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EE203001 Linear Algebra
Solutions to Homework #10  Spring Semester, 2003

Wen-Yao Chen, Chao-Chung Chang, Meng-Hua Chang, Chen-Wei Hsu.

Let {eq, e, ...,e,} be the standard basis of unit coordinate vectors in R". Since
the linear transformation 7" is the multiplication by a fixed scalar ¢, T'(e1) = c-eq,
T(ey) =c-eq, ..., T(e,) = c-e,. Thus the matrix representation of this linear
transformation relative to standard basis is

(¢ 00 0
0 c 0 0
00 c 0
(000 - ¢ |

T(3i — 45) = 3T(4) — AT(§) = (30 + 3§) — (81 — 45) = —5i + 7.
T%(3i — 4j) = T(T (36 — 45)) = T(—5% +75) = —5(i +§) +7(2i — j) = 94 — 125.
Since T'(¢1) = ¢ +j and T'(j) = 2% — j, the matrix representation of T" relative to
the standard basis {%,7} of R? is

1 2

1 -1

And T%(2) =T(T(2))=T(i+j) =1+37 +2i —j = 34,
T2(j) = T(T(§)) = T(2i — §) = (2i +25) — (26 — ) = 34.
The matrix representation of T relative to the standard basis {7,7} of R? is

)

. _ . _ . . s 61“1‘62 s 62_361
Since ey =4 —j and e; = 32 + 7, ¢ = <= and j = <>, Thus

—(61 + 62) + 2(62 - 361) o —761 + e9
4 4

T(er) = T(i—j) = (i+)—(2i—j) = —i+2j =

5(61 + 62) + 2(62 — 361) . —e1 + 762
4 B 4

T(e2) =T (3i+j) = 3(i+5)+(2t—j) = 5i+2j =

Hence the matrix representation of T' relative to basis {e;, es} of R? is

_r _1

4 4

1 T |
4 4



And

Te)) = T(T(—§)) = T(—i +2))
= —(i+7J)+2(2¢ —j)
— 35 -3
3(e1 + e2) — 3(ea — 3eq)
4

12 3
4 1 1,

T?*(eg) = T(T(3i+3)) =T(5i+2j)
= 5(i+7)+2(2—j)
= 9{+3j
9(e1 + e2) + 3(e2 — 3eq)
4

12
= —€y = 362.

4

Thus the matrix representation of 7% relative to the basis {e;, 2} of R? is
3 0
0 3|

Since T is a linear transform.

T(21 —3j) =2T(3) — 3T(j) = 2(1,0,1) — 3(—=1,0,1) = (5
Let T(v) = O, v = ati + bj in R?. Then a(1,0,1) + b(—1
=a—-b=0anda+b=0. =a=0,b=0.

Thus v = O is the only solution. Then the nullity = 0, and the rank = 2.

Since T'(i) = (1,0,1)" and T(§) = (—1,0,1)%, the matrix of T relative to the
1 -1

standard bases of R? and R*is | 0 0

1 1

77)
,0,1) = O.

Note that the null space of T is trivial. Then we can select any basis of R? as

B = {ey, ez}, says, e; = 4, ea = j. Then we let wy = T'(e;) =T(¢) = (1,0,1)" and

we =T(ex) =T(3) = (—1,0,1)". It is clear that {wy,ws} is a linearly independent

set. We then let w3 = (0,1,0)". Then B’ = {w, ws, w3} is a basis of R* and the
10

matrix representation of T relative to B and B"is [T]g_p = | 0 1

0 0

sinz) = cosz,

xrsinx) =sinx + x cos z,

- D(
D(cosz) = —sinz,
D(
D

rcosxw) = cosx — rsin,



D?*(sinz) = D(cosx) = —sinz,

D?*(cosz) = D(—sinz) = — cos,

D*(zsinz) = D(sinx + xcosx) = cosx + cosz — xsinz = 2cosx — rsinz,
D*(zcosx) = D(cosw — xsinz) = —sinz — sinx — xcosx = —2sinx —  cos .

The matrices of D and of D? relative to the given basis are

0 -1 1 0 1 0 0 -2
1 oo 1| fo 12 0
00 0 —1 0 0 -1 0
00 1 0 0 0 0 -1
18.
D(e**sin3z) = 2¢* sin3x + 3e** cos 3w,
D(e** cos3z) = 2e* cos3x — 3e*” sin 3r = —3e*” sin 3w + 2> cos 3z,
D?*(e*sin3z) = D(2e* sin3z + 3e* cos 3x)

2(2€** sin 3z + 3e** cos 3x) + 3(2€** cos 3w — 3e** sin 3x)
(=5)e* sin 3z + 12 cos 3,

D(2e** cos 3x — 3e** sin 3)

= 2(2e* cos 3z — 3¢* sin 3z) — 3(2€** sin 3z + 3¢ cos 3)

= (—12)e* sin 3z — 5¢* cos 3.

D?(e** cos 3)

The matrices representations of D and of D? relative to the given bases are

2 -3\ (-5 12
3 2 ) ™M1 5/
19. Let B = {1,z, 2% 23}.
(a).

T(1) =0, 000
T(z) =z, : 010
T(22) = 242, = the matrix representaions of 7" relative to B is 00 2
T (%) = 323, 000
DT (1) = D(0) =0,
(b) DT(x) =D(z) =1,
" DT(2%) = D(22?%) = 4z,
DT (z3) = D(3z%) = 92
0100
. 0040
= the matrix representations of 7" relative to B is 000 9
0000
TD(1)=T(0) =0,
() TD(x)=T(1) =0,
TD(x?) = T(2z) = 2,
TD(x3) = T(3z%) = 622

w o oo



o O O

= the matrix representaion of 7" relative to B is

o O OO
S o N O

(TD — DT)(1) = 0,
(TD — DT)(z) = —1,
(ITD — DT)(2?) = —2x,
(TD — DT)(x®) = —3z%. Thus the matrix represention of (T'D — DT) relative to
0 -1 0 0
.10 0 -2 0
Bislo 0 o -3
0 0 0 O
T%(1) = T(0) =0,
(e) T2(37) =T(x) =,
COT?(2?) = T(22%) = 422,
T?*(23) = T(3x3) = 92°.
000
. . . . 010
= the matrix representation of 7" relative to B is 00 4
000
(f).
D*(1) =0, T%(1) =0,
D?*(x) =0, T?(x) = ,
Da?) =2, MY 72(2) = 402,
D?*(z?) = 6x T?(x3) = 923,
T2D*(1) = T%*(0) =0, D*T?(1) (
N T2D*(z) = T?%(0) = 0, d D*T?(z) = D*(
T2D%(2?) =T2(2) =0, ¢\ DT?(a?) = D?
T?D?(x3) = T?(6z) = 6. D?*T?(23) = D?
(T2D? — D?T?)(1) = 0,
_ ) (1PDE - D21 (@) = 0,
(T2D? — D*T?)(2?) = -8,
(T?D? — D?T?)(2®) = 6z — Hdxr = —48x

Thus the matrix representation of T2 D?—D?T? relative to B is

01 a b
2. LetA—[O Q}andB—[c d]'

01 a b
(a) Because AB = O, we have AB = {O 2} [C d} —[

c
2c

o o O O

o O OO

o O OO
o O OO



Hence ¢ = d = 0 and a, b are two arbitrary numbers. So B = [ g (b) } with a
and b arbitrary.
B _la b 01 |0 a+20| |00
(b) Because BA = O, we have BA = [ . d} {0 21 = {0 c+2d] = {O 0].
Hence a = —2b and ¢ = —2d for two arbitrary numbers ¢ and d. So B =
{ :;z Z } with b and d arbitrary.
(1 2 2 4 1 1 -2 9 3
4. (a) GivenA= |2 1 2 |andB=| -4 2 —4 |. Wehave AB=| 6 8 4
|1 23 1 2 1 -1 11 4
[ 7 11 13 [ -9 —2 —10
and BA=|0 —6 —4 |. Thus AB— BA = 6 14 8
| 6 6 9 | -7 5 =5
cosf) —sind : n | cosnf —sinnd .
7. Let A = [ sinfd  cosf ], we claim that A" = { sinnd  cosnd | We prove it by
induction:
cosf —sin€ | . .
(a) Whenn =1, A= [ <0 cosd } is given.
- | cosk® —sinkf
(b) Assume for n =k, A" = [ sinkl  cos ko
(c¢) For n =k + 1, we have
Ak+1 — AkA
[ cosk® —sinkf cosf —sind
~ | sinkf coskf sinf  cosf

[ cos k@ cos @ — sin k@ sin 6
| sin k6 cos @ + cos kO sin 6

[ cos(k+1)0 —sin(k+1)0

—cos kfsin§ — sin k6 cos 0
—sin kfsin 0 + cos k6 cos 0

| sin(k+1)0  cos(k+1)0
9 | cos20 —sin20 n | cosnf —sinnf
Therefore, A% = [ sin26  cos 260 and A" = sinnf  cosnd

1 0
-1 1

1 0

9. LetA:[
-n 1

} . We claim that A" = {

(a) When n =1, we have A = [ _11 (1) } as given.
1 0 ]

(b) Assume for n = k, AF = [ k1

} . We prove it by induction.



(c) For n =k + 1, we have

AR = Ak A
SR
- [—(k1+1) (1)}

1 0 2-1 0 10 10
T 42 A
fuus, _{—2 1]_[—2 2—1]_2[—11] [0 1} 2A-1

1 0
100 _
and A —[_100 1]



