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APPENDIXES 

Appendix A: Proof of Proposition 1 

Let us consider a Lyapunov energy function ( ) 0V x > , then the cost function in 

equation (8) is equivalent to  
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By the chain rule, we get 
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Substituting (A2) into (A1), we maximize ( , , )J k vγ  by the uncertain disturbance v  
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By the inequality in (12), it is seen that ( (0))V x  is the upper bound of (A3) i.e., the 

sub-minimax problem becomes how to solve the following constrained optimization 

problem 
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subject to (12) and ( ) 0V x > . 

By the fact in (9), 2 (0) (0)Tg E x x⎡ ⎤⎣ ⎦  is the upper bound of 
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Therefore [ ]( (0))E V x  in (A4) should be bounded by 2 (0) (0)Tg E x x⎡ ⎤⎣ ⎦ , i.e. 

[ ] 2( (0)) (0) (0)TE V x g E x x⎡ ⎤≤ ⎣ ⎦ . Therefore the suboptimal solution is to minimize its 

upper bound. Hence, the sub-minimax problem in (A4) could be replaced by  
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where 0Tr( )R  denotes the trace of 0R  and 0R  denotes the covariance of the initial 

condition (0)x  i.e., 0 (0) (0)TR E x x⎡ ⎤= ⎣ ⎦ , which is independent of the choice of k  

and γ . Therefore, the sub-minimax design problem is equivalent to solving the 

following constrained optimization 
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subject to (12) and ( ) 0V x > . 

 

Appendix B: Proof of Proposition 2 

We replace error dynamic system in (4) by its fuzzy interpolation system in (15). 

Then HJI in (12) can be represented by 
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Let us choose the Lyapunov function ( )V x  as ( ) TV x x Px=  for some positive 

definite symmetric matrix P  and substitute it into (B1). Then we get 
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where the property in (17) is used. 

It is seen that the inequalities in (19) implies (B2). Therefore, the sub-minimax design 

for the fuzzy equivalent system becomes how we solve the constrained optimization 

in (18) and (19). By substituting ( ) TV x x Px=  into (13), we get the worst-case 

disturbances *v  in (20). 

 

Appendix C: Proof of Proposition 3 

Again, let us consider a Lyapunov energy function ( ) 0V x > , then the equation 

(23) is equivalent to 
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By the inequality in (25), we get the sub-optimal regulation problem as follows 
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Since disturbance v  is independent of the choice of parameters k  and γ , and only 

the choice of ( )V x  will influence the above minimization, the sub-optimal design 

becomes how to solve the constrained optimization problem in (24) and (25). 

 

Appendix D: Parameters of the T-S fuzzy model with the specified kinetic parameters 

*k  and decay rates *γ  
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