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10. Let V' denote the nonempty set of all rational functions f/g, with the degree of f <
the degree of g (including f = 0). Let z,y,z and w be four arbitrary elements in V'
and x = g—i,y = g—z,z = g—g,w = § where f, f1, f2, f3, 9, 91, 92, g3 are all polynomials .

Let a,b be two scalars. For simplicity, we define deg(h) as the degree of a polynomial

h. Now we show that V' is a linear space indeed.

(a) z4y = §—1+£—§ = %. Note that (g192) and (f1g2+ f2g1) are also polynomials,

and hence we denote them as ¢', f’ ;respectively. So x4y = Z;_:' Besides, deg(g') =

deg(g1) + deg(g2) and deg(f') < max(deg(f1) + deg(gz2), deg(f2) + deg(g1)). But
deg(f1) + deg(ga) < deg(g1) + deg(ge) deg(fz) + deg(g1) < deg(ge) + deg(gr1) =
deg(g1) + deg(gz), we have

deg(f’) maz(deg(f1) + deg(g2), deg(f2) + deg(g1))
maz(deg(g1) + deg(g2), deg(g1) + deg(gz))
= deg(g1) + deg(g2)

deg(g')

IA A

Thus, Axiom 1 holds.

(b) We find aw = a(£) = %L, But af is still a polynomial, so aw is a rational function.
Besides, deg(af) < deg(f) < deg(g) and hence Axiom 2 holds.
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So Axiom 3 holds.
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So Axiom 4 holds.

(e) We find the zero rational function 0 is in V' and is a zero element of V' since

w+0=§+02%:f—w Hence Axiom 5 holds.

(f) The rational function (—1)w = _— with deg(—f) = deg(f) < deg(g) is clearly in

V. Sincew—l—(—l)w:g—i—( 1)f—f—|— f fgf— = 0, Axiom 6 holds.

(g) a(bw) = a(bf) = abf — abf _ (ab)f = (ab)w Hence Axiom 7 holds.
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(b) a(z +y) = a(gl + 92) =an B = agt +al s =ag + a2 = axr+ ay. Hence

Axiom & holds.

(i) (a+bw = (a+b)§ = a+gb)f _ af;rf _ ?f_i_% .
Axiom 9 holds.

(j) lw= 1% = % = % = w. Hence Axiom 10 holds.
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17. Let V={f : |f(x)] < My for all z, M; depends on f}. Let f, fi, fa, f3 be four ar-
bitrary elements in V' and |f| < My, |fi] < My, |fo]l < My, |fs| < My, with
Mg, My, My,, My, > 0. Let a,b be two scalars. For clarity, we let the domain of this
function be X. Now we show that V is a linear space indeed.

(a) If we denote the sum of f; and f as f’ and the sum of My, and My, as My, then

/] |f1+ fo

|fil + | fo
Mf1 + Mf2
Mf/
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Thus, f"isin V and Axiom 1 holds.

(b) If we denote the product of f and a as f” and the product of My and |a| as M,
then || = |af] = |a||f| < |a|My = My .Hence Axiom 2 holds.

(c) (fi+f2)(x) = fi(z)+ fo(x) = folz) + fi(z) = (fo+ f1)(x). Hence Axiom 3 holds.
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(it )+ f3)@) = (fi+ L))+ f3(z)
fi(@) + f2(z) + f3(x)
fi(z) + (fa(2) + f3(z))
= fil@)+ (fo+ f3)(2)
= (fi+(fat f3))(2)

Hence Axiom 4 holds.

(e) The zero function 0 is in V since |0(z)| < 0 Va € X. Also, f(x)+0 = f(z), where
0 is the zero function. Hence Axiom 5 holds.

(f) The function (—1)f is clearly in V by (b). Since (f + (=1)f)(z) = f(x) +
(—1)f(x) = 0. Hence Axiom 6 holds.

(g) a(bf)(z) = a(bf(x)) = abf(x) = (ab) f(x). Hence Axiom 7 holds.

(W) a(fi+£2)(x) = a(fi(2) + fo(x)) = afi(2) +afo(z) = (afi+afs)(x). Hence Axiom
8 holds.

(i) £1<ald+ b)f)(x) = (a+b)f(x) = af(x) + bf(z) = (af + bf)(z). Hence Axiom 9

() (1f)(z) =1f(x) = f(z). Hence Axiom 10 holds.
20. Let V = {asinz + bcosz;a,b € R}.
(1) For ay,by,as and by € R,
(aysinz + by cosx) + (agsinx + by cosz) = (ay + az) sinaz + (by + be) cos z,

for all z € R. Thus (a; + a2)sinz + (by + be) cosz € V.

(2) For every r € R and asinz + bcosz € V, we have
r(asinz 4+ bcosx) = rasinz + rbcos x,

for all z € R. Thus r(asinx + bcosz) € V.

(3) (arsinx + bycosz) + (agsinx + bycosz) = (ay + ag)sinx + (by + by)cosx =
(ag + ay)sinx + (by + by) cosx = (agsinx + by cos x) + (a; sinz + by cos x), for all
z € R. Thus Axiom 3 holds.

(4) For aysinz + by cosx, agsinz + by cosx and agsinz + b cosx in V|

[(a1sinx + by cosx) + (azsinx + by cos )] + (ag sinz + bs cos )
= (a1 + ag)sinz + (by + by) cosx + (agsinx + bz cos )
= (a1 +as+az)sinz+ (by + by + bg)cosz, for allr € R
and
(aysinx + by cosx) + [(agsinx + by cos ) + (agsinx + bg cos )]
= (arsinz + by cosx) + (ag + a3) sinx + (be + b3) cosx
= (a1 +az+az)sine + (by + by +bg)cosz, forallz e R

The associative law for addition holds.



(5) Let O be the zero function, i.e. O(z) = 0 for all x € R, then O(z) = 0 -
sinx +0-cosz € V. For any asinz + becosz in V, (asinz + beosz) + O(z) =
asinx +bcoszr + 0 = asinx + becosz, Vr € R. Thus the zero function is a zero
element in V.

(6) For every asinxz + bcosz in V, (—1)(asinx + bcosx) is also in V by (2) and
(asinz+bcosz)+ (—1)(asinz +bcosx) = (a—a)sinx+ (b—b) cosx = O(z) for
all x € R. Thus Axiom 6 holds.

(7) Forr,s € Rand asinz+bcosx € V, r(s(asinz+bcosz)) = r(sasinz+sbcosz) =
rsasinx + rsbcosx = (rs)asinz + (rs)bcosx = (rs)(asinz + bcosx). The asso-
ciative law for multiplication by numbers holds.

(8) For (aysinz + by coszx) and (agsinz + bycosz) € V, and r € R,

r[(a sinx + by cos z) + (agsinx + by cos )]
= r[(a; + ag)sinx + (by + by) cos ]
(

aj; + ag)sinz + (b + be) cosx

I
~

(ray + rag) sinx + (rby + rbe) cosx
= (ra;sinx + rbycosx) + (ragsinx + rby cos )

= r(aysinx + by cosz) + r(agsinx + by cosz), Vo € R.

Thus the Axiom 8 holds.

(9) For r and s € R, asinx +bcosxz € V, (r+ s)(asinz + bcosx) = (r + s)asinx +
(r + s)bcosz = r(asinz + beosx) + s(asinx + beosx) Vo € R, thus Axiom 9
holds.

(10) For every asinx + bcosz € V, 1(asinx 4+ bcosz) = asinx + becosz Vx € R.

24. (d) If a = 0, there is nothing to prove. If a # 0, multiplying a=' to both sides of
ar = O, we have a 'ax = a'0. Using Theorem 3.3 (b), we have x = a lax =
a0 = 0.
(e) Because a # 0, we can multiply a~! to both sides of ax = ay to get a taxr = a tay.
Thus x = y.

(f) Adding the negative element of bx, —1(bx), to both sides of ax = bz, we have
ax — bx = bx — bx. The left hand side of the equality is equal to (a — b)x, and the
right hand side is equal to O, so we have (a — b)z = O. By (d), a — b = 0, hence
a=b.

r+y+(-z)+(-y) = z+(-2)+y+(—y) by Axiom 3
O + O, by Axiom 6
- 0,

hence —(z +y) = (—z) + (—y)
(h) i z+z=lr+le=(1+1)z =2z
. z4+z+or=(+a)+r=20+2=20+1r=(2+ 1)z = 3z.



iii. We prove the general case, > . | = nz, by mathematical induction.
For n =1, 1x = z is true.
We assume the equality holds for n = k, that is,

k

Zx:kx.

i=1
For the case n = k + 1,

k+1 k

Zx:(ZI)+x:kx+x:(k+1)x.

Hence the equality holds.

25. (a) Let V be the set of all functions f integrable on [0,1] such that fol f(z)dz = 0.
Let f, f1, fo and f3 be elements in V' and a and b be real numbers.

(1) Slncef0 fi(z) + fo(x dx—fofl d5(7+f0f2 x)dr =0+0=0,
fit+ foisin V.

(2) Since fol(af(x)) fo x)dr) =a0 =0, af isin V.

(3) Since (fi + f2)(z) = fi(z) + folz) = fo(z) + filz) = (fo + fi)(z) for all
x€[0,1], fi + fa= fo+ fr.

(4) Since (fi(z) + fo(2)) + fs(z) = fi(z) + fo(z) + f3(2) = fi(z) + (folz) + f3(2))
for all x € [0,1], (fi+ fo) + fs = fi+ (fa + f5).

(5) Let O(x) =0 for all z. Since fol O(z)dx =0, O(z) € V. Since f(xz)+O(x) =
f(x)4+ 0= f(z) forall x € [0,1], f+ O = f.

(6) By (2), (=1)f is in V. Since f(z) + (—=1)f(x) = 0 for all z € [0,1],
fH(=f=

(7) Since a(bf(x)) = abf(x) = (ab) f(z) for all z € [0,1], a(bf) = (ab)f.

(8) Since a(fi(z)+ fo(x)) = afi(z)+afo(z) for all z € [0,1], a(fi+fo) = afi+af.

(9) Since (a +b)f(z) =af(z)+bf(x) for all x € [0,1], (a+b)f =af + bf.
(10) Since 1f(z) = f(x) for all z € [0,1], 1f = f.

(b) Let V denote the nonempty set of all functions f integrable on [0,1] with fo x)dx >
0. Let a < 0 be a real number. And choose an f € V, e.g., f(x) = z, such that

fo x)dx > 0, then
1 1
/ af(x)dr = a/ f(z)dz < 0.
0 0



So, af ¢ V and Axiom 2 fails to hold. Then Axioms 6, 7, 8, 9, which relate to
the scalar multiplication, fail to hold.

(¢) Let V = {f(x); lim f(x) = 0}.

(10).

- If fi(z) and fo(x) € V, then xlg{.lo(fl + fo)(z) = mlggofl(x)+zlggof2(x) = 0+0,

thus fi(z) + fa(z) € V.

. :Elirgo(af)( x) = alimf(x) =a-0=0,thusaf(z) eV

. For fi(z) and fo(z) € V, fi(z) + fo(x) = fi(z) + fo(x) for all z in R.
- For fi(x), falw) and fs(z) € V, (fr(@)+fo(2))+ fs(x) = fi(2)+(fo(2)+ f5(2))

for all z in R. Thus Axiom 4 holds.

. Define O(x) = 0, for all z € R. Since lim O(x) = 0, O(z) is in V. Since

f(z)+ O(x) = f(z) + 0 = f(x) for any 3‘?53 €V, O(x) is a zero element in
V.

. For any f(z) € V, we have (—1)f(z) in V by (2). Since f(z)+ (—=1)f(z) =

f(z) — f(x) =0 = O(z), Axiom 6 holds.

. For every f in V, and all real numbers r and s, r(sf(x)) = (rs) f(z) for all =

in R. Thus Axiom 7 holds.

. Forall fy and foin V, and r € R, r(fi(x) + fo(z)) = rfi(x) + rfo(zx) for all

x in R, thus Axiom 8 holds.

. For all f € V and all real numbers r and s, we have (r+s) f(z) = rf(xz)+sf(x)

for all x in R. Thus Axiom 9 holds.
For all f € V| 1f(x) = f(x) for all z in R, thus Axiom 10 holds.

(d) Let fi, fo and f3 satisfy the linear second-order differential equation. In other
words, fI'+ P(z)f/+Q(x)f; =0, for i = 1, 2 and 3. Let a and b be real numbers.

(1)

(3)

(4)

Axiom 1.

Let g = f1 + fa.

Then g” + P(x)g' + Q(z)g

=+ 12)+(Pl)fi+ P(I)flé/) +
2

= (Q(x) fi + Q) f2)
= (fi + P(x) fi + Q(z) f1) + (fs + P( )

z)fo + Q) f2

Axiom 2.

Let g=af

Then ¢" + P(a)g + Q(x)g

=af’ +aP(z) '+ aQ(z)f

a(f"+ P(x)f' + ( ).f)

a0

=0.

Axiom 3.

Since (fy + f2)(2) = fi(x) + olx) = fola) + A1) = (o + fi)(a),
fit =+ h

Axiom 4.
Since (f1(x)+ f2(2)) + f3(x) = fi(2) + f2(2) + f3(2) = f1(@) + (f2(2) + f3(2)),
(fit+ fo) + fa=fi+ (f2+ f3).
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5) Axiom 5.
° Let O(z) be the zero function.Then O”(z) = O'(z) = O(z) = 0. Thus
0"+ P(x)0'+Q(z)O=04+0+0=0and O(x) is in V.
Since f(z) +0= f(x), f+0 = f.
(6) Axiom 6.
By(2), (—1)f isin V. Since f(z) + (=1)(f(z)) =0, f+ (-1)f =O.
(7) Axiom 7.
Since a(bf(x)) = abf(x) = (ab) f(x), a(bf) = (ab)f.
(8) Axiom 8.
Since a(fi(z) + f2(2)) = afi(z) + afz(z), alfi + f2) = afi + afs.
(9) Axiom 8.
Since (a +b)f(z) = af(x) + bf(z), (a+0b)f =af +bf.
(10) Axiom 10.
Since 1f(x) = f(x), 1f = f.



