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Robust Engineered Circuit Design Principles for
Stochastic Biochemical Networks With Parameter

Uncertainties and Disturbances
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Abstract—Biochemical regulatory networks including genes,
proteins and other regulatory molecules suffer from internal
parametrical fluctuations (thermal, transcriptional, and splicing)
as well as external noises (environmental and intercellular).
Robustness is an essential property of intracellular biochemical
regulatory networks to attenuate the effects of internal fluctuation
and external noise. In this study, several system control schemes
are proposed for the robust circuit control design of stochastic
linear and nonlinear biochemical regulatory networks. First, the
robust stability of genetic and proteomic regulatory networks is
discussed under internal fluctuations. Then, the filtering ability of
external noises is analyzed for stochastic biochemical regulatory
networks. For the case where a biochemical regulatory network
is not sufficiently robust to tolerate internal fluctuation and does
not have enough filtering ability to filter the external noise, how to
improve the robustness and noise filtering ability of stochastic bio-
chemical regulatory networks by engineered control mechanisms
is also proposed via biochemical circuit design. The proposed ro-
bust gene circuit design principles have potential applications for
robust biosynthetic network design. Finally, two design examples
are given in-silico to illustrate the design procedure and to confirm
the performance of the proposed robust circuit design method.

Index Terms—Biochemical regulatory network, extrinsic noise,
intrinsic fluctuation, molecular noise filtering, robust biochemical
circuit design.

I. INTRODUCTION

I N INTRACELLULAR networks, molecular events under-
lying cellular physiology are subject to both intrinsic fluctu-

ations in the molecular expression processes and external distur-
bances from environments [1]–[4]. The intrinsic molecular fluc-
tuations include inherently noisy processes with transcriptional
control, alternative splicing, translation, diffusion, and chem-
ical modification; whereas the external molecular disturbances
come from the transmitted noise from upstream genes and the
global noise affecting all genes. However, the cell physiology is
robust and highly coordinated when the underlying molecular
events are basically random, i.e., despite the stochastic func-
tion of regulatory circuits within cells, most cellular events are

Manuscript received November 6, 2007; revised February 18, 2008. First pub-
lished July 25, 2008; current version published September 10, 2008. This paper
was recommended by Associate Editor R. Butera.

The authors are with the Laboratory of Control and System Biology, National
Tsing-Hua University, Hsin-chu 300, Taiwan, R.O.C. (e-mail: bschen@ee.nthu.
edu.tw; d935927@oz.nthu.edu.tw).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TBCAS.2008.926728

ordered and precisely regulated [1]–[4]. For example, develop-
ment in Caenorhabditis elegans (C. Elegans) is so regular that
we can trace the differentiated state of nearly every cell [5]. In
Drosophila melanogaster embryos, the transition from disorder
to order has been measured [6]. Although the anterior-to-pos-
terior gradient of the maternal morphogen bicoid in Drosophila
melanogaster embryo displays significant variability, the profile
of the hunchback gap gene, which is regulated by bicoid, is pre-
cise. The need for order has led to the proposal that robustness
is an intrinsic property of intracellular networks [1]–[4] which
was suggested to be an important design principle in theoretical
analysis of gene circuits [35], [36].

Recently, robustness in bacterial chemotaxis, hox genes,
neuron-genetic networks, circadian rhythms and biochemical
networks has been widely discussed under kinetic parameter
variation of intracellular and extracellular fluctuations. Al-
though examples of robust cellular process abound, how cells
are able to control under biochemical fluctuations remains
unclear [7], [8]. Where do fluctuations arise in cells? By what
means do biochemical regulatory networks attenuate these fluc-
tuations? These questions present one of the most challenging
and fascinating problems for systems (if not all) biologists, as
they open questions in physiology, development and evolu-
tionary biology [1]–[4]. In order for cell regulatory networks to
function, they must be able to cope with these types of fluctua-
tions and noises [22]–[24]. The robustness likely arises from the
systematic properties of regulatory networks rather than from
a single mechanism [9]. Apparently, fluctuation attenuation
arises from complex mechanisms involving multiple feedback
loops. Although theoretical and computational tools exist for
analyzing the noise attenuation and amplification properties
of a given network, at present, no good design theory exists
for developing all possible control mechanisms to improve the
robustness to tolerate larger internal fluctuations and to filter
out more extrinsic noises for genetic and proteomic networks
[10]. Recently, based on S-system model at steady state and by
some algebraic methods, a simple robust circuit design has been
introduced to improve the robust stability of biochemical net-
work [30]. However, it is only suitable to steady-state case and
cannot be applied to discuss the robust circuit design problem
of nonlinear stochastic biochemical networks. More recently
[37], a robust filtering circuit design is also proposed for gene
networks based on S-system model of gene expressions without
consideration of protein interactions.

In this study, stochastic models are used as an ideal tool to in-
vestigate the robustness of linear and nonlinear regulatory net-
works. The kinetic parameter variations due to molecular fluc-
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tuations are modeled as stochastic systematic parametric per-
turbations, which will influence the stability of the biochem-
ical regulatory network. The environmental and intercellular
fluctuations are modeled as external noises. The robustness to
the intrinsic fluctuation is analyzed by Lyapunov (energy-like)
stability theory, while the filtering ability of extrinsic noise is
analyzed by nonlinear filtering theory. Both linear and non-
linear biochemical regulatory networks are discussed. The tech-
niques of linear matrix inequality (LMI) and constrained op-
timization are employed to efficiently calculate the robustness
and the noise filtering ability of biochemical regulatory net-
works, respectively.

Finally, several feedback circuit control designs for biochem-
ical networks are introduced to improve their robustness to
tolerate larger intrinsic parameter fluctuations and to filter more
external noises [20], [22]–[24], [32], [34], [35]. Because of the
nonlinearity of the biochemical networks, the robust circuit
control designs need to solve a nonlinear Hamilton–Jacobi
inequality (HJI), which cannot be easily solved except in some
special cases. In this study, the global linearization technique
[12], [21] is employed to simplify the robust circuit control
design problem by solving the corresponding linear matrix
inequalities (LMIs) instead. Due to advances in transgenic
biotechnology and bio-nanotechnology, gene circuit control
design has become possible through transduction, transfection
and transformation [20], [33]–[35].

Recent experimental advances in both sequencing and ge-
netic engineering have made the engineered circuit approach
feasible through the design and implementation of synthetic
gene networks amenable to mathematical modeling and quanti-
tative analysis [24]–[26]. Synthetic gene circuits [22] now lead
to new forms of cellular control with potential for therapeutic
and drug design applications by the fact that diseases always
arise from the perturbed biochemical network [27], [28]. There-
fore, the robust circuit design method for biochemical network
becomes possible in the future. In this study, we provide some
theoretical robust network design principles from a systematic
point of view for stochastic biochemical networks under param-
eter uncertainties and external disturbances. These robust cir-
cuit design principles have potential applications in synthetic
biology in the future when a synthetic biochemical network is
required to work properly under intrinsic parameter perturba-
tion and exogenous molecular noises. Finally, two design ex-
amples are given in-silico to illustrate the design procedure and
to confirm the performance of the proposed robust circuit con-
trol method for genetic and proteomic regulatory networks.

II. ROBUST ANALYSIS OF LINEAR BIOCHEMICAL

REGULATORY NETWORKS

Because of sampled data from biological experiments and the
delayed effect of molecular diffusion and transportation in cells,
the linear biochemical regulatory network can be suitably mod-
eled by the following discrete-time dynamic system:

(1)

where the state vector denotes the discrete-time expres-
sion vector of the concentrations of the molecules, e.g., mRNAs,

proteins, or other chemical complexes in the biochemical regu-
latory network at time ; and denotes the stoichiometric (in-
teractive) matrix among these molecules (see Fig. 1). Thus,

...

...

. . .
...

...
...

...
. . .

...

(2)

In this study, , are the molecular concen-
trations of mRNAs, proteins and other complexes in the bio-
chemical network. The interactive parameter means
that molecule activates molecule with one delayed time step,
the interactive parameter means that molecule inhibits
molecule with one delayed time step and the kinetic parameter

means that there is no interaction between molecule
and molecule . Since biochemical experimental data are always
discrete, it is suitable to use a discrete model in (1) to describe
the interactional behaviors of a biochemical network.

Suppose the kinetic parameters of a biochemical regulatory
network are affected by the following intrinsic perturbation (see
Fig. 1):

(3)

where

. . .
...

...
...

...
. . .

...

and suppose the kinetic parameters suffer several kinds of in-
trinsic perturbations, for example, due to thermal fluctuation,
alternative splicing or molecular diffusion etc. At the nanomolar
scale, these molecular perturbations are inherently stochastic
[1]–[4]. In this situation the perturbation matrix should be
decomposed as follows:

(4)

where , which are due to different kinds of stochastic fluc-
tuation sources at locations , are zero-mean white noises with
the following statistics:
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Fig. 1. Linear biochemical network of n molecules with intrinsic parameter fluctuation �a and extrinsic noise v . f denotes the biochemical circuit design
from x to x .

For example,

(5)

where , with
and , respectively. Thus, has

two kinds of internal stochastic noise sources.
From (3) and (4), a biochemical network with stochastic in-

trinsic fluctuations can be represented by

(6)

with state-dependent noise, which will influence the stability of
the biochemical network.

Remark 1: There are two main priori assumptions on the
analysis above. 1) The chemicals involved in fast reactions and
possibly low density are treated as stochastically time-uncorre-
lated noises (white noises), which are assumed to be incorpo-
rated in rate constants (stochastic parametrical noise) of slowly-
reacting chemicals. The responses of these chemicals, without
such noise would have been treated deterministically, are exam-
ined under the stochastic noises and external perturbations such
as intercellular and environmental fluctuations. 2) The chemical
reactions are assumed to be described by discrete time events.

Since the state-dependent stochastic noise can influence the
stability of biochemical network, more effort is needed to dis-
cuss the robust stability of the perturbative biochemical net-
work in (6). Based on quadratical stability in probability [18],
[19], [29], if the Lyapunov equation is chosen as

, for a positive symmetric matrix
, then the stochastic biochemical network in (6) is quadratically
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stable in probability if
. Then we obtain the following robust stabilization principle of

biochemical regulatory network under stochastic intrinsic fluc-
tuation.

Theorem 1: Suppose the biochemical regulatory network suf-
fers from the stochastic parameter perturbations in (4). Then
the perturbative network is robustly stable if the following in-
equality has a positive definite solution :

(7)

Proof: See the Appendix.
Remark 2:

1) If a biochemical network is free of intrinsic fluctuation,
the stability condition becomes , i.e., the
eigenvalues are all inside the unit circuit of the complex
domain. Obviously, in (7), the eigenvalues of should be
more inside the unit circle of the complex domain than
in (1) (equivalently, or more near the origin
of complex domain). This is necessary in order to tolerate
the positive perturbative term so that the
total sum of these terms in (7) should be negative in order
to guarantee the robust stochastic stability under stochastic
perturbation.

2) Since the LMI in (7) is only a sufficient condition for ro-
bust stability. The solution of LMI in (7) may be very con-
servative in some cases, i.e., the perturbative biochemical
network is still stable even the robust stability criterion in
(7) is violated. The conservative of robust stability of per-
turbative biochemical network will be discussed in the sim-
ulation examples.

III. ROBUST CONTROL DESIGN PRINCIPLES OF LINEAR

BIOCHEMICAL REGULATORY NETWORKS

Suppose a biochemical network cannot tolerate the intrinsic
stochastic parameter variations in (4), i.e., the robust stability
condition in (7) cannot be guaranteed. Therefore, we want to im-
prove the robustness of biochemical network to tolerate larger
parametric variations. In this situation, some biochemical cir-
cuit design via feedback scheme should be performed to
robustly stabilize the biochemical network as follows:

(8)

where denotes the feedback control circuits whose element
denotes a biochemical circuit design from molecule to mol-

ecule (see Fig. 1). If denotes a positive feedback, then
denotes a negative feedback and denotes no

circuit design between molecule and .
Then we obtain the following gene circuit design result
Theorem 2: The gene circuit control design in (8) could tol-

erate the stochastic parameter perturbation in (4) if the following
robust stochastic stability condition holds:

or, equivalently

(9)

Proof: Similar to the Appendix (with to replace
and with the application of the Schur complement in [12]).
Except for the intrinsic kinetic parameter perturbations, the

biochemical regulatory network is also affected by environ-
mental and intercellular noises as follows (see Fig. 1):

(10)

where denotes the en-
vironmental and intercellular molecular noises with the cou-
pling matrix to the network and denotes the molecules
in the network we want to observe. For example, if we want
to observe the effect of noise on molecule , then

, i.e., all elements of are
zero except 1 at the th component. If we want to observe the
effect of noise on each molecule in the network, then ,
which is an identity matrix.

In a biochemical network with intrinsic parameter fluctuation
and extrinsic noise, the network needs not only to tolerate the in-
trinsic fluctuation (i.e., robust stabilization) but also to attenuate
the effect of extrinsic noise (i.e., noise filtering). Let us denote
a measure of a signal as follows:

(11)

We call if , and then the effect of
extrinsic noise on is less than a positive value , if the
following inequality holds [18], [19]:

(12)

for all , and .
If , then inequality (12) should be modified as [18],

[19]

(13)

, the smallest of in (12), is called the noise attenuation ability
of at if and is called the noise amplification
ability if . Based on , we could gain more insight
into the effect of environmental and intercellular signals on in-
dividual molecules of the biochemical network, which is useful
for robust biosynthetic network design to gene therapy and drug
design via robust stabilization and filtering to treat the problem
of internal parameter variations and environmental molecular
signals.

Based on the analysis above, we obtain the following result
Theorem 3: Suppose the perturbative biochemical regulatory

network in (10) suffers from both the intrinsic stochastic param-
eter fluctuation as (4) and the extrinsic noise . If there
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exists a positive definite matrix such that the fol-
lowing inequality holds for a desired noise attenuation level :

(14)
then the effect of on must be less than or equal to ,
i.e., (12) or (13) holds.

Proof: See the Appendix.
Remark 3:

1) Since LMI (14) implies LMI (7), the robust stabilization
against and the desired noise attenuation level are
both achieved in the above result.

2) If the fluctuation or noise is of deterministic signal (i.e.,
free of randomness), then the expectation in 2-norm of
(11)–(13) should be neglected.

3) According to the definition of noise filtering ability (i.e.,
the minimum ), the noise filtering ability of biochemical
network can be obtained by solving the following con-
strained optimization problem:

and (14) (15)

If the noise filtering ability cannot achieve a prescribed
noise attenuation level (i.e., ) specified for thera-
peutic or biotechnological purposes, a biochemical circuit de-
sign is necessary via state feedback control as follows:

(16)

then we get the following result.
Theorem 4: If the following LMI is achieved for a symmetric

positive matrix :

(17)

then the prescribed noise attenuation level could be achieved
by biochemical circuit feedback control .

Proof: See the Appendix.
Remark 4:
(a) The inequality in (14) is more difficult to solve than the

inequality in (7) because in addition to robust stability
the biochemical network still needs to attenuate extrinsic
noise to a prescribed value , i.e., the eigenvalues of

should be sufficiently within enough the unit circle (i.e.,
near the origin) of complex domain so that the inequality
in (14) is guaranteed for a prescribed attenuation level .

(b) If in (15), we call the noise attenuation ability
of biochemical regulatory network at the molecule .
This network attenuates the environmental noise at .
On the other hand, if , we call the noise amplifi-
cation ability of biochemical regulatory network at .
This molecule is more affected by environmental noise
and will be a weak structure in the biochemical network.

(c) The constrained optimization in (15) can be easily solved
by the LMI toolbox of Matlab [7], which decreases until
no positive definite is solved in (14).

(d) The biochemical circuit design in (16) is necessary if
the prescribed noise attenuation level is spec-
ified. Therefore, the robust biochemical circuit design
problem becomes how to specify so that there exists
a positive definite solution in (17). In
the conventional engineering system control design with
full feedback matrix , we always have a closed-form
solution for . In biochemical circuit design, if more bio-
chemical circuits in are designed, i.e., there are more
elements where , then a more robust biochemical
network design can be achieved. However, more design
effort and complexity are needed, which is a trade-off
made by designers. Hence, to simplify implementation,
we should consider the biochemical feasibility and only a
few elements of (i.e., a few feedback circuits)
are more appealing for robust circuit control design. Since
few of in in a biochemical circuit design, we
need some searching methods for these to achieve
robust control and filtering design. Therefore, more effort
is needed in the design procedure of robust circuit designs
than that in conventional system control design.

(e) The design of biochemical circuit can be implemented
by inserting the motif binding site of transcription factor

of regulatory gene to the promoter region of
the target gene to link a regulatory pathway from gene
to gene through bio-transfection schemes or engineered
gene circuit technologies [20], [22], [24]–[26]. The ki-
netic coefficient (i.e., ) of the implemented regula-
tory circuit is proportional to the length of inserted
binding site.

IV. ROBUST CIRCUIT DESIGN PRINCIPLES OF NONLINEAR

BIOCHEMICAL REGULATORY NETWORKS

In general, the interactions of a biochemical regulatory net-
work are nonlinear in real bio-systems. In this situation, (1)
should be modified as follows:

(18)

where

denotes the nonlinear interactions among molecules. Suppose
the equilibrium point for which we are concerned is at the origin

. If the equilibrium point is not at the origin, for the
convenience of analysis and design, it should be shifted to the
origin.

Based on Lyapunov stability theory, we obtain the following
stability result for a nonlinear biochemical regulatory network.

Theorem 5: If there exists a Lyapunov function
that solves the following:

(19)

then the nonlinear regulatory network in (18) is stable at the
equilibrium point .
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Proof: See the Appendix.
Remark 5: In order to guarantee the stability of a nonlinear

biochemical regulatory network (18), we need to find a Lya-
punov function to satisfy the inequality (19). In gen-
eral, it is not easy to find a Lyapunov function for a
nonlinear regulatory network such that inequality (19) holds to
guarantee the stability. For the convenience of analysis and de-
sign, the global linearization method [12] will be employed for
stabilization and filtering circuit design in the following. Con-
sider the following global linearization of nonlinear system (18):

for all (20)

where the polytope . For example, if
, then . Suppose for

denote the vertices of the convex hull of ,
i.e., or

, where denotes a
convex hull of , consisting of vertices . Then the
stability property of the trajectory of nonlinear system (18)
could be represented by the following interpolatory system of
linearized systems at vertices [12]:

(21)

where are normalized interpolation functions with
and , i.e., if the set of

the above linearized systems are all stable, then the nonlinear
regulatory network in (18) is stable. Then we obtain the fol-
lowing stability theory for nonlinear regulatory network.

Theorem 6: The nonlinear regulatory network (21) is stable
if the following LMIs have a common solution :

for (22)

Proof: See the Appendix.
Remark 6:

1) If the linearized systems in (21) are equally weighted for
the convenience of design, then the interpolation functions
could be shown as for

2) The physical meaning of the result in (22) is that if the
linearized biochemical systems at the vertices of the global
linearized systems in (21) are all stable, then the nonlinear
system (18) is stable.

3) In general, using the LMI toolbox in Matlab [15] it is easier
to check the LMI inequality conditions in (22) than to solve
the nonlinear inequality in (19).

Suppose the nonlinear biochemical regulatory network (18)
is affected by the following intrinsic parameter perturbations:

(23)

where

Suppose the perturbation in the nonlinear biochem-
ical network (23) is stochastic and could be decomposed as

due to different stochastic per-
turbative sources, i.e., the perturbative biochemical network is
of the following stochastic system:

(24)

where are known vectors and is zero-mean white
noise with and . Then we ob-
tain the following robust stability result for nonlinear stochastic
perturbative biochemical networks.

Theorem 7: For the nonlinear stochastic perturbative regula-
tory network in (24), if the following HJI holds for a Lyapunov
function :

(25)

then the nonlinear regulatory network is robustly stable in prob-
ability under stochastic parameter perturbations.

Proof: See the Appendix.
Remark 7:
(i) Compared with the nominal case in (19), the perturbative

regulatory network should be more robust in order to tol-
erate two extra terms in inequality (25) to guarantee the
stability under the stochastic perturbation.

(ii) Similarly, by the global linearization technique, if the fol-
lowing vertices of the convex hull of the set of global lin-
earized systems for nonlinear perturbative system (24) are
all stable, in probability

(26)
where and are the linearizations of and

at the th vertex of the set of linearized systems
[12], [13], i.e.,

...
...

...
...

then the nonlinear perturbative regulatory network in
(24) is stable in probability under stochastic perturbation,
i.e., if the following inequalities have a common solution

:

(27)

Obviously, it is easier to solve the LMIs in (27) than the
nonlinear HJI in (25) with the aid of the LMI toolbox in
Matlab.
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(iii) When a nonlinear perturbative biochemical network is ap-
proached by interpolating the linearized biochemical net-
works at the vertices as (26), many steps in the derivation
of robust stability and filtering design of nonlinear bio-
chemical networks are analogous to the linear case. The
detail will be neglected in the design process in the sequel.

Suppose a nonlinear biochemical network cannot satisfy the
robust stability condition in (27) to tolerate the nonlinear sto-
chastic parameter variations in (24). A robust biochemical cir-
cuit design is proposed via nonlinear feedback to improve the ro-
bust stability of the nonlinear parameter perturbative biochem-
ical network as follows:

(28)

where the nonlinear biochemical network feedback control
with a control kinetic parameter matrix to be

specified to tolerate the nonlinear stochastic parameter pertur-
bation and denotes the specified
feedback regulatory function of biochemical circuits.

Suppose the controlled nonlinear perturbative biochemical
network can be represented by the interpolation of the vertices
of the global linearization like (26) as follows:

(29)

where is the vertex of the convex hull of global lin-
earization of . Then, the robust biochemical circuit de-
sign becomes how to specify the control kinetic matrix such
that the designed biochemical network in (29) could tolerate the
stochastic perturbations. Then we obtain the following theorem.

Theorem 8: If the control parameter matrix is specified
such that the following LMIs hold for a symmetric positive ma-
trix :

for (30)

then the nonlinear perturbative biochemical network in (28) is
robustly stabilized by the biochemical circuit control design.

Proof: See the Appendix.
Remark 8: If the control term in (28) cannot be

separated from , then the controlled biochemical dy-
namic system in (28) could be represented by

(31)

In this situation, the LMI in (30) should be modified as

(32)

where denotes matrices which contain control
elements of in their entries, and denote
the vertices of the convex hull of global linearization for

.
Suppose the nonlinear biochemical regulatory network is af-

fected by the following intrinsic stochastic perturbation and ex-
trinsic noise simultaneously:

(33)

Then we want to discuss the robust stability and the filtering
ability of at in the perturbative biochemical net-
work in (33).

Theorem 9: If the following inequality holds for a Lyapunov
function and a noise attenuation level :

(34)

then the effect of external noise on is less than , i.e.,
the robust filtering with noise attenuation level is achieved for
the nonlinear biochemical network.

Proof: See the Appendix.
Remark 9: In general, it is not easy to solve the HJI in (34)

for the robust noise attenuation problem. Based on the vertices
in (29) of the convex hull of the global linearization of a non-
linear system (33), if there is a common solution for the
following LMIs:

(35)

then the robust filtering with a noise attenuation level could
be achieved for the stochastically perturbative biochemical net-
work. In (35), we need to solve LMIs to replace solving the
HJI in (34).

The noise filtering ability defined as the minimum
to solve HJI in a nonlinear biochemical system (33) could
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be achieved by minimizing via the following constrained
optimization problem:

(36)

For biotechnology or therapeutic design, suppose a pre-
scribed noise attenuation level is to be designed
for more efficient noise filtering in the nonlinear perturbative
biochemical network (33). In this situation, the following
biochemical circuit control design is proposed to improve the
robust filtering to achieve the prescribed attenuation level :

(37)

Let us denote , , the vertices of the global
linearization of , i.e.,

...
...

...
...

(38)

then we get the following robust filtering design to improve the
noise filtering ability.

Theorem 10: Suppose control parameter matrix is spec-
ified for a biochemical network (37) such that the following
LMIs hold for a symmetric positive , then, see (39) at
the bottom of the page.

Then the prescribed noise attenuation level is achieved by
the biochemical circuit control design.

Proof: Similar to the derivation of (35) with
to replace and then by Schur complement.

If the optimal robust filtering circuit design is employed for
a perturbed biochemical network, then the control matrix is
specified to solve the following constrained optimization:

and (40)

where in (40) is the noise filtering ability of the optimally
controlled biochemical network in (37).

Remark 10: If the control parameter cannot be separated
and is contained in as in (37), i.e.,

(41)

then the LMIs in (39) for robust filtering circuit design should
be modified as

(42)

where denotes the matrix with control parameters in
their elements.

Similarly, the optimal robust filtering circuit design for a non-
linear biochemical control system in (41) could be solved by the
following constrained optimization problem:

and (43)

Remark 11: In general, the robust stabilization and filtering
criteria in (39) and (40) are useful for engineered circuit de-
sign of biochemical systems. However, if the fluctuations of sto-
chastic parameter variations are very large or if the noise attenu-
ation level is specified with a very small value, then a high gain
feedback circuit or a large number of feedback circuits is needed
to achieve these robust design purposes. This will increase the
difficulty of real circuit implementation. Furthermore, if the reg-
ulatory networks are very complex, it would be very computa-
tionally expensive to solve the corresponding LMIs in (39) or
(40) to find the feedback circuit.

After we developed several robust circuit control design prin-
ciples for linear and nonlinear biochemical networks under in-
trinsic fluctuation and extrinsic noise, two design examples are
given in-silico to illustrate the design procedure and to confirm
the robustness and filtering ability of the proposed robust circuit
design principles.

V. DESIGN EXAMPLE in-Silico

If biochemical networks are not robust enough to tolerate the
internal fluctuation or to filter the extrinsic noise, two robust
circuit designs in silico are introduced to improve the robustness
and filtering ability to a desired value [20], [22], [23].

(39)
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1) Example 1: Consider a benchmark biochemical network
in eukaryotic molecular expressions with four genes, through

, which code for the protein through and protein com-
plex in Fig. 2 [14]. In this case, the molecular dynamics
of the biochemical system in Fig. 2 can be described in several
ways, and we consider the mRNAs and proteins abundances as
the following discrete-time dynamic system with dynamic time
responses in Fig. 4(a).

(44)

Suppose the biochemical regulatory network is affected
by the following intrinsic parameter fluctuations and envi-

Fig. 2. The first benchmark design example of genetic and proteomic regula-
tory network in [14] contains four genes, a through d, which code for the pro-
teins A through D and AB. mRNAs are not shown for sake of simplicity.

ronmental disturbances and , shown in (45) at
the bottom of the page, where the stochastic parameters ,

, and are transcriptional noise, translational noise, and
molecular diffusion noise, respectively, which are zero mean
white noises with variance , and

, .
After suffering from intrinsic stochastic fluctuation and en-

vironmental molecular disturbance, the time-responses of the
target molecule in perturbative biochemical system are shown
in Fig. 4(b), with large perturbations at steady state. Therefore
robust circuit control design is necessary to make the biochem-
ical network function properly, especially, for the last protein

for which we are more concerned.

(45)
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In order to improve the robustness and filtering ability of the
biochemical network, we need to design some biochemical re-
actions by feedback circuits. In this way, we design a feedback
circuit from the protein to the gene by inserting the motif
binding site of to the promoter region of gene , and adjust
the binding ability of protein on gene by transfecting some
alkaloid cryptolepin [25], [26] into the binding site of at
the promoter region of gene to decay some binding site. Then,
the modified system with two designed control circuits with ki-
netic parameters , for the biochemical network
is shown in Fig. 3 and the following dynamic equations should
be modified with control terms.

(46)

The design parameters , , , and are Michaelis con-
stants. , , and are specified for the circuit design from
protein complex to gene . , , and are specified
to adjust the biochemical pathway from complex to gene .
Because the recruit of protein complex to control gene and
gene , and need to be specified for the corresponding de-
pletion of protein complex (i.e., and should be both
negative). The above design biochemical system could be de-
noted as (41), i.e.,

(47)

(see the equations at the bottom of the page). The specification
of above is that the robust filtering ability of the last protein

is most concerned. Since the feedback circuits connect pro-
tein , gene , and gene , there should be some relationships

and
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Fig. 3. The designed biochemical regulatory network of the first example. A
feedback pathway from protein AB to gene a is designed by inserting the AB
motif binding site to the promoter region of gene c, and the binding ability of
protein AB to gene a is adjusted by transfecting alkaloid cryptolepin into the
motif binding site in the promoter region of gene d.

between these molecules, which could be found in relevant ex-
periments. In our benchmark example, we assume the relation-
ship between kinetic parameter , the depletion of protein ,
and , the transcriptional quantity of gene as follows:

(48)

so do the depletion of protein , and , the transcriptional
quantity of gene as follows:

(49)

The design of nonlinear biochemical network is more difficult
than the linear biochemical network. For examples, there are
many equilibrium points near the desired equilibrium. Feed-
back circuit control may make the nonlinear system move to
another equilibrium point due to large noises and disturbances,
even the stability is retained. Therefore some arrangement is
necessary for the control parameters to avoid this kind of

movement. In order to avoid deviation from the nominal stable
equilibrium point, our design need some dependent relation-
ships between with , with , and with , i.e.,

, , and
for some constants and , for , which are to be
determined by the fact that the interested equilibrium point of
nominal biochemical network in (44) should remain the same in
spite of intrinsic parameter variations. From equations in (46),
if , ,

, then the interested equilibrium
point could remain the same. By these constrained equations,
the degree of freedom of our control design is reduced to 1 with
only one kinetic parameter, .

Since the design kinetic parameters and are the deple-
tions of the molecule of the protein complex and they are
both negative, there should be some restrictions. In our bench-
mark example design suppose, with

. Then we could get the other parameter restrictions on , ,
, by these above relationships.
Based on the global linearization scheme and the optimal ro-

bust filter design of LMIs in (43), we choose the convex hull
vertices as five linearized systems of the nonlinear stochastic
system, and set in (21) as 0.2, which is equally weighted
for each linearized system. Then we specify independent control
parameter to solve the following constrained minimization:

and (50)

This constrained minimization problem could be achieved
by decreasing until no can be found. Using the
LMI toolbox in Matlab, we can find the filtering ability

by solving (50) with in the
rational restriction . The corresponding con-
trol kinetic parameter

.
The solution for (50) is given by the first equation at the

bottom of the page, with eigenvalues as shown in the second
equation at the bottom of the page.
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Fig. 4. (a) The dynamic time response of the each molecule of the nominal biochemical regulatory system in (44). (b) Comparison of the time response of
our interested molecule of designed system with the time responses of the nominal system and the perturbed system. The proposed robust circuit design could
significantly achieve the attenuation of intrinsic fluctuation and improve the filtering of the extrinsic noise.

Since the designed circuit from protein to gene of
the stochastic biochemical network is
which is an inhibit pathway form, it can be implemented as a
negative feedback circuit to efficiently attenuate the intrinsic
parameter uncertainties and external molecular disturbances
to achieve robust stabilization and noise filtering. Since the
negative feedback due to and can efficiently attenuate
the parameter perturbation and exogenous molecular noise,
the robust stabilization and noise filtering ability of the target
molecule in designed biochemical network are also improved
as shown in Fig. 4(b).

Because we are more concerned about the last protein
in the biochemical network, with the com-

parison in Fig. 4(b), the effect of parametric uncertainties and

external molecular noises is attenuated significantly by the
designed circuits. By computational simulation,
is estimated as . Since we are
more interested in the filtering design of , some noises in
other molecules cannot be attenuated significantly.

Remark 12: By the comparison of the computational filtering
ability with the theoretical filtering ability

, the conservative of the proposed robust circuit design
method is obvious, i.e., theoretically, the filtering ability less
than 0.9974 cannot be solved (or guaranteed) by our design
method, but the filtering ability of 0.5587 can be achieved in
practice. This is mainly due to the conservative of both the Lya-
punov stability and the solution of LMIs.
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Fig. 5. The second benchmark design example of E. coli operon regulatory
network in [14]. Enzyme 2 is applied to transport lactoses into the E. coli and
Enzyme 1 hydrolyze them to allolactose. After intrinsic parameter perturbations
and extrinsic disturbances, a robust stabilization of the operon regulatory net-
work is designed by constructing a pathway from allolactose to the repressor
gene (dash line).

Obviously, the proposed biochemical circuit design principle
is with very robust filtering ability for our interesting molecule
against external noise, on which an optimal robust circuit de-
sign could be based. From the simulation results, it is seen that
the designed pathways do stabilize the perturbed biochemical
system around the interested equilibrium point and filter noises
efficiently in comparison with the time responses of the nominal
biochemical system and the perturbed biochemical system.

2) Example 2: Consider a real biochemical regulatory net-
work of operons in E. coli which prefers glucose as its en-
ergy source. When the glucose source is short, the prokaryotes
would turn to metabolize lactose as Fig. 5. Since the metabo-
lite pathway is very complex, we adopt some assumptions to
simplify the corresponding reaction: 1) the quasi-steady-state
approximation applies for the concentration of mRNA; 2) the
concentrations of the enzymes are equal; 3) there is one delay
in the conversion of lactose into E. coli; and 4) there is a sus-
tained lactose source outside the cell. As the above conditions,
this operon model could be considered the enzyme, , lactose,

, and allolactose, , as the following discrete-time dynamic
system in [14]:

(51)

In this case, the dynamics time response is shown in Fig. 6(a).
Suppose the operon regulatory network is also affected by the

intrinsic parameter fluctuations and environmental disturbance
as follows:

(52)

The stochastic intrinsic parameter fluctuations: in-
cludes the transcriptional and translational noise, and

includes the transport noise. Both of these parameter
fluctuations are zero mean white noises with variances

, , respectively. The external distur-
bance .

Once again, we design a pathway from the final production,
allolactose, to the regulatory gene to produce the corresponding
enzyme to robustly stabilize the allolactose production, . In
this robust design case, the design objective is based on the
transfection technique to modify the binding site of the pro-
moter region of the corresponding gene of control enzyme, and
it would change the transcriptional ability and basal production
rate. Then the engineered circuit with single control pathway has
two kinetic parameters and to robustly stabilize the bio-
chemical network and the following dynamic equation should
be modified with control terms.

(53)

The design parameters and are Michaelis constants.
Since we want to keep the designed steady states close to the
nominal ones, the relationship between with should be
kept as from (53).
Because the Michaelis constants are positive, we just choose

as the control parameter.
Based on the global linearization scheme and the proposed

robust filter design of LMIs in (42) with a desired noise at-
tenuation level , we choose four convex hull vertices
as four linearized systems, and set as 0.25. Then we
specify independent control parameter so that the following
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designed biochemical system with a desired noise attenuation
level is guaranteed:

(54)

With the help of LMI toolbox, we find that could
satisfy LMIs in (42) to guarantee . For the convenience
of design, we choose and get the corresponding control
kinetic parameters . The solution
for the robust filtering design in (42) for is given by

with eigenvalues .
Remark 13: From the simulation in Fig. 6(b), we can calcu-

late the filtering ability . Obviously, the
result of the theoretical attenuation level is more conservative.
By the proposed design method, the result of attenuation level

cannot be guaranteed. However, the filtering ability
with 0.6814 can be achieved in practice. This is mainly due to
the conservative of both Lyapunov stability and LMIs in the ro-
bust filtering.

These robust biochemical network design examples illustrate
that the proposed circuit design method for biochemical net-
works could not only filter more external noises but also tol-
erate more intrinsic fluctuations, i.e., our systematic biochem-
ical circuit design could improve the robust stability of genetic
and proteomic networks and attenuate the effect of the environ-
mental noises efficiently, on which a drug design could be based
against genetic perturbations and/or pathological environmental
cues, such as infectious agents or chemical carcinogens.

VI. DISCUSSION AND CONCLUSION

Robustness is a property that allows a biochemical network to
maintain its function despite external disturbance and internal
fluctuation. It is one of the fundamental and ubiquitously ob-
served systems-level phenomena that cannot be understood by
looking only at the individual components. Thus, at one level,
a study of robustness is simply a study of why, when and how
systems do or do not function properly [22]–[24]. In this study,
based on stochastic system theory, the robust stability against
intrinsic fluctuation is discussed from the Lyapunov (energy)
perspective. The filtering ability of a biochemical network to
attenuate external disturbances is also studied from the robust
nonlinear filtering point of view. A biochemical network must
be robust enough to function in unpredictable environments
through reliable feedback components. If the robust stability
and noise filtering ability cannot be achieved for a biochemical

network, then a robust circuit control design is also introduced
to improve its robust stability against internal parameter fluc-
tuation and to achieve a prescribed noise attenuation level to
filter external disturbances.

In general, the robust circuit design for tolerating intrinsic
fluctuation and filtering extrinsic noise needs to solve nonlinear
HJI. As we know, it is generally difficult to solve the HJI for
robust circuit designs. Based on global linearization technique,
we could use the LMI control design method with the Matlab
LMI Toolbox instead of the HJI to efficiently solve these robust
stabilization and filtering problems. In the simulation examples,
we design a feedback pathway or modify a pathway to improve
the robust stability and filtering ability of a biochemical network
by inserting or tuning the TF binding site in the promoter region
of the controlled gene, which can be done by transfection, trans-
formation or other engineered biotechnologies [22], [25], [26].

The contributions of this study include the following: 1) a
biochemical network with intrinsic fluctuations and extrinsic
molecular noises is modeled as a nonlinear stochastic system
with state dependent noise and external disturbance; 2) the ro-
bust stability and noise filtering ability of stochastic biochem-
ical networks are discussed from the systematic perspective;
3) robust stabilization and robust filtering design principles are
proposed by feedback circuit design method to improve the ro-
bust stability and filtering ability of a biochemical network; and
4) the global linearization technique is employed to simplify the
design procedure, i.e., to replace an infeasible HJI by a set of
feasible LMIs so that the conventional LMI toolbox in Matlab
can be efficiently used for robust engineered circuit design for
perturbative biochemical networks. Although the computations
of proposed robust circuit design principles are more compli-
cated than those in [30] based on the steady state of S-system
model, the proposed robust circuit designs can be applied to
more general biochemical model, and the performance of tran-
sient dynamics of biochemical network is also considered to im-
prove in the robust circuit design procedure [see Figs. 4(b) and
6(b)].

The proposed robust circuit design principles could poten-
tially be used for robust biosynthetic network design with ap-
plication to the drug design and gene therapy, if the drug de-
sign could construct a biochemical circuit or delete a biochem-
ical circuit for disease-perturbed biochemical networks to tol-
erate some genetic perturbation or to filter some external distur-
bance from the pathogenic environment. In the future, we may
intend to focus on applications of robust control circuit design
for therapy and drug design or to construct other pathways by
nanotechnology and metabolic engineering to improve the ro-
bustness of weak structures of biochemical networks [31]. If ro-
bust stabilization and filtering are considered, the synthetic bio-
chemical regulatory networks can filter larger environmental ex-
trinsic disturbances and suffer more intrinsic fluctuation so that
they can work more reliably.

APPENDIX

The following lemma is necessary for the proof of theorems.
Lemma 1:

(A 1)

for any vector or matrix , , and any . In the
following proofs, is almost the case.
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Fig. 6. (a) The dynamic time response of the each molecule of the nominal biochemical regulatory system in (51). (b) Comparison of the time response of our
interested molecule V (X[k]) � 0 of designed system with the time responses of the nominal system and the perturbed system. The proposed robust circuit design
could also achieve the toleration of intrinsic fluctuation and improve the filtering of the extrinsic noise significantly.

Proof of Theorem 1: Since in (4),
with , , and the Lyapunov func-
tion , we have

The last equation comes from the fact that
and are of zero mean white noises with

, then we can get the inequality (7) in
Theorem 1.

Proof of Theorem 3: We choose the Lyapunov function

With a similar procedure in the Appendix, if the following
inequality holds:

(A 2)

then .
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So we sum the above inequality from 0 to , with the initial
condition , to get

(A 3)

Because , if the initial condition of
, then we can get ,

which can be rewritten as (12), i.e.,

If the , then the inequality in (A 3) should be
modified as

The above results hold only when the inequality (A 2) holds,
i.e., the following inequality holds:

which is equivalent to the first inequality shown at the bottom of
the page, i.e., if the LMI in (14) holds, then the robust filtering
in (12) or (13) holds.

Proof of Theorem 4: By the Appendix, with replaced by
, we get the robust filtering with a prescribed desired noise

attenuation level if the LMI shown in the second equation at
the bottom of the page holds for .

By the Schur complement [12], the above inequality is equiv-
alent to

Proof of Theorem 5: If there exists a Lyapunov function
for such that the following inequality holds

for the nonlinear biochemical regulatory network in (18),
, then the nonlinear regulatory net-

work is stable at the equilibrium point . If the Lya-
punov function is approximated as

near the origin of complex
domain by the 1st-order Taylor approximation, then we get the
following inequality:

(A 4)

which is the condition for the nonlinear regulatory network to
be stable at the equilibrium point .

Proof of Theorem 6: Since the trajectory of nonlinear bio-
chemical network (18) could be represented by the interpola-
tory system of linearized systems at vertices in (21). By the
global linearization theory [12], [21], the stability of nonlinear
biochemical system in (18) could be guaranteed by the corre-
sponding interpolatory system in (21). By the Lyapunov sta-
bility theory, we want to prove condition (22) is the sufficient
condition for the stability of biochemical system in (21). If we
choose Lyapunov function as ,
then the first equation at the bottom of the page holds, i.e., if the
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condition in (22) holds, then the biochemical system in (21) is
stable.

Proof of Theorem 7: For the nonlinear regulatory biochem-
ical network with stochastic perturbations in (24), the stochastic
stability theory will be employed to discuss its robust stability.
For stochastic Lyapunov function , see the second
equation at the bottom of the page.

If the inequality in (25) holds, then and
the stochastic perturbative biochemical network is stable in
probability.

Proof of Theorem 8: Since the trajectory of nonlinear per-
turbative stochastic network in (28) can be represented by the in-
terpolatory system in (29), the robust stabilization of the system
in (28) could be guaranteed by the robust stabilization of the
system in (29). See the equation at the top of the next page.

If
, then and the biochemical network is robustly

stabilized by . By the Schur complement, the above robust
stabilization condition can be rewritten by the LMIs in (30)

Proof of Theorem 9: With a similar procedure in the
Appendix, we have the second equation shown at the top of the
next page.

If the following inequality holds:

(A 5)

by eq.

by the 1st- order Taylor series approximation at
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by A 1

then we have

With a similar procedure in the Appendix, to sum the above
inequality from 0 to with the initial condition we
could get the inequality in (12). If the , then the
inequality should be modified as (13).

From the above analysis, we conclude that if (A 5) or (34)
holds, then the robust desired noise attenuation level in (12)
or (13) holds for the nonlinear perturbative regulatory network
in (33).
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