infinity since dim V = oo and by
Exercese 24.

28. Since
b
T(afi +5fs) = / (afit) + Bo(t)) sin(x — t)dt

~ . / Fu(#)sin(z — )dt + 3 / fo(t) sin(z — )dt
= aT'(fi)(z) + BT (f2)(2),

T is linear. Note that
b
T(f) = / f(t)sin (x — t)dt

b b
= sinx/ f(t)costdt—cosa:/ f(t)sintdt



Thus T'(f) € L(sinx, cosz). Consider the equation fab cos (t + k) sintdt = 0. We have

b
/ (costcosk — sintsin k) sintdt = 0

b b
= cosk/ costsintdt—sink/ sin? tdt = 0

b b
1 1 —cos2t
= cosk;/ §sin2tdt—sink/ SO g 0

2
1 2t 1 ot
= 500 k:CO_S2 2—§sink(t_81r; )2_0
-1 1 {1 9b — sin 2
= Tcosk(cosz—cosZa)—§sink(b—a_w):0
in 2b — sin 2
= —cosk(cos2b— cos2a) =2sink(b—a— w)

sink cos 2a — cos 2b
cosk  2(b—a) — (sin2b — sin 2a)

= tank = if 2(b — a) # (sin2b — sin 2a)

We have to examine when 2b — sin2b = 2a — sin2a. Let f(b) = 2b — sin 2b, we have
f'(b) =2 —2cos2b > 0 with equality iff b = nm where n is an integer. Thus, f(b) is a
nondecreasing function and f’(b) = 0 when b = nm where n is an integer. Therefore,
2b — sin 2b = 2a — sin 2a only when a = b.

Next, we consider the equation ff cos (t + k) costdt = 0. Similarly, we have tank =

Z(bfc‘;)sgziff;ﬁ;;nga if cos2b # cos2a. Note that cos2b = cos2a when b = da + nw

where n is an integer. We next show that we cannot have fab cos(t + k) sintdt = 0 and

fab cos(t + k) costdt = 0 simultaneously for any k when b # +a + nm where n is an
integer. Otherwise, we could have

cos 2a — cos 2b 2(b—a) +sin2b — sin 2a
2(b—a) — (sin 2b — sin 2a) - cos 2a — cos 2b
(cos 2a — cos 2b)* = 4(b — a)? — (sin 2b — sin 2a)?
cos? 2a — 2 cos 2a cos 2b + cos? 2b = 4(b — a)? — sin® 2b + 2 sin 2bsin 2a — sin® 2a
4(b — a)* = —2cos(2a — 2b)
2(b—a)? = —cos(2(b — a))

R

Let = b — a, then we have 222 4 cos2z = 0. Define f(z) = 22® + cos2z. Then
f'(x) = 4o — 2sin2x and f"(x) = 4(1 — cos2z). Note that f’(x) > 0 for all z
and therefore, f(z) is a convex function. So the local minimum of f(x) is the global
minimum of it. Since f'(z) = 0 < x = 0, the global minimum happens when z = 0.
But f(0) =1, s0 2(b—a)? # — cos(2(b—a)), a contradiction, when b # 4a + nm where
n is an integer.

Let us consider two different cases:

(a) b# +a + nm where n is an integer.



Let ky and ks satisfy the following equations
b b
/ cos(t + k) sintdt = 0 and / cos(t + ko) costdt =0

respectively. Then by the previous result, we have fab cos(t + ky)costdt = Cy #0

and f: cos(t + ko) sintdt = Cy # 0 respectively. Thus, T(%ﬁrkl)) = sinz with

— cos 2a—cos cos (t+ko : — b—a)-+sin 2b—sin 2a
k, = tan 1(2(6_(1)_2(5111zb_zsl;n2@)) and T(—_(tg2 )) = cos x with ky = tan 1(2( CO):ZQ_CZOS% 2 ).
Hence L(cosz,sinz) C T(V). We conclude that T(V) = L(cosz,sinz) and
{cosz,sinz} is a basis of T'(V) since it is a linearly independent set. Therefore, the
rank=2. The null space N(T) = {f € V| fabf(x) cos xdr = fab f(x)sinzdz = 0}.

Since L{cos 2z, sin 2z, cos 3z, sin 3z, ...} C N(T), and the nullity is infinity.

(b) b= +a+ nmw but b # a where n is an integer. In this case, we have

b b
/ costcostdt = / cos? tdt
b
1 2
_ / ( + cos t) "
" 2
B t+sin2t |b
\2 4 a

b—a sin2b—sin2a

- 2 7 1
1
= é_l(% — 2a + sin 2b — sin 2a)
= (7 #0 (The reason is similar to that of 2b — 2a — sin 2b + sin 2a)
and
b 1 b
/ costsintdt = 5 / sin 2tdt
1
= ——cos2t|’
7 €08 .
1
= —Z(cos 2b — cos 2a)
= 0.
S0

cost
T = sin x.
(21) e

b
/ sintcostdt =0

In a similar way, we have

and

b
1
/ sint sin tdt = Z(% —2a — sin2b + sin 2a) = Cy # 0.

int
T <%) = COSZ.

5

Hence



Therefore, L(cosz,sinxz) C T(V). We conclude that T'(V) = L(cosz,sinx) and
{cos z,sin x} is a basis of T'( f) since it is a linearly independent set. Therefore, the
rank=2. Since L{cos2z,sin2x,cos3z,sin3x,...} C N(T), the nullity is infinity.

30. (a) To prove S is a subspace of V| we only need to check closure axioms because S
is a subset of V.

(b)

i.

ii.

If f; and f5 are two elements of .S, then

7 (fut) + fo(t))dt = [T fu(t dt—l—f fa(t)dt =0+ 0 = 0.

7 (Aut) + f2(D) costdt I fi(t)costdt 4+ [T fa(t) costdt =040 = 0.
J7 (A1) + fo(t)sintdt = [T fi(t)sintdt + [ fo(t) sintdt =0+ 0 = 0.
If f are a elements of S, then

[T cftydt=c [T f(t)dt =c-0=0.

J7 _cf(t)costdt =c [T _f(t)costdt =c-0=0.

[T _cf(t)sintdt =c [T _f(t)sintdt =c-0=0.

Thus, S is a subspace of V.

i.

11.

If f(x) = cosnx where n = 2,3, ..., then
I ft)dt = [T cosntdt = sunt|r — smerosi(nn) _ 040 _ )
(

—T

t)costdt = [T _cosntcostdt = 5(["_cos(n+ 1)tdt+[" cos(n — 1)tdt) =

+ .
J7_f(t)sintdt = [T cosntsintdt = 5([7_sin(n+ 1)tdt—["_sin(n — 1)tdt) =

If f(x) = sinnz where n =2,3,..., then

f_”ﬂ f(t)dt — fi"ﬂ_ sin ntdt = _coint 7_r7r — _COSHTF—(;ZOS(—HW) — _cosnﬂ;cosnw = 0.
[T f(t)costdt = [T _sinntcostdt = 5([" sin(n+ 1)tdt+ [ sin (n — 1)tdt) =
$(0+0)=0

ST f(t)sintdt = [T _sinntsintdt = —5 (" cos (n+ 1)tdt—["_cos(n — 1)tdt) =
(0—0) =0.

so S contains the functions f(x) = cosnz and f(z) = sinnz for each n =
2.3,....

N =

(¢c) Wenote that [7 cosmasinnzdr = (" _sin (m + n)z—sin (m — n)z)ds = 552 =

2

0Vm,n. Also f:r cos mxcosnrdr = fj sin mx sin nxdx = 0Vm # n.Hence cos mx
and sinnx are linearly indepedent. It is clear that

W:
S =

L{cos2x,sin 2z, cos 3x,sin3z,...} C S and dim W = +4oco. Thus dim
+00.

(d) For any f(z) € V, the image g(x) = T(f) of f is

g(x) = F{l + cos(x —t)}f(t)dt

™ s

= Wf(t)dt+cosx/ costf(t)dt—i—sinx/ sint f(t)dt

—T —T

€ L(1,cosz,sinx).

Thus T'(V) C L(1,cosx,sinz).



Consider f(t) = 5=, €t s e have

2 m© 7w ?

1 1 1
—dt =1, — costdt =0, —sintdt = 0,
_p2m . 2m . 2m

g t g t g t
/ cost dt =0, / cost costdt =1, / cos sintdt = 0,
T T T

—T —T —T

s : t s : t s : t
/ st dt =0, / Sme costdt =0, / Sme sintdt = 1.
p T e T e T

Thus, we have T'(5-) = 1,T(¢%) = cosz, T(¥2%) = sinz, which implies that
L(1,cosz,sinz) C T(V). We conclude that T'(V') = L(1, cos z,sinz) and {1, cos x, sin x }
is a basis of T'(V') since it is a linearly independent set.

(e) f(z) € N(T)ifandonly if [*_ f(t)dt+cosx [* costf(t)dt+sinz [" sintf(t)dt =
0. Since 1,cosx and sinx are linearly independent in V', we have f_ﬂﬂ ft)dt =
0,/ costf(t)dt =0 and [ sintf(t)dt = 0. Thus N(T) = S.

(f) UT(f)=cf,c#0,f #0, then ¢f isin T (V). Hence f = ¢; + ca cosx + ¢z sinz.
S0

COS T sin x
) + ’/TCgT( .

T(f) = 27rclT(%) + meo T ( )

= 2mwcy + ey cosx 4 megsin .

Thus, 27¢y + meg cos x + megsine = ¢(cq + ¢y cosx + cgsinx). = (2 —¢)ey + (7 —
c)egcost + (m—¢)egsine = 0. = (27 — ¢)ey = (M — ¢)eg = (M — ¢)ez = 0.

If ¢; # 0, then ¢ = 2m,¢co = ¢3 = 0, and f(x) = ¢; where ¢; # 0 but otherwise
arbitrary.If one of ¢ and c3 is non-zero, then ¢ = m,¢; = 0 and f(x) = cacosx +
cz sinx where ¢y, c3 are not both 0 but otherwise arbitrary.



