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2. (a) x1 = (1, 1, 0, 0), x2 = (0, 1, 1, 0), x3 = (0, 0, 1, 1), x4 = (1, 0, 0, 1). We find an
orthogonal basis {y′1, y′2, y′3, y′4} first. Let y′1 = (1, 1, 0, 0) and then we can start by
the Gram-Schmidt process.

y′2 = x2 − (x2,y′
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(y′
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We normalize y′1, y′2 and y′3 next. Thus we get an orthonormal basis:
y1 = 1√

2
(1, 1, 0, 0), y2 = 1√

6
(−1, 1, 2, 0), y3 = 1

2
√

3
(1,−1, 1, 3).

(b) x1 = (1, 1, 0, 1), x2 = (1, 0, 2, 1), x3 = (1, 2,−2, 1). We find an orthogonal basis
{y′1, y′2, y′3} first. Let y′1 = (1, 1, 0, 0) and then we can start by the Gram-Schmidt
process.

y′2 = x2 − (x2,y′
1)

(y′
1,y′

1)
y′1 = (1, 0, 2, 1) − 2

3
(1, 1, 0, 1) = 1

3
(1,−2, 6, 1).

y′3 = x3− (x3,y′
2)

(y′
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y′2−
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1)

(y′
1,y′

1)
y′1 = (1, 2,−2, 1)+ 2

3
(1,−2, 6, 1)− 4

3
(1, 1, 0, 1) = (0, 0, 0, 0).

We normalize y′1, y′2 and y′3 next. Thus we get an orthonormal basis:
y1 = 1√

3
(1, 1, 0, 1), y2 = 1√

42
(1,−2, 6, 1).

3. First, we want to check if functions y0, y1, y2, ... are orthogonal to each other and
||yn|| = 1 for all n.

(a) ||y0|| = (
∫ π

0
1√
π
· 1√

π
dt)1/2 = ( 1

π
· t|π0 )1/2 = 11/2 = 1.

And for all n 6= 0,
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√
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And for n,m 6= 0,
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√
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(Since n and m are positive, first term is zero.)

= 0 , when n 6= m.

Thus, functions yo, y1, y2, ... form an orthonormal set. Since y0 = 1√
π
x0 and yn =

√
2
π
xn

for all n 6= 0, linear combination of x0, x1, x2, ... and linear combination of yo, y1, y2, ...
are the same. Hence yo, y1, y2, ... form an orthonormal set and span the same subspace
spanned by x0, x1, x2, ....

4. In the linear space of all real polynomials, let {z0, z1, z2} be the orthogonal basis for
the subspace L({x0, x1, x2}), obtained by the Gram-Schmidt process. Then

z0(t) = x0(t) = 1.

Since

(z0, z0) =

∫ 1

0
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∣∣∣∣1
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2
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we find that

z1(t) = x1(t) −
(x1, z0)

(z0, z0)
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2
.

Next, we use the relations
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to obtain
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Since

(z2, z2) =

∫ 1

0

(t2 − t +
1

6
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=

∫ 1

0
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4

3
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3
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=
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,

we normalize z0, z1 and z2 to obtain an orthonormal basis {y0, y1, y2}, where

y0(t) =
z0(t)

||z0||
= 1,

y1(t) =
z1(t)

||z1||
=
√

12(t − 1

2
) =

√
3(2t − 1),

y2(t) =
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=
√
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6
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√
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6
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√
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5. First we prove
∫∞

0
e−ttndt = n! by induction.

(i) When n = 0,
∫∞

0
e−tdt = −e−t|∞0 = −1(0 − 1) = 1 = 0!.

(ii) Assume for n = k,
∫∞

0
e−ttkdt = k!.

(iii) For n = k + 1,∫ ∞

0

e−ttk+1dt = −e−ttk+1|∞0 +

∫ ∞

0

e−t(k + 1)tndt

= (k + 1)k!

= (k + 1)!.

Now we compute y0(t), y1(t), y2(t) and y3(t).

(a) y0(t) = x0(t) = 1.

(b) y1(t) = x1(t) − (x1(t),y0(t))
(y0(t),y0(t))

y0(t). Since (x1(t), y0(t)) =
∫∞

0
e−ttdt = 1! = 1 and

(y0(t), y0(t)) =
∫∞

0
e−tdt = 0! = 1, we have y1(t) = t − 1

1
(1) = t − 1.

(c) y2(t) = x2(t) − (x2(t),y0(t))
(y0(t),y0(t))

y0(t) − (x2(t),y1(t))
(y1(t),y1(t))

y1(t). Since

(x2(t), y0(t)) =
∫∞

0
e−tt2dt = 2! = 2 and

(x2(t), y1(t)) =
∫∞

0
e−tt2(t− 1)dt =

∫∞
0

e−tt3dt−
∫∞

0
et(t2)dt = 3!− 2! = 6− 2 = 4

and
(y1(t), y1(t)) =

∫∞
0

e−t(t − 1)2dt =
∫∞

0
e−t(t2 − 2t + 1)dt = 2! − 2 + 1 = 1,

we have y2(t) = t2 − 2 − 4(t − 1) = t2 − 4t + 2.
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(d) y3(t) = x3(t) − (x3(t),y0(t))
(y0(t),y0(t))

y0 − (x3(t),y1(t))
(y1(t),y1(t))

y1(t) − (x3(t),y2(t))
(y2(t),y2(t))

y2(t). Since

(x3(t), y0(t)) =
∫∞

0
e−tt3dt = 3! = 6 and

(x3(t), y1(t)) =
∫∞

0
e−tt3(t − 1)dt =

∫∞
0

e−tt4dt −
∫∞

0
e−tt3dt = 4! − 3! = 18 and

(x3(t), y2(t)) =
∫∞

0
e−tt3(t2−4t+2)dt =

∫∞
0

e−tt5dt−4
∫∞

0
e−tt4dt+2

∫∞
0

e−tt3dt =
5! − 4 · 4! + 2 · 3! = 120 − 96 + 12 = 36 and
(y2(t), y2(t)) =

∫∞
0

e−t(t2 − 4t + 2)2dt =
∫∞

0
e−t(t4 − 8t3 + 20t2 − 16t + 4)dt =

4! − 8 · 3! + 20 · 2! − 16 + 4 = 4,
we have y3(t) = t3 − 6 − 18(t − 1) − 36

4
(t2 − 4t + 2) = t3 − 9t2 + 18t − 6 .
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