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6. Let g(z) = K, where K is a constant. To find the g(z) nearest to f is equal to find
the minimum value of ||g — f]|?.
lg — fI? = (K = LK — 1) = [}(K? = 2KL 4 L)de = (K% — 2K loga — 1)} =

T

2K? — (2log3)K + 2 = 2(K — 1%83)2 1 2 _ 1]og®3.

Since (K — %2)2 > 0, the minimum value of ||g — f||? occurs at (K — *%2)2 = 0.
That is K = £1og3. Thus g(z) = $log3 and [|g — f||* = 2 — 1 1og3.

7. Finding a constant polynomial g(z) = ¢ nearest to f(z) = €” is equivalent to finding
an element ¢ in the subspace L({1}) = {a;a € R} of C(0,2), such that g is nearest to

f.
Normalizing the constant function 1, we obtain e;(z) = \/75 By the Approximation

Theorem, the projection g(z) of f on L({e1}) is nearest to f. Since

(f.e1) = /02 \gexdx = gef‘]g - \/75@2 _ \/75 _ g(eﬁ _1),
we have
o) = (fre)er = L2(e 1) - \/75 _Ll
Since (f — g)Lg, we have

If =gll* = |IfI" = llgll*, (by Pythagorean Theorem)
= IFIP = 1I(f, el = [I£II* = (f,e1)?

? 1
= / e* dr — =(e* — 1)?
0 2

-1 1
= 5 —5(64—262+1):ez—1.

8. Finding a linear polynomial g(z) = ax + b nearest to f(z) = e” is equivalent to finding
an element g in the subspace L({1,z}) = {ax + b;a,b € R}, such that g is nearest to

f.
Because (1,7) = fjl 1-adr = 2|1, =0, {1,2} is an orthogonal basis for L({1,z}).
We normalize {1, 2} to obtain an orthonormal basis {e;, es}, where

1 V2 :@

ei(r) = —==— and ey(x) 5

V2 2
since

Hl|r=</_11d:c>1/2=ﬁ,

! 3 2
el = ([ a*da)' = (G102 =2



By the Approximation Theorem, g(x) = Z?:1 (f,e;)e; is nearest to f.

Since /3 /s /3
2 2 (! 2
(he) =50 =5 [ edr=Te—e
and
1
(fe2) = ?(f,x)—\/?g/_lxexdx
= @(xex\l_l — /1 e’dr), (u=z,dv=e"dr = v=¢€" du=dr)
2 -1
= ?(aj—l)eﬂl
- ?He ) =—v6(e),
we have
2
g(z) = Z(f7 ei)e;
i=1
V2 V2 V6
= S (e- 1)7— 6( l)T
-1
= 6_26 —3e !z
Finally,

1 =all = IR =llolP = [ e dr—[(f.ex? + (freaf?)

e2x1
= S —lGle—e 4ol
—1
e e? 1, 1
_ e _¢e¢ 1 ] — 2e2 _ o2
5 5 26+ 26 be
= 1—"7e 2

9. Asin Example 1 of Section 3.12, {ug(x), uy(z), uz(x)} is an orthogonal set. We normal-

ize these basis vectors ug(x) = 1, u;(z) = cosz and us(x) = sinz as ||ug|| = OQW dx =

V2,

sl = \/J77 costade = /77 2y = 2
luall = /2 sin? e = /77 2y — [ —

CcCos T

™

So the orthonormal basis are uo(m) = 12 Jup(x) =

compute (f ug), (f,u )and (f, u2) Where f(z) ==
foﬂ x d \/ﬂ| ZQW \/_71.3/2

(f, uh) ffo :ccosxdx = \f(msm:c| - fo sinzdr) = —=(0 - 0) = 0.

(f, ub) ffo wsinwdr = J=(—x cos z[§" + fo% cos zdr) = _%}:{0 = —2./7.

Hence the trigonometric polynomial nearest to f is ‘[\2/7;2 — 27 Si;‘; =7 — 2sinx.
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10. In the linear space V of Exercise 5, we know that the set of all linear polynomials is
a subspace of V' spanned by orthonormal basis {yo, y1}, where yo = 1, y; =t — 1. By
THEOREM 3.16., p(x), the projection of f(x) = e~* on the subspace of all linear poly—
nomials, is nearest to f. By the definition of inner product (f, g) fo “f(t)
we have

(f??JO) = / ete t .1 dt
0

= / e 2t dt
0

(fiy) = /Oooetet-(t—m dt

—0+11
N 2 2
1
= —

Hence p(z) = (f,y0)yo + (f,y)yn =5-1— 3(x —1) = —qz + 2.



