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A nervous system consists of a large number of highly interconnected
nerve cells. Nerve cells communicate by generation and transmission of
short electrical pulses (action potential). In addition, membrane voltage
is the only measurable state in nervous systems. A robust observer-based
model reference tracking control is proposed for Hodgkin-Huxley (HH)
neuron systems to generate a desired reference response in spite of en-
vironmental noises, uncertain initial values, and diffusion currents from
other interconnected nerve cells. In order to simplify the robust track-
ing control design of nonlinear stochastic HH neuron systems, a fuzzy
interpolation method is employed to interpolate several linear stochastic
systems to approximate a nonlinear stochastic HH neuron system so that
the nonlinear robust tracking control problem can be solved by the lin-
ear matrix inequality (LMI) technique with the help of Robust Control
Toolbox in Matlab. The proposed robust observer-based tracking control
scheme can provide new methods for desired action potential generation,
suppression of oscillations, and blockage of action potential transmission
under environmental noise and diffusion currents. These new methods
are useful for patients with different neuron system dysfunctions. Fi-
nally, three simulation examples of tracking control of nervous systems
are given to illustrate the design procedure and confirm the tracking per-
formance of the proposed method.

1 Introduction

In nervous systems, a large number of nerve cells are highly interconnected
to compute and communicate by generation and transmission of electri-
cal action potentials (APs) (Kandel, Schwartz, & Jessell, 2000; Rulkov &
Bazhenov, 2008). In nerve cells, separation of ionic charge along the cell
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membrane causes a difference in electrical potential across the cell mem-
brane. From the dendrites of other nerve cells, nerve cells receive electrical
input signals. Depending on the spatiotemporal distribution of the input
current that depolarizes the membrane voltage, a firing threshold can be
reached after sufficient membrane voltage depolarization, Then an action
potential is triggered. Regulation of this membrane potential by control of
ionic channels is one of the most important cellular functions.

Action potentials are electrical transient deflections of the membrane
voltage from its resting value at electrochemical equilibrium. Action po-
tential is generated at the initial segment of the nerve cell’s output branch,
called the axon, and propagates to the synaptic contacts at the end of the
axon, where the cell communicates with other cells. Two types of synapses
exist: gap junctions, which allow direct and fast communication between
cells by means of direct ionic current flow, and chemical synapses, where
presynaptic action potential triggers the excretion of neurotransmitters, that
is, chemical messengers. These in turn directly or indirectly open ion chan-
nels in the postsynaptic neuron, generating an electrical signal (Frohlich &
Jezernik, 2005). The HH dynamic equations represent a phenomenological
model of action potential generation in nerve cells as a function of a given
current stimulus (Keener & Sneyd, 1998). Electrical stimulation of nerve
cells with rectangular current pulses has a range of clinical applications,
for example, activation of muscles by stimulating the motor nerve cells’
fibers that innervate muscles or activation of different sensor-motor areas
in the brain or spinal cord, such as deep brain stimulation for Parkinson
patients (Chakravarthy, Sabesan, Tsakalis, & Iasemidis, 2009; Chakravarthy,
Tsakalis, Sabesan, & Iasemidis, 2009; Chiu & Bardakjian, 2004; Frohlich &
Jezernik, 2005).

From the perspective of biochemical engineering, control of input current
pulses is expected to lead to improvements in existing functional electri-
cal stimulation schemes. Possible applications of neuron control schemes
include blocking of nerve cell firing, control of neural oscillation, and neu-
romodulation (Frohlich & Jezernik, 2005). In general, a feedforward stim-
ulation scheme (open-loop delivery of current pulses) cannot be used to
control the time course of state variables that describe nerve cell dynam-
ics. Direct control of the physiological state of nerve cells allows this and
offers new means of control and modulation of response characteristics of
neural circuits. This represents a new conceptual approach to nerve cell
stimulation (Frohlich & Jezernik, 2005). Because of the nonlinearity and en-
vironmental noises inherent in HH neuron systems, some advanced control
algorithms are required for control design to allow a desired time response
of biophysical state variables. A feedforward and feedback control scheme
has been introduced to annihilate neural oscillations (Frohlich & Jezernik,
2004). Further, an optimal controller for sodium activation and inactiva-
tion was combined with a state feedback controller to achieve time course
control of the opening and closing of ion channels in nerve cell mem-
branes (Aguilar-Lopez & Martinez-Guerra, 2008; Chakravarthy, Sabesan
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et al., 2009; Chakravarthy, Tsakalis et al., 2009; Frohlich & Jezernik, 2005).
Model predictive control (MPC) was applied as an optimal control scheme,
and membrane voltage was used as the control signal. In the cascaded
control scheme in the aforementioned study, the output of the MPC block
constituted the input to the state feedback controller, which computed the
required current to be injected into the cell.

In this study, in order to mimic a nerve cell interacting with biological
tissue, the uncertainties and noises are considered in an HH neuron model
as stochastic disturbance. The noise-enhancing ability of the stochastic HH
neuron model has been studied (Chen & Li, 2010). In addition, membrane
voltage is the only measurable state of an HH neuron model in practice.
Thus, a state observer (Chen & You, 1987; Li & Tseng, 2008; Scherer, Gahinet,
Chilali, 1997; Tseng, 2008; Tseng & Chen, 2009; Tseng & Hwang, 2007) is
employed for state estimation to control the neuron system from membrane
voltage. In this study, the desired reference signals to be tracked by action
potentials are generated by a reference model, in which not only the desired
steady state but also the transient state of membrane voltage of the neuron
system is specified beforehand. Further, despite the external disturbance
and nonlinear couplings among neuron systems, a robust H∞ tracking con-
trol design is proposed to achieve a desired reference tracking. Therefore,
unlike the robust stabilization design problem in the previous study (Chen,
Tseng, & Uang, 1999), the reference model is also considered in this study
for robust reference tracking in the H∞ control design procedure. Then an
H∞ observer-based model reference control is developed for the nonlin-
ear stochastic HH neuron system to track a desired reference response in
spite of environmental disturbance, coupling among neuron systems, and
uncertain initial values, which are considered external disturbances.

In this study, the worst-case effect of these external disturbances on the
tracking error and observation error should be minimized by a robust de-
centralized H∞ observer-based tracking control design. This control needs
to solve a nonlinear Hamilton Jacobi inequality (HJI), for which there is no
analytic or numerical solution at present. The Takagi-Sugeno (T-S) fuzzy
model (Takagi & Sugeno, 1985) has been widely employed recently to in-
terpolate several linear systems around some operation points to efficiently
approximate a nonlinear system. Under these circumstances, a stochastic
T-S fuzzy model is introduced to approximate the nonlinear stochastic HH
neuron system to simplify the design procedure of the H∞ observer-based
model reference tracking control. Based on the stochastic T-S fuzzy system,
the H∞ reference tracking control of the nonlinear stochastic HH neuron
system can be simplified to solving a set of LMIs, which can be efficiently
solved using the Robust Control Toolbox in Matlab.

The remainder of this letter is organized as follows. First, a nonlinear
stochastic HH model is introduced for a neuron system under stochastic
environmental disturbances. Then a robust H∞ model reference tracking
control design is proposed for a nonlinear stochastic HH neuron system
to efficiently track a desired reference response generated by a reference
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model. Next, a nonlinear T-S fuzzy observer-based model is employed
to approximate the nonlinear stochastic HH neuron system and simplify
the H∞ observer-based model reference tracking control design by solving
a set of LMIs rather than solving a nonlinear HJI, as in the previous case.
Finally, a computational simulation example is given to illustrate the design
procedure and confirm the tracking performance of the proposed observer-
based control method.

2 Methods

2.1 Stochastic HH Neuron Model in Single Compartment. In neuron
systems, the HH dynamic model comprises four coupled nonlinear differ-
ential equations describing the temporal evolution of the membrane voltage
V(t) under an externally applied current Ia pp(t) in a spatially localized ax-
onal compartment. In the HH dynamic equation, equivalent electric ionic
currents flow across the nerve cell membrane. The total current is the sum
of a capacitive current (capacitance Cm), sodium and potassium currents,
a leakage current, and the externally injected current (Ia pp(t)), as follows
(Hodgkin & Huxley, 1952):

Cm
dV (t)

dt
= G Na m3(t)h(t)(VNa − V(t)) + G K n4(t)(VK − V(t))

+ GL (VL − V(t)) + Ia pp(t) (2.1)

dm(t)
dt

= αm(V)(1 − m(t)) − βm(V)m(t) (2.2)

dh(t)
dt

= αh(V)(1 − h(t)) − βh(V)h(t) (2.3)

dn(t)
dt

= αn(V)(1 − n(t)) − βn(V)n(t) (2.4)

Y(t) = cV(t). (2.5)

The current formed by the flow of potassium ions is determined by
a maximum potassium conductance Gk , an ionic battery Vk expressing
steady-state potassium ion separation, and activation n(t) describing the
dynamics of potassium channel opening. Similarly, sodium ion current is
modeled with a maximal sodium conductance G Na , an ionic battery VNa ,
and activation and inactivation variables, m(t) and h(t), which describe
the states of the voltage-dependent sodium channels. The remaining ion
currents are collectively modeled by a leakage current with conductance
GL and ionic battery VL . Furthermore, a capacitive current is included
since the cell membrane efficiently separates charges like a capacitor with
capacitance Cm. Here Y(t) denotes the measurement signal of V(t) with scale
c. The activation, n(t) and m(t), and inactivation, h(t), of ion channels are



Robust Tracking Control of Noisy Hodgkin-Huxley Neuron Systems 3147

continuous variables that describe the macroscopic behavior of all channels
of a given type in the membrane patch considered (Koch, 1999). In the
HH neuron system of equation 2.1, it is assumed that the Na+ ion channel
consists of three m gates and one h gate, each of which can be either closed
or open forms of the gates, which operate independently. Then the fraction
of the open Na+ ion channel is m3(t)h(t), where m(t) and h(t) obey the
equation of the two-state channel model. Similarly, if there are four n gates
per potassium channel, all of which must be open for potassium to flow,
then the fraction of the open K+ ion channel is n4(t). The individual channels
in equations 2.2 to 2.4 can be described by binary stochastic variables that
assume either a closed or open state. Potassium activation n(t), sodium
activation m(t), and sodium inactivation h(t) are state variables that take
on continuous values between zero and one, representing the fraction of
channels in the corresponding state. The specific functions α(V) and β(V)
proposed by Hodgkin and Huxley (1952) are

αm(V) = 2.5 − 0.1V(t)
e (2.5−01V(t)) − 1

, βm(V) = 4e−V(t)/18

αh(V) = 0.07e−V(t)/20, βh(V) = 1
e (3−0.1V(t)) + 1

(2.6)

αn(V) = 0.1 − 0.01V(t)
e (1−0.1V(t)) − 1

, βn(V) = 0.125e−V(t)/80.

The remaining constants are

G Nc = 120 mS/cm2, Gk = 36 mS/cm2, GL = 0.3 mS/cm, (2.7)

with the equilibrium potential VNa = 115 mV, VK = −12 mV, and VL =
10.613 mV.

However, the noises in neurons originate not only from the input stim-
ulation but also from activation and inactivation of sodium and potassium
currents through nanoscale sodium and potassium ionic channels, respec-
tively. In this study, in order to mimic realistic nerve cell dynamics, a more
general nonlinear stochastic model is introduced for stochastic HH neuron
systems with noises in input stimulation, activation, and inactivation of
sodium and potassium ionic channels as follows.

Cm
dV(t)

dt
= G Na m3(t)h(t)(VNa − V(t)) + G K n4(t)(VK − V(t))

+ GL (VL − V(t)) + Ia pp(t) + σ1w1(t) (2.8)

dm(t)
dt

= αm(V)(1 − m(t)) − βm(V)m(t) + σ2w2(t) (2.9)
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dh(t)
dt

=αh(V)(1 − h(t)) − βh(V)h(t) + σ3w3(t) (2.10)

dn(t)
dt

=αn(V)(1 − n(t)) − βn(V)n(t) + σ4w4(t) (2.11)

Y(t) = cV(t) + ζ (t), (2.12)

where w1(t) denotes the noise in input stimulation and may include the
couplings from other neuron systems, w4(t) denotes the activation noise
in the potassium ionic channel, and w2(t) and w3(t) are the activation
noise and inactivation noise of the sodium ionic channel, respectively. We
consider synaptic noise as gaussian, zero-mean white noise with auto-
correlation 〈(σ1w1(t))(σ1w1(s))〉 =: E{(σ1w1(t))(σ1w1(s)} = σ 2

1 δ(t − s), where
δ is the Dirac impulse function. In this study, the variances σ 2

1 of white
noises are uncertain or unavailable. In addition, channel noises w2(t),
w3(t), and w4(t) are considered as independent, zero-mean, gaussian
stochastic processes with autocorrelations given by (Fox & Lu, 1994; Zeng
& Jung, 2004) 〈w2(t)w2(s)〉 = (2/NNa ){[αm(V)(1 − m(t)) + βmm(t)]/2}δ(t −
s), 〈w3(t)w3(s)〉 = (2/NNa ){[αh(V)(1 − h(t)) + βhh(t)]/2}δ(t − s), and 〈w4(t)
w4(s)〉 = (2/NK ){[αn(V)(1 − n(t)) + βnn(t)]/2}δ(t − s), respectively, where
NNa and NK denote the total numbers of sodium and potassium channels,
respectively. The number of sodium ion channels, NNa , is kept propor-
tional, NNa = 60(NK /18), to the number of potassium ion channels (Schmid,
Goychuik, Änggi, Zeng, & Jung, 2004). In the following numerical simula-
tions, we also set NK = 10. In our stochastic model, the parameter σi allows
us to take into account the intensity of random fluctuation. ζ (t) in (equa-
tion 2.12) denotes the measurement noise. Suppose (V∗, m∗, h∗, n∗) is the
equilibrium point of interest. Let us denote

X(t) = [V(t)m(t)h(t)n(t)]T, X∗ = [V∗ m∗ h∗ n∗]T,

D = blkdiag(σ1, σ2, σ3, σ4),

W(t) = [w1(t)w2(t)w3(t)w4(t)]T, B = [1/Cm 0 0 0]T,

C = [c 0 0 0], (2.13)

u(t) = Iapp(t)

and F (X) includes the nonlinear terms of equations 2.8 to 2.11:

F (X)

=

⎡
⎢⎢⎢⎣

G Na m3(t)h(t)(VNa − V(t)) + G K n4(t)(VK − V(t)) + GL (VL − V(t))
αm(V(t))(1 − m(t)) − βm(V(t))m(t)
αh(V(t))(1 − h(t)) − βh(V(t))h(t)
αn(V(t))(1 − n(t)) − βn(V(t))n(t).

⎤
⎥⎥⎥⎦ .
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blkdiag(a,b) denotes block diagonal matrix of a and b, that is,

blkdiag(a, b) =
[

a 0
0 b

]
.

Then the stochastic HH neuron systems in equations 2.8 to 2.12 can be
represented by

Ẋ(t) = F (X) + Bu(t) + DW(t) (2.14)

Y(t) = C X(t) + ζ (t). (2.15)

For convenience in the control design of the nonlinear stochastic system,
the origin of the stochastic HH system in equations 2.14 and 2.15 is shifted
to the equilibrium X∗, that is, X(t) = x(t) + X∗. Then we get

ẋ(t) = F (x + X∗) + Bu(t) + DW(t) (2.16)

y(t) = Cx(t) + ζ (t), (2.17)

where y(t) = Y(t) − C X∗. Under these circumstances, the equilibrium point
of interest in the nonlinear stochastic HH neuron system in equation 2.16 is
at the origin, which simplifies the control design procedure.

Remark 1. If multiple states are simultaneously measurable, C and y(t) can
be extended to a matrix and a vector, respectively. In this study, we supposed
that only first state, membrane voltage, is measurable. Thus, in this study
C and y(t) are a vector and a scalar, respectively. The same principle can be
applied to the input control term Bu(t).

2.2 Stochastic HH Neuron Model in Multicompartment. The original
stochastic HH model given in equations 2.16 and 2.17 describes the tempo-
ral stochastic dynamics and the measurement output of a space-clamped
axon where no spatial dynamics occur. In a more realistic model, for ex-
ample, the spatial spread of an action potential along the axon has to be
considered. Action potentials propagate along the axon by currents that
excite neighboring regions. In the most general case, the dynamics of the
membrane voltage as a function of time and space is described by a par-
tial differential equation in the form of a reaction-diffusion equation (Koch,
1999). Instead of numerically solving this equation for the axon in neuron
system, the usual approach is to divide the axon into discrete compartments
(see Figure 1), which model the regeneration sites of the action potential
(McNeal, 1976). At these sites (nodes of Ranvier) the axon is in direct contact
with its extracellular environment, and the nodal currents can be modeled
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Figure 1: Fuzzy approximation of HH neuron model in constant currents
I = 1 μA/cm2 and I = 11 μA/cm2 and the repression performance of action
potential and repetitive spiking by the proposed H∞ tracking control design.
Fuzzy approximations of the HH neuron system constantly stimulated by cur-
rents I = 1 μA/cm2 and I = 11 μA/cm2 are shown in A and B with their respec-
tive root mean square (RMS), respectively. By using the robust H∞ observer-
based tracking control method, the stochastic HH neuron system can efficiently
track to the reference (dashed line) at different noise levels, σ1 = 1 (C and E)
and σ1 = 10 (D and F). The simulations (solid lines) in C–F show 10 trials under
random initial values. Obviously the effect of fuzzy approximation errors in A
and B can be efficiently attenuated by the robust H∞ tracking controller so that
a satisfactory tracking performance can be obtained to achieve good repression
of action potential and repetitive spiking in the HH neuron system in C–F.

together by coupling conductivity. The total diffusion current flowing into
a given compartment i can be approximated by (Frohlich & Jezernik, 2005),

Ii (t) =
⎧⎨
⎩

Ga ,i (Vi+1(t) − Vi (t)), if i = 1
Ga ,i (Vi−1(t) − Vi (t)), if i = L ,

Ga ,i (Vi−1(t) − 2Vi (t) + Vi+1(t)), otherwise
(2.18)
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where Ga ,i and L denote the coupling conductivity at each compartment
and the total number of compartments, respectively, and Vi−1(t), Vi (t), and
Vi+1(t) are the membrane voltages at the corresponding compartments.
Since the diffusion currents from the neighboring compartments are not
easily measured, for the convenience of design, they can be considered as
external disturbances, and their effects should be attenuated in the tracking
control process of the ith compartment, that is, the decentralized tracking
control is considered for each compartment, and the effect of other com-
partments or interconnections is considered as an external disturbance.

Therefore, for the ith compartment Si , the stochastic HH neuron system
in equations 2.16 and 2.17 is modified as

ẋi (t) = F i (xi + X∗
i ) + Bi ui (t) + Di di (t) for i = 1, . . . , L (2.19)

y
i
(t) = Ci xi (t) + ζ

i
(t), (2.20)

where the external disturbance di (t) = [w1(t) + Ii (t)/σ1 w2(t) w3(t) w4(t)]T ,
in which the diffusion current Ii (t) from the neighboring compartments is
defined in equation 2.18. Equations 2.19 and 2.20 in L compartments can be
further augmented as

ẋ(t) = F (x + X∗) + Bu(t) + Dd(t) (2.21)

y(t) = Cx(t) + ζ (t), (2.22)

respectively, where x(t) = (xi (t))L×1, F (·) = (F i (·))L×1, X∗ = (X∗
i )L×1, B =

(Bi )L×1, u(t) = (ui (t))L×1, d(t) = (di (t))L×1, y(t) = (y
i
(t))L×1, ζ (t) = (ζ

i
(t))L×1

and C = blkdiag(C1, . . . , C L ).

Remark 2. If C1 = · · · C L = [1/L 0 0 0]T, the measurement y(t) can be seen
as an extracellular recording of voltage signals in L compartments of neuron
system in patients.

In this study, the observer-based control design is used to test the appli-
cability of the control schemes to achieve a desired reference response. The
spatial propagation of APs aims to track a desired reference signal at each
compartment under both environmental noise and uncertain initial values.
One possible application of this control at a compartment is the blocking of
AP propagation (Frohlich & Jezernik, 2005).

2.3 Robust State Feedback Tracking Control of Membrane Potential.
Suppose the desired reference response is generated by the following ref-
erence model:

ẋr (t) = Ar xr (t) + r (t) ∀xr (t), r (t) ∈ 	4L×1, Ar ∈ 	4L×4L , (2.23)

where xir (t) = [Vir (t) mir (t) hir (t) nir (t)]T and xr (t) = (xir (t))L×1. xr (t) and r (t)
denote the desired reference response and the reference input to generate
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the desired reference signal, respectively. The transient level behavior of
xr (t) is characterized by the system matrix Ar , and the desired steady state is
characterized by xrs(t) = −A−1

r r (t). The desired steady-state behavior xrs(t)
is mainly determined by r (t) with some scaling of Ar . If desired, the reference
signal xr (t) to be tracked by the neuron system should be generated by
the reference model through adequate selection of Ar and r (t) with the
help of computer simulation (Åström & Wittenmark, 1995). This kind of
control design to track a desired reference signal generated by a reference
model specified by users beforehand is called the reference model tracking
control (Åström & Wittenmark, 1995). If the reference signal is generated
by a nonlinear reference model, then equation 2.23 is modified as ẋr (t) =
fr (xr ) + r (t) for some nonlinear function fr (xr ).

Then our control target is to design the control input u(t) (or Ia pp(t)) in
equation 2.19 so that the state variables in that equation can track the desired
reference signal xr (t) in equation 23 as well as possible in spite of the external
disturbances d(t), measurement noises ζ (t), uncertain initial values x(0), and
arbitrary reference signals r (t), that is, the control u(t) is designed such that
the tracking error x̃(t) = x(t) − xr (t) must be as small as possible under
the influence of environmental noises, measurement noises, and uncertain
initial values. Since the state variables are unavailable for feedback tracking
control, the state variables have to be estimated u(t) = k(x̂(t) − xr (t)) for
feedback tracking control. Suppose the following decentralized observer-
based control with y(t) as input and u(t) as output is proposed for robust
H∞ tracking control,

˙̂x(t) = F (x̂) + Bu(t) + g(x̂(t))(y(t) − Cx̂(t))
u(t) = k(x̂(t) − xr (t)),

∀x̂(t), k(·), g(·) ∈ 	4L×1

(2.24)

where the observer gain g(x̂(t)) is to be specified so that the estimation error
e(t) = x(t) − x̂(t) can be as small as possible and control gain, k(x̂(t) − xr (t)),
is to be specified so that the system states x(t) can come close to a desired
reference response xr (t).

Since the statistics of external noises are uncertain and the reference input
r (t) can be arbitrarily assigned by users, the robust tracking control design
should be specified so that the effect of d(t), ζ (t), and r (t) on the tracking
error x̃(t) must be below the prescribed level ρ2 as follows:

E
∫ ∞

o x̃T (t)Q1 x̃(t) + eT (t)Q2e(t) dt

E
∫ ∞

o dT (t)d(t) + ζ T (t)ζ (t) + r T (t)r (t) dt
≤ ρ2, or

E
∫ ∞

o
x̃T (t)Q1 x̃(t) + eT (t)Q2e(t) dt ≤ ρ2E

∫ ∞

o
dT (t) d(t)

+ ζ T (t)ζ (t) + r T (t)r (t) dt,

(2.25)
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where the weighting matrices Q1 and Q2 are the symmetric weighting
matrices that make the trade-off of punishment between tracking error and
estimation error in the robust tracking design and Q1, Q2 ∈ 	4L×4L . The
physical meaning of equation 2.25 is that the effect of all possible d(t), ζ (t),
and r (t) on the tracking error x̃(t) and estimation error e(t) should be less
than a prescribed level ρ2 for each compartment of neuron system from
the point of view of average energy, that is, ρ is the upper bound of the
disturbance attenuation level of the neuron system.

Remark 3. The tracking control design idea is the same as model reference
adaptive control (MRAC; Åström & Wittenmark, 1995). The desired time
response in equation 2.23 is the model reference in Åström and Wittenmark.
The difficulty of the model reference control design for stochastic HH neu-
ron systems is that these systems are nonlinear stochastic, and the statistics
of environmental noises and measurement noises are always uncertain.
Further, the diffusion currents from other compartments are considered
external disturbances to be attenuated. Therefore, the nonlinear H∞ track-
ing control design in equation 2.25 is employed to deal with the nonlinear
stochastic tracking problem of neuron systems from the decentralized de-
sign point of view. The merit of decentralized tracking control is that we
consider only the coupling diffusion currents in equation 2.18 as external,
noises, and the H∞ tracking control design can efficiently eliminate the ef-
fect of the coupling diffusion currents and other noises through minimizing
the attenuation level ρ in equation 2.25. On the other hand, if the central-
ized tracking control design is considered, then the state-space models of all
compartments need to be augmented together for control design through
the coupling diffusion currents in equation 2.18. This increases the complex-
ity of the design procedure of the nonlinear stochastic tracking problem,
especially when the number of compartments increases.

Let us denote the augmented vector x̄ = [e(t) x(t) xr (t)]T. Then we get
the following augmented stochastic system as

˙̄x(t) = F̄ (x̄) + D W(t) (2.26)

where

F̄ (x̄) =

⎡
⎢⎣

F (x + X∗) − F (x̂) + g(x̂(t))C(x̂(t) − x(t))

F (x + X∗) + Bk(x̂(t) − xr (t))

Ar xr (t)

⎤
⎥⎦ ,

D = blkdiag(0, D, 0) ∈ 	12L×(8L+1), and W(t) = [ζ (t) d(t) r (t)]T ∈ 	(8L+1)×1.
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The robust H∞ stochastic tracking performance in equation 2.25 can be
represented by

E
∫ ∞

o x̄T (t)Q̄x̄(t) dt

E
∫ ∞

o W̄T (t)W̄(t) dt
≤ ρ2 or

E
∫ ∞

o
x̄T (t)Q̄x̄(t) dt ≤ ρ2E

∫ ∞

o
W̄T (t)W̄(t) dt, (2.27)

where

Q̄ =

⎡
⎢⎣

Q2 0 0

0 Q1 −Q1

0 −Q1 Q1

⎤
⎥⎦ ∈ 	12L×12L .

The physical meaning is that the effect of all possible W̄ on the x̄(t) is
bounded by ρ2 from the mean average point of view. If the uncertainty of
initial condition x̄(0) is also considered in equation 2.27, then the inequality
in that equation should be modified as follows (Boyd, 1994; Tseng & Chen,
2001):

E
∫ ∞

o
x̄T (t)Q̄x̄(t) dt ≤ E�(x̄(0)) + ρ2E

∫ ∞

o
W̄T (t)W̄(t) dt, (2.28)

for some positive function �(x̄(t)). Then we get the following result:

Proposition 1. If we can specify the control gain k(x̂(t) − xr (t)) and observer
gain g(x̂(t)) in the observer-based control law in equation 2.24 for the stochastic
HH neuron system in equations 2.19 and 2.20, such that the following HJI has a
positive solution �(x̄(t)) > 0,

x̄T (t)Q̄x̄(t) +
(

∂�(x̄(t))
∂ x̄(t)

)T

F̄ (x̄)

+ 1
4ρ2

(
∂�(x̄(t))

∂ x̄(t)

)T

DD
T ∂�(x̄(t))

∂ x̄(t)
≤ 0, (2.29)

then the robust H∞ tracking control design for the stochastic HH neuron system
with a prescribed attenuation level ρ2 is achieved.

Proof. See appendix A.

If an optimal H∞ tracking control for the stochastic HH system is designed,
the upper bound of the attenuation level ρ should be as small as possible
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to achieve the real disturbance attenuation level ρ0 of the neuron system.
In this case, we should specify g(x̂(t)) and k(x̂(t) − xr (t)) in equation 2.29 to
minimize ρ2 as follows:

ρ2
0 = min

g(x̂(t)),k(x̂(t)−xr (t))
ρ2

Subject to equation 2.29, �(x̄(t)) > 0.
(2.30)

At present, no analytical or numerical solution exists to solve HJI in
equation 2.29 or 2.30 for the tracking control problem except in very simple
cases. In order to simplify the design procedure of the robust H∞ tracking
control problem for nonlinear stochastic HH neuron systems, the fuzzy
interpolation method is employed to solve this design problem efficiently
in the next section.

2.4 Robust H∞ Observer-Based Tracking Control of a Stochastic HH
System via the Fuzzy Interpolation Method. The stochastic HH neuron
model with multicompartments in equations 2.18 to 2.20 is a nonlinear
interconnected stochastic system. We use the decentralized observer-based
tracking control design in equation 2.24 to achieve a desired model reference
based on robust H∞ tracking performance (see equation 2.27). However, the
design needs to solve a very complicated HJI in equation 2.29 or 2.30. Re-
cently, the T-S fuzzy model has been an efficient method to approximate
a nonlinear system by interpolating several linear systems at several oper-
ation points (Buckley, 1992; Chen et al., 1999; Chen, Tseng, & Uang, 2000;
Hwang & Lin, 1992; Lee, 1990). In this study, the T-S fuzzy model is em-
ployed to simplify the robust H∞ observer-based tracking control design
procedure without solving HJI in equation 2.29 or 2.30. The fuzzy model
is described by fuzzy if-then rules. The kth rule of the fuzzy model for the
nonlinear stochastic interconnected neuron in equations 2.19 and 2.20 is of
the following form (Chen et al., 1999, 2000):

Plant Rule k

If z1(t) is Fk1 . . . zg(t) is Fkg ,

then ẋ(t) = Ak x(t) + Bu(t) + Dd(t)

y(t) = Cx(t) + ζ (t)

(2.31)

for k = 1, . . . , N where Fkg are the fuzzy set, Ak are constant matrices, and
N is the number of if-then rules. z1(t), . . . , zg(t) are the premise variables.
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The fuzzy system in equation 2.31 is inferred as follows (Chen et al.,
1999, 2000; Takagi & Sugeno, 1985):

ẋ(t) =
∑N

k=1 μk(z)(Ak x(t) + Bu(t) + Dd(t))∑N
k=1 μk(z)

=
N∑

k=1

hk(z)(Ak x(t) + Bu(t) + Dd(t)) (2.32)

y(t) = Cx(t) + ζ (t),

where μk(z) = 

g
j=1 Fk j (z j ), hk(z) = μk(z)/

∑N
k=1 μk(z), and Fkg (zg) is the

grade of membership zg(t) in Fkg (Buckley, 1992; Hwang & Lin, 1992; Lee,
1990).
We assume

μk(z) ≥ 0 and
N∑

k=1

μk(z) > 0. (2.33)

Therefore, we get

hk(z) ≥ 0 and
N∑

k=1

hk(z) = 1. (2.34)

The T-S fuzzy model in equation 2.32 interpolates N linear systems to
approximate a nonlinear stochastic HH neuron system in equation 2.19 and
2.20 with the fuzzy basis function hk(z). We specify the system parameter Ak

easily so that
∑N

k=1 hk(z)Ak x(t) in equation 2.32 can approximate F (x + X∗)
in equation 2.19 by the fuzzy interpolation method (Takagi & Sugeno, 1985).

By using fuzzy if-then rule interpolation, the following fuzzy decentral-
ized observer is proposed to deal with the state estimation of a nonlinear
stochastic interconnected neuron system:

Observer Rule k

If z1(t) is Fk1 . . . zg(t) is Fkg ,

then ˙̂x(t) = Ak x̂(t) + Bu(t) + Lk(y(t) − ŷ(t)),
(2.35)

where Lk is the fuzzy observer gain for the kth observer rule, Lk ∈ 	4L×1,
and ŷ(t) = Cx̂(t).

The overall fuzzy decentralized observer in equation 2.35 is represented
as follows (Chen et al., 1999, 2000):

˙̂x(t) =
N∑

k=1

hk(z)[Ak x̂(t) + Bu(t) + Lk(y(t) − ŷ(t))]. (2.36)
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Suppose the following observer-based fuzzy decentralized controller is em-
ployed to deal with the above robust decentralized H∞ tracking control
design:

Control Rule k

If z1(t) is Fk · · · zg(t) is Fkg ,

then u(t) = Kk(x̂(t) − xr (t)),
(2.37)

where Kk is the fuzzy control gain and Kk ∈ 	1×4L . Hence, the observer-
based fuzzy decentralized controller in equation 2.37 can be represented by
(Chen et al., 1999, 2000)

u(t) =
N∑

k=1

hk(z)[Kk(x̂(t) − xr (t))]. (2.38)

The dynamic of estimation errors is represented by

ė(t) = ẋ(t) − ˙̂x(t)

=
N∑

k=1

hk(z){[Ak x(t) + Bu(t) + Dd(t)]

− [Ak x̂(t) + Bu(t) + Lk(C(x(t) − x̂(t)) + ζ (t))]}

=
N∑

k=1

hk(z)[(Ak − LkC)e(t) − Lkζ (t) + Dd(t)]. (2.39)

By the fuzzy interpolation approach, the augmented system in equation
2.26 can be represented by

˙̄x(t) =
N∑

k=1

hk(z)hk(z)[Āk x̄(t) + Ēk W̄(t)] (2.40)

where

Āk =

⎡
⎢⎣

Ak − LkC 0 0

−BKk Ak + BKk −BKk

0 0 Ar

⎤
⎥⎦ ∈ 	12L×12L

and

Ēk =

⎡
⎢⎣

−Lk D 0

0 D 0

0 0 I4L×4L

⎤
⎥⎦ ∈ 	12L×(8L+1).

I4L×4L denotes a identity matrix with dimension 4L × 4L .
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In general, the fuzzy approximation errors can be merged into the dis-
turbance W̄(t). Then we get the following result.

Proposition 2. If the following algebraic inequalities have a positive solution
P > 0,

ĀT
k P + P Āk + 1

ρ2
P Ēk ĒT

k P + Q̄ ≤ 0, k = 1, . . . , N, (2.41)

then the robust H∞ tracking performance in equation 2.27 or 2.28 for nonlinear
stochastic HH neuron system with a prescribed attenuation level ρ2 can be achieved
by the control in equation 2.38.

Proof. See appendix B.

By the Schur complement (Boyd, 1994), equation 2.41 is equivalent to

[
ĀT

k P + P Āk + Q̄ P L̄k

L̄T
k P −ρ2(H HT )−1

]
≤ 0, (2.42)

where

L̄k =

⎡
⎢⎣

Lk I4L×4L 0

0 I4L×4L 0

0 0 I4L×4L

⎤
⎥⎦

and

H =

⎡
⎢⎣

−I1×1 0 0

0 D 0

0 0 I4L×4L

⎤
⎥⎦ .

By fuzzy approximation, obviously, HJI in equation 2.29 can be approx-
imated by the set of matrix inequalities in equation 2.42. Since ρ2 is the
attenuation level in equation 2.27, the optimal H∞ tracking control problem
still needs to minimize ρ2 as in equation 2.30 as follows:

ρ2
0 = min

Lk ,Kk

ρ2

subject to P > 0, (42) for k = 1, . . . , N
(2.43)

Since it is still not easy to solve equations 2.42 and 2.43 to achieve the
fuzzy H∞ tracking control of neuron systems, the decoupling processes in
appendix C are necessary to simplify the H∞ tracking design procedure.
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By some decoupling processes in appendix C, equation 2.42 is equivalent
to

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

AT
k P1 + P1Ak − CT ZT

k − Zk C + Q2 0 0 Zk

∗ −γ1 I4L×4L + Q1 −Q1 0

∗ ∗ AT
r P3 + P3 Ar + Q1 0

∗ ∗ ∗ −ρ2 I1×1

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

P1 0 I4L×4L 0 0

0 0 0 0 0

0 P3 0 I4L×4L 0

0 0 0 0 0

−ρ2(DDT )−1 0 0 0 I4L×4L

∗ −ρ2 I4L×4L 0 0 0

∗ ∗ −γ −1W2 0 0

∗ ∗ ∗ −γ −1W2 0

∗ ∗ ∗ ∗ −γ −1W2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≤ 0 (2.44)

and

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−γ W2 −(BYk )T 0 0 0

∗ W2AT
k + Ak W2 + BYk + (BYk )T −BYk W2 W2

∗ ∗ −γ W2 0 0

∗ ∗ ∗ −γ W2 0

∗ ∗ ∗ ∗ −γ −1
1 I4L×4L

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

≤ 0,

(2.45)

where P = blkdiag([P1 P2 P3]), Zk = P1 Lk , W2 = P−1
2 , and Yk = Kk W2.

Therefore, if equations 2.44 and 2.45 are both held, then equation 2.42 holds
and the H∞ tracking performance in equation 2.25 is achieved by the pro-
posed fuzzy observer-based control in equation 2.36 and 2.38. Recall that
the attenuation level ρ2 can be minimized so that the optimal H∞ track-
ing performance in equation 2.43 is reduced to the following constrained
optimization problem:

ρ2
0 = min

Lk ,Kk

ρ2

subject to P1, W2, P3, γ, γ1 > 0

and equations 2.44 and 2.45 for k = 1, . . . , N, (2.46)
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which can be solved by decreasing ρ2 as much as possible until the param-
eters P1, W2, P3, γ, γ1 > 0 do not exist.

Remark 4.

1. Note that the optimal H∞ tracking control problem in equation 2.46 is
not a strict LMI problem since it is still a bilinear form in equations 2.44
and 2.45 of two scalars γ and γ1. However, the parameters P1, P2, P3,
Kk , and Lk can be determined simultaneously from equation 2.46 by
the decoupled method if scalars γ and γ1 are given in advance. In this
situation, the LMI problem in equation 2.46 can easily be solved by
the Robust Control Toolbox in Matlab.

2. The optimal H∞ tracking control design problem in equation 2.46
is a worst-case design problem, which has considered all possible
stochastic noises with finite variances. Therefore, if the H∞ tracking
control problem is designable in the worst-case design problem (i.e.,
equation 2.46 is solvable), the designed results can be applied to any
stochastic noises with finite variances.

3. In this study, the genetic algorithm (GA) is used to deal with the
determination of the scalars γ and γ1 beforehand in the LMI problem.
GA can simultaneously search many parameter sets in the parameter
space based on the mechanics of natural selection and natural genetics
(Jang, Sun, & Mizutani, 1997). However, according to the (2,2)nd
entry of the matrix inequality 2.44, −γ1 I + Q1, the scales of γ1 and Q1

should be related to make the LMI-constrained optimization problem
in equation 2.46 solvable. In other words, Q1 ≤ γ1 I4L×4L should hold
for any Q1.

In order to determine γ and γ1 beforehand by GA, equations 2.44 and
2.45 are relaxed to

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

AT
k P1 + P1Ak − CT ZT

k − ZkC + Q2 0 0 Zk

∗ −γ1 I4L×4L + Q1 −Q1 0

∗ ∗ AT
r P3 + P3 Ar + Q1 0

∗ ∗ ∗ −ρ2 I1×1

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
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P1 0 I4L×4L 0 0

0 0 0 0 0

0 P3 0 I4L×4L 0

0 0 0 0 0

−ρ2(DDT )−1 0 0 0 I4L×4L

∗ −ρ2 I4L×4L 0 0 0

∗ ∗ −γ −1W2 0 0

∗ ∗ ∗ −γ −1W2 0

∗ ∗ ∗ ∗ −γ −1W2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≤ ε I (2.47)

and

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−γ W2 −(BYk )T 0 0 0

∗ W2AT
k + Ak W2 + BYk + (BYk )T −BYk W2 W2

∗ ∗ −γ W2 0 0

∗ ∗ ∗ −γ W2 0

∗ ∗ ∗ ∗ −γ −1
1 I4L×4L

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

≤ ε I,

(2.48)

respectively, where γ and γ1 are determined beforehand by the following
design procedure:

1. Generate randomly a population of binary strings for γ and γ 1.
2. Solve the following eigenvalues problem:

min ε

subject to P1, W2, P3, γ, γ1 > 0
and equations 2.47 and 2.48 for k = 1, . . . , N,

(2.49)

using the LMI toolbox in Matlab to search for the minimal value of ε.
3. Calculate the fitness value for each string, which is inversely propor-

tional to ε.
4. Create offspring strings as a new generation by simple GA operators

like reproduction, crossover, and mutation. Repeat the GA operation
several times until enough strings are generated to form the next
generation.

5. Repeat steps 1 to 4 for generations until enough sets of parameters γ

and γ1 have the solutions ε < 0, and then collect the feasible parameter
sets of γ and γ1 determined beforehand.

According to the feasible parameter sets (γ and γ1) determined before-
hand from the above steps, the optimal H∞ tracking control of stochastic
HH neuron systems can be achieved by solving the LMI-constrained op-
timization in equation 2.46 to obtain γ , γ1, P1, W2, P3, Yk , and Zk , (thus
P2 = W−1

2 , Kk = Yk W−1
2 , and Lk = P−1

1 Zk can also be obtained) and the op-
timal attenuation level ρ0.
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2.5 Computational Simulations. In this section, we provide three ex-
amples of tracking control of neuron systems illustrate the design proce-
dure and confirm the tracking performance of the proposed method. As
we know, an HH model can exhibit a steady-state response (solid lines in
Figure 1A) and an oscillatory response (solid lines in Figure 1A) under low
and high constant current stimulations, respectively. The steady-state re-
sponse (see the dashed lines in Figure 3C) and oscillatory response (see the
black solid lines in Figures 2B and 2C) can be roughly specified beforehand
by the reference model, equation 2.23. Therefore, in the three computa-
tional examples, the H∞ control design method is applied to neural control
to efficiently track a desired steady state from the original oscillatory sys-
tem at different noise levels (see Figure 2), track an oscillatory reference
in multicompartment neuron system in different noise levels and coupling
connectivities (see Figure 2), and track a steady state in a multicompartment
neuron system under both synaptic and channel noises (see Figure 3), with-
out knowing the state initials and the statistics of external disturbances. In
these three examples, membrane voltage is reasonably assumed to be the
only measurable state in HH neuron model: C = [1 0 0 0].

2.5.1 Suppression of an Action Potential and Repetitive Spiking. In this ex-
ample, we exploit two different fuzzy sets to approximate the HH neuron
model constantly stimulated by I = 1 μA/cm2 and I = 11 μA/cm2, respec-
tively. The approximations in I = 1 μA/cm2 and I = 11 μA/cm2 are shown
in Figures 1A and 1B, respectively. The two fuzzy sets are used to design
the corresponding robust H∞ tracking controllers to suppress an action
potential generated by I = 1 μA/cm2 and repetitive spiking generated by
I = 11 μA/cm2 in one compartment neuron system, L = 1. In these cases,
we consider only synaptic noise w1(t) as gaussian zero-mean white noises
in different levels, σ1 = 1 and σ1 = 10. A reference model ẋr (t) = −xr (t) is
used to generate the reference signal to be tracked. We specify the weight-
ing matrices Q1 and Q2 of the H∞ tracking performance in equation 2.27
as Q1 = blkdiag(1, 0, 0, 0) and Q2 = blkdiag(1, 0, 0, 0) to control the mem-
brane voltages to the desired steady state. By using the proposed robust
H∞ observer-based tracking control method, the designed controllers are

u(t) =
N∑

k=1

hk(z)[−8.6(V̂3(t) − Vr3(t)) − 15.3(m̂3(t) − mr3(t))

− 3.56(ĥ3(t) − hr3(t)) − 10.46(n̂3(t) − nr3(t))]

for σ1 = 1 with the attenuation level ρ0 = 0.024 (see Figure 1C) and

u(t) =
N∑

k=1

hk(z)[−8.75(V̂3(t) − Vr3(t)) − 4.87(m̂3(t) − mr3(t))

− 2.17(ĥ3(t) − hr3(t)) − 4.33(n̂3(t) − nr3(t))]



Robust Tracking Control of Noisy Hodgkin-Huxley Neuron Systems 3163

for σ1 = 10 with the attenuation level ρ0 = 0.0023 (see Figure 1D) in the case
of suppressing action potential and

u(t) =
N∑

k=1

hk(z)[−10.51(V̂3(t) − Vr3(t)) − 15.72(m̂3(t) − mr3(t))

− 0.75(ĥ3(t) − hr3(t)) − 2.11(n̂3(t) − nr3(t))]

for σ1 = 1 with the attenuation level ρ0 = 0.004 (see Figure 1E) and

u(t) =
N∑

k=1

hk(z)[−10.52(V̂3(t) − Vr3(t)) − 20.09(m̂3(t) − mr3(t))

− 0.89(ĥ3(t) − hr3(t)) − 1.38(n̂3(t) − nr3(t))]

for σ1 = 10 with the attenuation level ρ0 = 0.004 (see Figure 1F) in the case of
suppressing repetitive spiking. In different cases, spiking can be efficiently
suppressed without knowing state initials and the statistics of synaptic
noise. Obviously the effect of fuzzy approximation errors in Figures 1A and
1B can be efficiently attenuated by the robust H∞ tracking controller so
that a satisfactory tracking performance can be obtained to achieve good
repression of action potential and repetitive spiking in the HH neuron
system in Figures 1C to 1F.

2.5.2 Tracking Control Design of a Multicompartment Neuron System with
Oscillatory Reference Under Uncertain Initials. In this example, we consider
three compartments: L = 3. By measuring the membrane voltage in the
third compartment, the controller of the first compartment is designed
based on the robust observer-based decentralized tracking control method
so that the membrane voltage in the third compartment could track an
oscillatory reference (see Figure 2A). The oscillatory reference model can be
mimicked by the reference model

ẋr (t) =−xr (t) + 115{exp[−0.5(t − 5)2] + exp[−0.5(t − 25)2]

+ exp[−0.5(t − 51)2] + exp[−0.5(t − 79)2]

+ exp[−0.5(t − 107)2] + exp[−0.5(t − 135)2]

+ exp[−0.5(t − 163)2] + exp[−0.5(t − 191)2]}

to generate a mimic oscillatory reference signal as shown in Figure 2C
according to the response of multicompartment HH neuron model stimu-
lated by a constant current I = 11 μA/cm2 (see the solid line in Figure 2C).
The reference model consists of several terms of exp[−0.5(t − Ti )2] where
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Ti denotes the time point at which an action potential occurs in the
oscillatory reference. Therefore, the results in Figures 2B and 2C show
only the voltage response in the third compartment. The corresponding
responses of Figures 2B and 2C in the first and second compartments are
shown in the supplementary material (available online at http://www
.mitpressjournals.org/doi/suppl/10.1162/NECO a 00053; see Figures S1
and S2, respectively). In this example, we consider only synaptic noise

http://www.mitpressjournals.org/doi/suppl/10.1162/NECO_a_00053
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w1(t) as gaussian, zero-mean white noises in all compartments with
the same standard deviation. We apply the robust H∞ observer-based
tracking control method to a multicompartment neuron system under
different noise levels σ1 = 1 (see Figure 2C and the top row in Fig-
ure 2B) and σ1 = 5 (the bottom row in Figure 2B) and different coupling
connectivities, Ga ,i = 0.1 mS/cm2 (left column in Figures 2B and 2C),
Ga ,i = 0.336158 mS/cm2 (the middle column in Figures 2B and 2C),
and Ga ,i = 5 mS/cm2 (the right column in Figures 2B and 2C). We
specify the weighting matrix Q1 = blkdiag(0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0)
and Q2 = blkdiag(0, 0, 0, 0, 0, 0, 0, 0, 8, 0, 0, 0) for synaptic noise
level σ1 = 1 and Q1 = blkdiag(0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0) and
Q2 = blkdiag(0, 0, 0, 0, 0, 0, 0, 0, 6.7, 0, 0, 0) for synaptic noise level
σ1 = 5. In spite of state initials, coupling connections, and synaptic noise,
the HH neuron system in the third compartment can efficiently track
the oscillatory reference by measuring the membrane voltage only in the
first compartment, especially in the case of highly coupling connectivity
Ga ,i = 5 mS/cm2 (see Figures 2B and 2C). The designed robust H∞ tracking

Figure 2: A tracking control example with oscillatory reference under synaptic
noise and random initial values. (A) A schematic drawing of the simulation
example. The compartments are connected by axonal segments. By measuring
the membrane voltage in the third compartment, the controller of the first com-
partment is designed based on the robust observer-based decentralized tracking
control design so that the membrane voltage in the third compartment could
track an oscillatory reference. In B and C , we show the response of the mem-
brane voltage only in the third compartment. The corresponding responses of
B and C in the first and second compartments are shown in supplementary ma-
terial (see Figures S1 and S2, respectively). The reference signal with oscillatory
property in the third compartment is designed according to the simulation of the
HH model stimulated by a constant current I = 11 μA/cm2, which results in an
oscillatory voltage response (see the supplementary material). In this example,
different levels of synaptic noise, σ1 = 1 (C and the top row in B) and σ1 = 5 (the
bottom row in B) and different coupling connectivities, Ga ,i = 0.1 mS/cm2 (the
left column), Ga ,i = 0.336158 mS/cm2 (middle column), and Ga ,i = 5 mS/cm2

(right column) are considered, and the levels of channel noises are assumed
zero: σ2 = σ3 = σ4 = 0. The six simulations in B under different parameter set-
tings have 20 trials under random initial values and synaptic noise. C extends
the simulation in the upper row in B to 200 msec and shows its own estimation
V̂3(t) (dashed line), that is, V3-hat(t). Under the inputs of the first compartment
designed by the decentralized H∞ robust control method, the membrane volt-
age of the last compartment in the stochastic HH neuron system can efficiently
suppress external noises and track oscillatory reference in different noise levels
and coupling connectivities.
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A

B
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controllers are

u(t) =
N∑

k=1

hk(z)[−1.7828(V̂3(t) − Vr3(t)) + 16.7928(m̂3(t) − mr3(t))

+ 0.8780(ĥ3(t) − hr3(t)) + 0.5841(n̂3(t) − nr3(t))]

with the attenuation level ρ0 = 4.5955 for synaptic noise level σ1 = 1 and

u(t) =
N∑

k=1

hk(z)[−1.7255(V̂3(t) − Vr3(t)) + 16.1715(m̂3(t) − mr3(t))

+ 1.3485(ĥ3(t) − hr3(t)) + 0.8444(n̂3(t) − nr3(t))]

with the attenuation level ρ0 = 3.9621 for synaptic noise level σ1 = 5.

2.5.3 Suppression of the Effect of Synaptic and Channel Noises to
Track a Desired Steady State Under Coupling Connections with Uncer-
tain Initials. After introducing the scheme of robust H∞ tracking con-
trol, a stochastic HH neuron system in equations 2.18 to 2.20 with
three compartments as shown in Figure 3A is considered in the fol-
lowing computational simulation. We consider synaptic and channel
noises w1(t) ∼ w4(t) as gaussian, zero-mean white noises in all compart-
ments. As with Fox and Lu (1994) and Zeng and Jung (2004), chan-
nel noises in equations 2.9 to 2.11 with autocorrelations 〈w2(t)w2(s)〉 =
(2/NNa ){[αm(1 − m) + βmm]/2}δ(t − s), 〈w3(t)w3(s)〉 = (2/NNa ){[αh(1 − h) +

Figure 3: A tracking control example with steady-state reference under synap-
tic and channel noises and random initial values. (A) A schematic drawing of
the simulation example. The compartments are connected by axonal segments.
Based on the robust observer-based decentralized tracking control design, three
applied currents, Ia pp,1, Ia pp,2, and Ia pp,3, are separately designed and injected
into their respective compartments without considering diffusion currents from
other compartments, external noises, and measurement noises. Tracking per-
formance of membrane voltages, V1–V3 (see the top row in B),and their corre-
sponding estimations, V1-hat, V2-hat, and V3-hat (see the bottom row in B), that
is, V̂1–V̂3, to the desired reference responses is shown in 50 trials under random
initial values and synaptic and channel noises. (C) One case of B is shown with
the corresponding estimations and the designed control inputs Ia pp,1–Ia pp,3, in
the three compartments. Under the decentralized inputs using the decentral-
ized H∞ robust control method, the multicompartment stochastic HH neuron
system can efficiently suppress external noises and track the reference response.
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βhh]/2}δ(t − s), and 〈w4(t)w4(s)〉 = (2/NK ){[αn(1 − n) + βnn]/2}δ(t − s) are
also considered in the computational simulation. Suppose we want to ap-
ply the robust H∞ tracking control design method for the stochastic HH
neuron models 2.18 to 2.20 to track desired reference signals for these three
compartments of a neuron system. In numerical simulations, the Box-Muller
algorithm is also needed for generating channel noises. Noises are gener-
ated at each integration step. In order to guarantee that the state variables
m(t), h(t), and n(t) are always in the range (0,1), one must redo the inte-
gration step until all the updated values of the state variables m(t), h(t),
and n(t) are always within (0,1) in each step of the simulation process. The
numerical integration of stochastic differential equation 2.1 was performed
by the Euler method with the time step 0.01 ms. The equilibrium points of
the stochastic HH neuron model are shown in the supplementary material.
In this example, three different control inputs (L = 3), that is, externally
injected current (Ia pp,1(t) to Ia pp,3(t)), are, respectively, injected into three
nodes in the three compartments to control the membrane voltages at their
respective equilibrium points of the three-compartment neuron system (see
the schematic drawing in Figure 3A). Therefore, our reference model, which
is given beforehand so that its steady state is at the equilibrium point, is
specified by system matrix Ar and reference input r (t). If the real parts of
the eigenvalues of Ar are more negative, the target system is more robust to
noises. r (t) can be identified as r (t) = −Ar xrs(t) for any desired steady state
xrs . In this example, the system matrix Ar and reference input r (t) are cho-
sen different from first two examples. The system matrix Ar and reference
input r (t) of the reference model in equation 2.23 are shown in the supple-
mentary material with the desired references xr (t) shown in Figures 3C (see
the dashed line).

In the simulation example, we want to simultaneously control the mem-
brane voltages of all three compartments to their desired equilibrium points
by separately applying decentralized control inputs: Ia pp,1(t) for the first
compartment, Ia pp,2(t) for the second compartment, and Ia pp,3(t) for the
third compartment. Therefore, we define the weighting matrices Q1 and Q2

of the H∞ tracking performance in equation 2.27 as Q1 = blkdiag(q1, 0, 0, 0)
and Q2 = blkdiag(q2, 0, 0, 0) to control the membrane voltages of the three
compartments to the equilibrium points. As in the description of items 2
and 3 in remark 4, in the worst-case tracking control design problem, Q1

and Q2 are both solved with q1 = 8.1623 × 10−9 and q2 = 0.0309.
In order to accomplish the robust tracking performance, first we use GA

to solve equation 2.49 to determine the parameter set γ and γ1 beforehand,
and then we exploit the Robust Control Toolbox in Matlab to solve the robust
H∞ tracking control problem in equation 2.46. Finally, we obtain a minimum
attenuation level ρ0 = 2.1714, parameters γ = 56, and γ1 = 4 × 10−7, and
the remaining parameters, P1, P3, P2 = W−1

2 , Kk = Yk W−1
2 , and Lk = P−1

1 Zk ,
as shown in the supplementary material. According to the result in the
supplementary material, the designed robust H∞ tracking controllers for
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three compartments are almost the same for the ith compartment:

Ia pp,i (t) =:
N∑

k=1

hk(z)[−27.87(V̂i (t) − Vri (t)) − 0.89(m̂i (t) − mri (t))

− 0.39(ĥi (t) − hri (t)) + 2(n̂i (t) − nri (t))].

Figure 3B (top row and bottom left) shows the tracking performance of
V1 to V3 and their corresponding estimations V̂1 to V̂3 to the reference re-
sponses, respectively. Figure 3B (bottom right) shows the decentralized
control inputs Ia pp,1 to Ia pp,3 that accomplish robust H∞ tracking perfor-
mance. Furthermore, unlike conventional feedback linearization methods
(Frohlich & Jezernik, 2005), the proposed decentralized H∞ tracking control
design method is robust not only to external noises and diffusion currents
from the other compartments but also to the uncertain initial values and
measurement noises. Through computational simulation, Figures 3B (top
row) shows the tracking performance of V1 to V3 to achieve the desired
steady state in the 50 random initials under measurement noises, diffusion
currents, and synaptic and channel noises, and Figure 3B (bottom row)
shows the tracking performance of the estimations V̂1 to V̂3 to be the de-
sired steady state, respectively. Obviously the H∞ tracking control design
method provides good tracking performance in each random trial.

3 Discussion and Conclusion

In this study, an HH neuron system in multicompartments with diffu-
sion current, synaptic noise, and channel noises is modeled as a nonlinear
stochastic system. A robust H∞ tracking control design is developed not
only for suppression of the undesired neural oscillation caused by accidents
or disease, such as Parkinson’s disease or epilepsy, to track a prescribed
stable response under diffusion currents, environmental noises, measure-
ment noises, and uncertain initial values. For practical implementation, we
assume that membrane voltage is the only measurable state in the HH neu-
ron system. In the measurement process, the measured state is corrupted
by measurement noises, and all state variables need to be estimated for the
state feedback control design. In this study, the statistics of disturbances
and measurement noises are assumed unavailable and cannot be used for
the optimal stochastic tracking design. Therefore, the proposed H∞ ob-
server design is employed to robustly estimate the state variables for the
H∞ control design to track the desired reference response of the stochastic
HH neuron system under external noises, measurement noises, and the dif-
fusion effect of other compartments from the perspective of decentralized
control. The coupling diffusion currents from the other compartments are
considered external noises, and their effects can be efficiently attenuated
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from the worst-case attenuation perspective by the H∞ decentralized con-
trol tracking design. Therefore, the proposed robust decentralized control
method can be applied to neuron system control with a large number of
compartments. The proposed H∞ observer-based tracking control design
can efficiently create a real-time therapeutic regime for the undesired neu-
ral oscillation caused by disturbances, diffusion currents, environmental
noises, and uncertain initial values (Araki et al., 1998; Danielsson & Lister,
2009; Fenton, Palmieri, Boggio, Fanning, & Fregni, 2009; Rothman, 2009;
Talathi et al., 2009).

Although robust control is significant for the stochastic HH neuron sys-
tem to maintain its function in spite of disturbances, environmental noises,
uncertain initial values, and the coupling diffusion currents from other
compartments, the robust H∞ observer-based tracking control design for
the stochastic HH neuron system needs to solve a complex HJI, which
is generally difficult for this kind of control design. Therefore, T-S fuzzy
interpolation is used to aid the nonlinear stochastic HH system with the in-
terpolation of several local linear systems to simplify the design procedure
and avoid the difficulty of solving a complex HJI in the robust H∞ observer-
based tracking control design. The robust H∞ observer-based decentralized
tracking control of the nonlinear HH systems with multicompartments can
be solved by an LMI-constrained optimization using the Robust Control
Toolbox in Matlab. From the simulation examples, it is apparent that the
proposed robust H∞ observer-based decentralized tracking control can es-
timate state variables and track desired reference response very well, which
may lead to a potential real-time therapeutic regime.

Appendix A: Proof of Proposition 1

Before the proof of the proposition, the following fact (Fact 1) is necessary:

XT PY + YT P X ≤ 1
α

XT P X + αYT PY

for vectors X, Y, a constant α > 0, and a positive-definite matrix P > 0 with
approximate dimensions (Boyd, 1994).

Let us denote a Lyapunov energy function �(x̄(t)) > 0. From equation
2.28, we get

E
∫ ∞

o
x̄T (t)Q̄x̄(t) dt

= E�(x̄(0)) − E�(x̄(∞)) + E
∫ ∞

o

(
x̄T (t)Q̄x̄(t) + d�(x̄(t))

dt

)
dt
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≤ E�(x̄(0)) + E
∫ ∞

o

(
x̄T (t)Q̄x̄(t) +

(
∂�(x̄(t))

∂ x̄(t)

)T dx̄(t)
dt

)
dt (A.1)

(by the fact �(x̄(∞) ≥ 0 and the chain rule)

= E�(x̄(0)) + E
∫ ∞

o

(
x̄T (t)Q̄x̄(t) +

(
∂�(x̄(t))

∂ x̄(t)

)T

(F̄ (x̄) + D̄W̄(t))

)
dt

(by equation 2.29)

≤ E�(x̄(0)) + E
∫ ∞

o

[
x̄T (t)Q̄x̄(t) +

(
∂�(x̄(t))

∂ x̄(t)

)T

F̄ (x̄)

+ 1
4ρ2

(
∂�(x̄(t))

∂ x̄(t)

)T

D̄D̄T ∂�(x̄(t))
∂ x̄(t)

+ ρ2W̄T(t)W̄(t)

]
dt

(by Fact 1 with α = ρ2, X = (1/2) · D̄T∂�(x̄(t))/∂ x̄(t) and Y = W̄(t))
Therefore, by inequality 2.29 we get

E
∫ ∞

o
x̄T (t)Q̄x̄(t) dt ≤ E�(x̄(0)) + ρ2E

∫ ∞

o
W̄T (t)W̄(t) dt,

which is the H∞ tracking performance in equation 2.28 or, equivalently,
equation 2.27.

Appendix B: Proof of Proposition 2

Let us denote a Lyapunov energy function �(x̄(t)) = x̄T (t)Px̄(t) > 0. Equa-
tion A.1 is equivalent to the following:

E
∫ ∞

o
x̄T (t)Q̄x̄(t) dt

= E�(x̄(0)) − E�(x̄(∞)) + E
∫ ∞

o
(x̄T (t)Q̄x̄(t) + 2x̄T (t)P ˙̄x(t)) dt

≤ E�(x̄(0)) + E
∫ ∞

o

[
x̄T (t)Q̄x̄(t) +

N∑
k=1

hk(z)(2x̄T (t)P Āk x̄(t)

+ 2x̄T (t)P Ēk W̄(t))
]

dt

(by equation 2.40).
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By Fact 1 with α = ρ2, X = ĒT
k P x̄(t) and Y = W̄(t), we get

2x̄T (t)P Ēk W̄(t) = W̄T (t)ĒT
k P x̄(t) + x̄T (t)P Ēk W̄(t)

≤ 1
ρ2 x̄T (t)P Ēk ĒT

k Px̄(t) + ρ2W̄T (t)W̄(t).

Therefore, we obtain

E
∫ ∞

o
x̄T (t)Q̄x̄(t) dt

≤ E�(x̄(0)) + E
∫ ∞

o

{
x̄T (t)Q̄x̄(t)

+
N∑

k=1

hk(z)
[

x̄T (t)
(

ĀT
k P + P Āk + 1

ρ2 P Ēk ĒT
k P

)
x̄(t)

+ ρ2W̄T (t)W̄(t)
]}

dt = E�(x̄(0)) + E
∫ ∞

o
x̄T (t)

[
N∑

k=1

hk(z)(ĀT
k P + P Āk

+ 1
ρ2 P Ēk ĒT

k P + Q̄)

]
x̄(t) + ρ2W̄T (t)W̄(t) dt.

By the inequality in equation 2.41, we get

E
∫ ∞

o
x̄T (t)Q̄x̄(t) dt ≤ E�(x̄(0)) + ρ2E

∫ ∞

o
W̄T (t)W̄(t) dt.

This is the inequality in equation 2.28. If x̄(0) = 0, we get the inequality in
equation 2.27.

Appendix C: Decoupling Processes of Equation 2.43

For the convenience of design, we assume P = diag([P1 P2 P3]) and Zk =
P1 Lk and substitute them into equation 2.42 to obtain⎡

⎢⎢⎢⎢⎢⎢⎣

S11 S12 0 Zk P1 0
∗ S22 S23 0 P2 0
∗ ∗ S33 0 0 P3

∗ ∗ ∗ −ρ2 I1×1 0 0
∗ ∗ ∗ ∗ −ρ2(DDT )−1 0
∗ ∗ ∗ ∗ ∗ −ρ2 I4L×4L

⎤
⎥⎥⎥⎥⎥⎥⎦

≤ 0, (C.1)

where S11 = AT
k P1 + P1Ak − CT ZT

k − ZkC + Q2, S12 = −(P2BKk)T , S22 =
(Ak + BKk)T P2 + P2(Ak + BKk) + Q1, S23 = −P2BKk − Q1, S33 = AT

r P3 +
P3 Ar + Q1, and * denotes the symmetric term.
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Since five parameters P1, P2, P3, Ki , and Li should be determined from
equation C.1, a decoupled method (Tseng, 2008; Tseng & Chen, 2001) is
provided to solve these designed parameters from the highly coupled in-
equality (C.1) simultaneously.

Note that equation C.1 can be decoupled as

⎡
⎢⎢⎢⎢⎢⎢⎣

S11 S12 0 Zk P1 0
∗ S22 S23 0 P2 0
∗ ∗ S33 0 0 P3

∗ ∗ ∗ −ρ2 I1×1 0 0
∗ ∗ ∗ ∗ −ρ2(DDT )−1 0
∗ ∗ ∗ ∗ ∗ −ρ2 I4L×4L

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

S11 + γ P2 0 0 Zk P1 0
∗ S′

22 − γ1 I4L×4L S′
23 0 0 0

∗ ∗ S33 + γ P2 0 0 P3

∗ ∗ ∗ −ρ2 I1×1 0 0
∗ ∗ ∗ ∗ −ρ2(DDT )−1 + γ P2 0
∗ ∗ ∗ ∗ ∗ −ρ2 I4L×4L

⎤
⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎣

−γ P2 S12 0 0 0 0
∗ S′′

22 + γ1 I4L×4L S′′
23 0 P2 0

∗ ∗ −γ P2 0 0 0
∗ ∗ ∗ 0 0 0
∗ ∗ ∗ ∗ −γ P2 0
∗ ∗ ∗ ∗ ∗ 0

⎤
⎥⎥⎥⎥⎥⎥⎦

, (C.2)

where γ and γ1 are some positive scalars and S′
22 = Q1, S′′

22 = (Ak +
BKk)T P2 + P2(Ak + BKk), S′

23 = −Q1, and S′′
23 = −P2 BKk .

Before further simplification in the design procedure by decoupling, the
following lemma is necessary:

Lemma 1. If

⎡
⎢⎢⎢⎢⎢⎣

a11 0 0 a14 a15 0
∗ a22 a23 0 0 0
∗ ∗ a33 0 0 a36

∗ ∗ ∗ a44 0 0
∗ ∗ ∗ ∗ a55 0
∗ ∗ ∗ ∗ ∗ a66

⎤
⎥⎥⎥⎥⎥⎦

≤ 0 (C.3)

and

⎡
⎢⎣

b11 b12 0 0
∗ b22 b23 b24

∗ ∗ b33 0
∗ ∗ ∗ b44

⎤
⎥⎦ ≤ 0, (C.4)
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then

⎡
⎢⎢⎢⎢⎢⎣

a11 0 0 a14 a15 0
∗ a22 a23 0 0 0
∗ ∗ a33 0 0 a36

∗ ∗ ∗ a44 0 0
∗ ∗ ∗ ∗ a55 0
∗ ∗ ∗ ∗ ∗ a66

⎤
⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎣

b11 b12 0 0 0 0
∗ b22 b23 0 b24 0
∗ ∗ b33 0 0 0
∗ ∗ ∗ 0 0 0
∗ ∗ ∗ ∗ b44 0
∗ ∗ ∗ ∗ ∗ 0

⎤
⎥⎥⎥⎥⎥⎦

≤ 0.

(C.5)

Proof. See appendix D.

From the above lemma, it is obvious that if

⎡
⎢⎢⎢⎢⎢⎢⎣

S11 + γ P2 0 0 Zk P1 0
∗ S′

22 − γ1 I4L×4L S′
23 0 0 0

∗ ∗ S33 + γ P2 0 0 P3

∗ ∗ ∗ −ρ2 I1×1 0 0
∗ ∗ ∗ ∗ −ρ2(DDT )−1 + γ P2 0
∗ ∗ ∗ ∗ ∗ −ρ2 I4L×4L

⎤
⎥⎥⎥⎥⎥⎥⎦

≤ 0

(C.6)
and

⎡
⎢⎢⎣

−γ P2 S12 0 0
∗ S′′

22 + γ1 I4L×4L S′′
23 P2

∗ ∗ −γ P2 0
∗ ∗ ∗ −γ P2

⎤
⎥⎥⎦ ≤ 0, (C.7)

then equation C.1 holds, that is, the H∞ tracking control design in equation
C.1 can be represented by equations C.6 and C.7, simultaneously.

Remark 5. Note that equations C.6 and C.7 are related to the observer part
and the controller part in the design procedure, respectively, that is, we can
design fuzzy observer gains Lk to satisfy the inequalities in equation C.6 and
fuzzy control gains Kk to satisfy the inequalities in equation C.7. Then the
H∞ tracking design can be achieved by the fuzzy observer-based tracking
control design in equations 2.36 and 2.38. Although the parameters P2, Kk,

and Lk are still coupled nonlinearly, the seven parameters, P1, P2, P3, Kk ,
Lk , γ , and γ 1, can be determined by the following rearrangement. By the
Schur complement (Boyd, 1994), equation C.6 is equivalent to equation 2.44
where W2 = P−1

2 , and equation C.7 is equivalent to equation 2.45, where
Yk = Kk W2.
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Appendix D: Proof of Lemma 1

For any [e1 e2 e3 e4 e5 e6]T �= 0, if equations C.3 and C.4 hold, then

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

e1

e2

e3

e4

e5

e6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a11 0 0 a14 a15 0

∗ a22 a23 0 0 0

∗ ∗ a33 0 0 a36

∗ ∗ ∗ a44 0 0

∗ ∗ ∗ ∗ a55 0

∗ ∗ ∗ ∗ ∗ a66

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

b11 b12 0 0 0 0

∗ b22 b23 0 b24 0

∗ ∗ b33 0 0 0

∗ ∗ ∗ 0 0 0

∗ ∗ ∗ ∗ b44 0

∗ ∗ ∗ ∗ ∗ 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

e1

e2

e3

e4

e5

e6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

e1

e2

e3

e4

e5

e6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a11 0 0 a14 a15 0

∗ a22 a23 0 0 0

∗ ∗ a33 0 0 a36

∗ ∗ ∗ a44 0 0

∗ ∗ ∗ ∗ a55 0

∗ ∗ ∗ ∗ ∗ a66

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

e1

e2

e3

e4

e5

e6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎣

e1

e2

e3

e5

⎤
⎥⎥⎥⎥⎦

T ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎣

b11 b12 0 0

∗ b22 b23 b24

∗ ∗ b33 0

∗ ∗ ∗ b44

⎤
⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

⎡
⎢⎢⎢⎢⎣

e1

e2

e3

e5

⎤
⎥⎥⎥⎥⎦ ≤ 0.

This implies that equation C.5 holds. Therefore, the proof is completed.
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