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Solutions for Homework #6  Spring Semester, 2003

Chao-Chung Chang, Meng-Hua Chang, Chen-Wei Hsu, Wen-Yao Chen

(a) ;1 = (1,1,0,0), xzo = (0,1,1,0), 3 = (0,0,1,1), z4 = (1,0,0,1). We find an

orthogonal basis {y}, ¥4, ¥4, vy} first. Let 7 = (1,1,0,0) and then we can start by
the Gram-Schmidt process.
yh = T3 — y1§ = (0,1,1,0) — 1(1,1,0,0) = 5(~1,1,2,0).

2y Lo y1§y1 (0,0,1,1) — 1(=1,1,2,0) — 0 = 1(1,-1,1,3).

y{,’) = T3 — EZS = (

3)
Yy =4 y3§y§, o §?§y2 ey = (1,0,0,1) — 4(1,1,0,0)+ 1(~1,1,2,0)
L(1,-1,1,3) = (0,0,0,0).

We normalize 4, v5 and y5 next. Thus we get an orthonormal basis:

Y1 = \/Li(]-a 1)070)7 Y2 = \/Lg(_la 1a2)0)7 Ys = Q\f(]' ]-7 173)
ry = (1,1,0,1), zo = (1,0,2,1), x5 = (1,2,—2,1). We find an orthogonal basis

{y1, vh, y5} first. Let ¢} = (1,1,0,0) and then we can start by the Gram-Schmidt
process.

vh = w2 — Pyl = (1,0,2,1) — 3(1,1,0,1) = §(1,-2,6,1).

yh = xg—g”“’z yziy E”“? y}gyl (1,2, -2,1)4+2(1,-2,6,1)—%(1,1,0,1) = (0,0,0,0).

We normalize 4, v5, and y5 next. Thus we get an orthonormal basis:

h = \/Lg(]'? 1707 1)7 Y2 = \/%(17 _276’ ]')

3. First, we want to check if functions yq,y1,ys,... are orthogonal to each other and

|yn|| = 1 for all n.

a) |[yol| = fg - dt 172 — (1 T2 =112 =1,

lynll = /\/jcosnt \/jcosmfdt 1/2

= / cos® nt dt)*/?

T Jo
_ (z /7T 1+C082nt dt)1/2
0

And for all n # 0,

T 2

1 [7 1 [7
= (—/ cos 2nt dt—i——/ 1 dt)'/?
T Jo T Jo

_ L1y
= (0—|—7T7T)
= 1

() (Yo, yn) = [y \/; \/gcosnt dt = ‘/?5 Jy cosnt =0, for all n # 0.



And for n,m # 0,
™ 2 2
(Ynr Ym) = = cosnt - \/jcos mt dt
T T

/ cosnt - cosmt dt
0

/Oﬂ(cos(n + m)t + cos(n — m)t)dt

N N 80 S—

/ cos(n —m)t dt
0
(Since n and m are positive, first term is zero.)

= 0, when n # m.

Thus, functions y,, y1, Y2, ... form an orthonormal set. Since y, = \%rxo and vy, = \/gxn

for all n # 0, linear combination of g, x1, T2, ... and linear combination of y,, y1, ya, ...
are the same. Hence y,, y1, 92, ... form an orthonormal set and span the same subspace
spanned by xg, x1, Ta, ....

. In the linear space of all real polynomials, let {2y, z1, 22} be the orthogonal basis for
the subspace L({zg,z1,x2}), obtained by the Gram-Schmidt process. Then

2o(t) = zo(t) = 1.

Since

1 1 t21 1
(20,20):/ ldt =t|j =1 and (xl,zo):/tdt:— =
0 0 20 2
we find that
(II,Z()) 1 1
t) = t) — t) = t) — =2(t) =1t — =.
z1(t) = 21(1) (ZO,ZO)ZO() 1(1) zo(t) 9
Next, we use the relations
12 31 1
(Q?Q,Zo) = / t°dt = —| = -,
0 3, 3
1 1 2 4 3 |1
t t t 1
= | Pt-—dt= | - )dt=(~— =) =-—
@)= [ - ar= [ - Dyar=(G =) =55
! ! B2 ]t 1 1 1 1
= t—-=Pdt=| P—t+-dt=(=—=+-)] =c—=+-=—
(1,21) /0( ) /0 TG ot T3ttt

(207 Zo) (751, 21)
1
= Ig(t)—— 1 Zo(t)—E:[Q Zl(t)
1 1
= tP—-—(t—=
3 (=3
1
= tP—t+-.
+6



Since

1
1
(22,2) = /(tQ—t+—)2dt
0 6
! 4 1 1
= 23— — —t+ —)dt
/0< *3 3+36)
ot 4, 2t
= Gty 6T,
! 1+4 1+1
5 29 6 36
1
- 180°

we normalize 2o, z; and z3 to obtain an orthonormal basis {yo, y1,y2}, where

—6t+1).

e~ tdt = 1! = 1 and

2N=6-2=4

20(t)
z1(t 1
Y1 () :,éﬁzwﬁ@—yzva%_u
n = 20 g _ee by —evae— e by = Vi
5. First we prove fooo e~'t"dt = n! by induction.
(i) Whenn =0, [Celdt =—e'|P=—-1(0—-1)=1=0.
(ii) Assume for n =k, [° e "t*dt = kL.
(iii) Forn =k +1,
/ e iFldt = —e TP 4 / e t(k+ 1)t"dt
0 0
— (k+ k!
= (k+1).
Now we compute yo(t), y1(t), y2(t) and ys(t)
(a) yo(t) = wo(t) = 1.
(b) wi(t) = au(t) — Gy (1), Since (21(t), o(t)) =[5
(yo(t),yo(t)) = [ e tdt = 0! =1, we have y,(t) =t — $(1) =t — 1.
(©) 3alt) = aa(t) = BB (E) — (BRI (0. Since
(2a(t), yo(t)) = fO e 't2dt = 2! = 2 and
(22(t), 31 () = [, e 2t —1)dt = [~ e " t3dt — [ ' (¢?)dt = 3! —
and
(y1(t), 11 (1)) = fo et —1)2%dt = [Ce (P -2t +1)dt =21 —2+1=1,

we have yo(t) =2 —2 —4(t — 1) =2

— 4t + 2.



_ (23(8).%0(t) (23(8)1 () (w3 (t).y2(t) :
(d) 95() = 23(t) = (@@ % ~ @ %1 () ~ (@ ¥2(t). Since
(z3(t), yo(t)) = fO e 't?dt = 3! = 6 and
(z3(t), 31 (1) = [, e 3t — )dt = [} e "t*dt — [[7 e 't3dt = 4! — 31 = 18 and
— —t 3(+2 —t45 O —t4d o —t43 —
3 ) - — =
(z3(t), 12(t)) = [, e t3(¢ 4t+2 dt = [ e Pdt—4 [T e trdt4-2 [T e e3dt
5!—4-4!+2 3—120 96+12—36and
Yo (1), y2(t)) e t(t? — 4t + 2)%dt = tt — 83 + 20t? — 16t + 4)dt =
O O
41 -8 3'+20 21— 16+ 4 = 4,

we have y3(t) = 3 — 6—18(t—1)—%(t2—4t+2):t3—9t2+18t—6.



